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Preface

This book gives a concise presentation of ideas and methods used by the
author to develop the Clifford-Einstein program of the geometrization of the
equations of physics, and also to solve various fundamental problems of modern
theoretical physics proceeding from the concept of the universal principle of
relativity and the theory of physical vacuum. In his studies the author made
an attempt to combine phenomena of seerningly different nature and to sketch
a coherent picture of modern physics.

The author is most grateful to V. Yu. Tatur and all those who, directly or
indirectly, made the publication of this book possible. Special thanks are due
to my friends and colleagues E. A. Gubarev, A. N. Sidorov, and I. A. Volodin.

Many ideas expounded in this book were presented in my first monograph
published in 1979 with a support of M. A. Adamenko and I. 5. Lakoba at
Moscow University Press.

I rermermber with gratitude my productive talks with V. Skalsky, an Associate
Professor at Slovak Polytechnic, who made some valuable points about various
vacuurmn states of matter.

Useful comments of A. E. Akimov have been encouraging in many respects
for my studies of torsion fields and interactions.

The attention and support of all these persons contributed enormously to
the publication of this book.

Last but not least, the author must record his deep obligation to Elena
Turantaeva who was good enough to edit the book and read the proofs.

1993

Gennady Shipov

Preface to English edition
The translation of the book into English is shortened as far as it doesn™
contain the 5% chapter of the Russian edition. This chapter is dedicated to

phenomena of seerningly different nature and its absence doesn’t influence the
main scientific results.

1998

Gennady Shipov



Conventions?

Three-dimensional tensor indices are denoted by the Greek letters o, 5, v, ...
and take the values 1, 2, 3.

Three-dimensional vectors (e.g., linear and angular velocity) are denoted as:
7 and @ or v and w.

Four-dimensional tensor indices are denoted by Latin letters ¢, 5, k.. .; they
agsume the wvalues 0, 1, 2, 3. Letters from the first part of the alphabet
(a,b,...,h) are used as tetrad indices, e.g., e*,, (a=10,1,2,3).

Spinorindicesin the spinor A-basis are denoted by Roman capitals 4, B ..., C ... '

and take the values 0,1 or 0,1. Spinorindices in the [-basis are labeled by Greek
letters o, B,...,%,0....
Symimetrization and antisymmetrization of pairs of indices:

1 1
Stijy = 5(‘9%'5" +85¢), Sun= 5(‘9*'3' - 55:)-

Exclusion of an index from symmetrization or antisymmetrization:

1 1
Stajimy = 555+ Seje), S = 5(Sie = Saye).
Passing over to local (tetrad) indices: §%, = &° t-S'"}-kejbekc.
External product: e Ae® = ae® — efe”.
*

The Levi-Chivita pseudotensor: &;;m; dual tensor: §,;= %Eg}'kmskm.

The matrix representation of

(a) tensor quantities :
5% or, discarding the matrix indices a and &, 5%, — 5%;

(b) spin-tensor quantities: SABD- — 5.

A matrix product: [T, Ti] = T Te = T2 T

.. . . . +

Hermitian conjugate matrices: 57 . .

Derivatives

Partial derivatives with respect fo the translational coordinates £* are labeled
by a cornma in front of an index, i.e., f; = 8 f/8x* = 9, f; a covariant derivative
with respect to the Christoftel symbols I“jk ig denoted by Vi or Viu' = dput 4+
].—‘{J'kuj.

A local covariant derivative: V, ub = 9,ub + I‘bmuc.

* . .
A covariant derivative ¥ with respect to the connection A}k = et ej- p of
1

the A4 geometry: ‘%’k w' = dput 4 A;-kuj.

! The following is a list of only some important notations. All the conventions are explained
in the text.



An external derivative: 4.
A spinor derivative: & ,5.

Translational metric and tetrads

Translational coordinates: £%, £t £?, 2.

The metric signature: (+ — ——.

A translational linear element:
ds? = nabe"‘-ebjdx"dxj, fap = 1°0 = diag{l-1-1-1)

The structural equations of the group of translations of the A4 geometry:
V[GV;,]J:" = —ﬂ(;,;“VCJ:".

1-form of the tetrad: e = e%.dz".

Rotational metric and torsion

Rotational coordinates: @y, @q, 93,81, 82, %2.
Rotational metric: d72 = dy*,dx?, = T"b‘-Ti’aJ-dx"dxj,
dxab = —dXab - o _
The torsion of A4 geometry: Q;* = ' e, 1 = %e‘a(eak,j — €% )
The contorsion tensor of Ay geometry (the rotational Ricci coefficients):

Th= =050+ 0" (9500 + 91907 ) = €', Ve,
1-form of contorsion: T9 = T9,ds* = T9 e°, Ty = 0.

The structural equations of a rotational group (the matrix indices are dis-
carded): V[,V j¢' = $Rime’, where  Rpp = 2V, Ty + [Tn, Tl

=z
Connection and curvature of A, geometry

. Conne;tion: ﬂ“jk_: P‘_;-‘i; + T‘J.k = e‘ag‘},k;
At =Thg= -9 ALy =T+ 0000 + o))

Curvature:
jem = PG+ 2B AT =
= Ry +2VRTm + 20Ty = 0

where R}km = 2F;.[m,k] + 2I‘j[kI‘3 — the Riemann tensor.

7 1m]
1-form of connection: A% = A%, dr® = A% ¢
The Cartan structural equations:

(a) first structural equations: de® — e* ATY = 0;

(b) second structural equations: R% 4 d79 + T4 A TS = 0.

Spinor A-basis

AB

Newman-Penrose symbols: o7,



Translational metric: g;; = EACEBDaj‘lBUfD, where £4F i a fundamental

spinor

The rotational Riccl coeflicients:

P i
Toscre=90pVioas,:
The rotational Ricci coefficients in terms of Carmeli matrices: T,5 with

matrix elements (T, 5)¢ D
The Riemann curvature in terms of Carmeli matrices: B g0p.
The equations of physical vacuum written in Carmell matrices:

| _ . | .
Gcpoup — 9a500p = Top)a opp + 045 (TE ) 4-

~(Taglet oy - obs(TE ) 5, (4°)
Brsps = %p5Tre — Orelos — (TDB)FSTSB - (TED)FE}TFF"F
+(Trp)p  Tsp + (T 5T+ Trz:Tnal (B*F)

+ Hermitially conjugate equations.
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Introduction

Geometry with absolute parallelism was first considered in 1923-24 in the
works of Weltzenbock [1, 2] and Vitali[3, 4]. Weitzenbock suggested that there
exist in the r-dimensional manifold M with coordinates z!,..., 2" of Rieman-
nian spaces with a zero Riemann-Christoftel tensor

Relationship (4.1) was regarded as the condition of parallel displacement of
an arbitrary vector in a given space in the absolute (independent of path) sense.
In 1924 Vitali introduced the concepts of the connection of absolute parallelism

[3]

k kEoa
Al =" e (4.2)
i = aixfs E,j,k 0,1,2,3,
a,bc...=10,1,2,3

1 1 1 1

where ¥, and €% are basic vectors defined at each point of space and translatable
in the absolute sense to any point of the space in any direction. Weitzenbock
[5] showed that the connection (4.2) can be represented as the sum

;'k = ;'g: + T;lk: (4.3)
where |
b= 397 (Gimk t Gmi — Gikm), (4.4)
are the Christoffel symbols and
Tio= = 4 0" (05001 + 00 255) (4.5)

are the Ricci rotation coefficients [6] for the basis 7.
The tensor {33, defined as

. : 1.
Qip = e'aefh ;)= Eeta(eak,j - eaj,l“)’ (4.6)

came to be known as the anholonomity object [7], therefore the emergence of
the geometry of absolute parallelism continued the development of anholonomic
differential geometry [3].

Cartan and Schouten [9, 10], proceeding from the group properties of the
space of constant curvature, introduced the connection (4.3}, in which the com-
ponents of the Ricci rotation coefficients (4.5) are constants.

Cartan and Schouten reasoned as follows. Suppose that in a » - dimensional
differentiable manifold M with the coordinates z*,...,™ we have n contrava-
riant vector fields

& = ¢l(z"), (4.7)

where
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are vector indices, and
k... =1...n

are coordinate indices.
Suppose that

det(£]) # 0

and that the functions & satisfy the equations
eeh,; - 8¢k, = -Cile,
where the constants C;‘bf have the following properties:
i = -G, (4.8)
C e + Cicy +oyici! = 0. (4.9)
We can then say that we have an n-parametric simple transitive group (group

T.) operating in the manifold such that C;'bf are structural constants of the

group that obey the Jacobi identity (4.9). The vector field & is said to be
infinitesimal generators of the group.

Let now the basis ef, defined at each point of the manifold M, meet the
condition

det(eja) =+ 0.
It we suppose that _ _
e (2f) = &),
where zf are the coordinates of some arbitrary point P, then we have for the
function 7, (zf) the equations

Lk Lk f ok .
el ety —ehet, i = ~C:fe 5 (4.10)

It follows from the normalization condition for the basis

el =61 et =67, (4.11)

i a i

and from (4.10), that
Cﬂ: = 26“.080[3:,}-] = e"aC"b"ce?-ei. (4.12)
Comparing (4.8) and (4.6), we see that
i 1 Y
ij = icjki
i.e., the components of the anholonomity object of a homogeneous space of
absolute parallelism are constant.
It is easily seen that the connection (4.2) possesses a torsion. In our specific
case

1.
k Lk k Lt
Apjy=-05 =T = -0
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It was exactly in this manner that Cartan and Schouten introduced connection
with torsion [9, 10]. Therefore, the development of the geometry of absolute
parallelism brought about the emergence of the Riemann-Cartan geometry with
the connection

1
A{jk = P{jk + E(C{jk - Cji:t' - Ck‘ij): (413)
where 5, = —156“-}-;: ig the torsion of space.
Further development of the geometry of absolute parallelismin the n-dimensional
differentiable manifold M with coordinates #*,...,z™ (geometries 4,) is de-

scribed in the works of Bortolotti [11-14], Griss [15], Schouten [16, 17], Eisen-
hart [18] and other authors [19-25]. Specifically Bortolotti [12] was the first to
point out that the Cartan-Schouten connection and the Weinzbock-Vitali (4.2)
connection is one and the same thing. Besides, Bortolottishowed that the tensor
(4.1) can be represented as the sum

S‘J,,-km = R‘j,-km + QV[le‘jlm] + QT:[le;lm] =0, (4.14)
where _ _ _
Rtjkm = QI‘;-[m,k] + QP;[kPTﬂm] (4.15)

ie the Riemann tensor, and the quantities T;'k are given by (4.5).

In 1937 Thomas [20, 21] approached absolute parallelism as parallel displa-
cement of vectors ”in toto,” since the connection of space A, (just as that of
a flat space E,) is integratble. Therefore, a vector specified at some point A,
can be specified at any other point of space. Lastly, the works [23-25] give a
classification of spaces with absolute parallelism.

Geometry A has been first used by Einstein [26] in applications to problems
of theoretical physics. The scientiet made an attermnpt to combine the equations
of his theory with the equations of the Maxwell-Lorentz electrodynamics [27].
We note in passing that within the framework of the geometry of absolute
parallelism Einstein has written most (all in all 13) works.

By developing Einstein’s program to construct a unified field theory, this
author came to the conclusion that it is necessary to use the Ay geometry
ag a geormnetry of space of events in universal relativity theory and the theory
of physical vacuum. Unlike Einstein and his following, the author employed
Cartan's structural equations of the geometry of absolute parallelism, which
are generalizations of Einstein’s vacuum equations Ry = 0 for the case where
the energy-momentum tensor on the right-hand side of Einstein’s equations is
geometric in nature.

The program of unified field theory put forward by Einstein boils down to
golving two strategic problems of modern theoretical physics:

(a) the minimum program has it as its goal to geometrize the equations
of electromagnetic field and to combine thern with the equations of Einstein’s
theory of gravitation;

(b)the maximum program is aimed at the search for completely geometrized
equations of the gravitational and electromagnetic field (including sources), i.e.,
the geometrization of the fields that form matter.
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Although much time was devoted to this search (around 30 years), Einstein
failed to solve the problem in a form acceptable to science. Together with many
outstanding scientists of the time he wrote a wealth of works relying on various
geometries. But all of them failed to meet the above requirements (a) and
(b). Also, it was unclear how to geometrize spin fields (e.g., Dirac’s field) that
are sources of electromagnetic fields. Wheeler added to the program of unified
field theory a further point that required a spinor treatment of the equations of
the unified field. The latter condition can be met in the case where the main
geometric quantities of the theory are spinors rather than tensors. A spinor
treatment of classical geometries was given in the works by Penrose [38, 40, 54],
which was of much help to me in my constructing a theory of physical vacuum,
a present-day outgrowth of Einstein’s program of unified field theory.



Chapter 5

Geometry of absolute
parallelism in vector basis

5.1 Object of anholonomicity. Connection of
absolute parallelism

Consider a four-dimensional differentiable manifold with coordinates o* (i =
0,1,2,3) such that at each point of the manifold we have a vector e (i =

0,1,2,3) and a covector ¢/, (b=0,1,2,3) with the normalization conditions

1 1 1

efel =81, efety = 4f. (5.1)

a i1

For arbitrary coordinate transtormations

. dgb
d.ftf = wdd’?k (52)
in coordinate index ¢ the tetrad % transforms as a vector
axt
ea{-' = Weat'. (53)

In the process, in the tetrad index a relative to the transformations (5.2) it
behaves as a scalar.
Tetrad e, defines the metric tensor of a space of absolute parallelism

i = Nare"y, Moy = 70 = diag(l -1 -1 — 1) (5.4)
and the Riemannian metric
ds? = g{kd:c"dxk. (5.5)

Usingthe tensor (5.4) and the normal rule [29], we can construct the Christof-
fel symbols

;',i: = Eg‘m(gj‘m,k + Fem,; — gjk,m)- (56)

13
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that transform following a nontensor law of transformation [29]

§2z% gzt ort oxd agt 57
dzi'axi’ Gk + A Acit Aok It (5.7)

‘
Pj?.'".' =

with respect to the coordinate transformations (5.2). In the relationship (5.6)
and farther on we will denote the partial derivative with respect to the coordi-

nates r* as 5
=, 5.8
P (5.8)

Differentiating the arbitrary vector e gives

a ai:jl a
[ it = wr’:‘ e (59)

Applying the differentiation operation (5.9) to the relationship (5.3) gives

. gzt 8l R 5 10
t-’:“'.',j,'.l = o7 Aps [t t,7 + aj"j‘.'laj':j'le ‘- ( . U)

Alternating the indices i and 5 and subtracting from (5.10) the resultant
expression, we have

drt Azt

a a e a. P— a. .| — —
Eungt T e T C i~ f J,t)@j;ﬁ St

Considering (5.3), we can rewrite this relationship in the form

i 7 by
et (% o — )= e (e, ._ea..)aiaiaL
gt ih ak® 47 DG Grd Aok

By definition, the differential
ds® = e%.dz’ (5.11)
is said to be complete, if the following relationship holds:

(5.12)

3]
|
133]
fon]

Otherwise, for e, ; —e®; . # 0, the differential (5.11) is not integrable (equal-
ity (5.12) is the condition of mtegratlon for the relationship (5.11)).
We will introduce the following geometric object [30]

i .4 1 i a a
Bii = caef )= 3¢%(€%; — %) (5.13)

with a tensor law of transformation relative to the coordinate transformations
(5.2)
ari gzt art

Q..{" _
i — .
7'k Jkaxf Erarrs

(5.14)
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Clearly, if the condition (5.12) is met, this object vanishes. In that case,
tetrad e®; is holonomic and the metric (5.5) characterizes holonomic differential
geometry. If the object (5.13) is nonzero, we deal with anholonomic differential
geomnetry, and the object (5.13) itself is called an object of anholonomicity.

We will rewrite the relationship (5.10) in the following manner:

el ., = 8-23;%'_ e’ + 83:." 83:’?'- e .=
ol ax"az:ci'; ! 83,;_" 83?"’ 42
(emma)e o
where we have introduced the notation
Al = b e (5.16)

and used the orthogonality condition (5.1).
It is seen from the relationships (5.15 ) that the object Aff”j,- gets transformed
relative to the transformations (5.2) as the connection

a?ct  art ozt ard art v
drv'drit agk | gxt 9zi' ark
The connection of a space given by (5.16) is called the connection of absolute

parallelism [31].
Interchanging in (5.17) the indices ¢ and j gives

A?.IJ'.I = (517)

a2zk gt Azt azd ¥
o il Ak 5.1%8
Ari'drt drk Axd' dxt' gk T IT ( )

Subtracting (5.18) from (5.17) gives

¥
Aj.l".l =

aF Ot 007 35Ky

W™ st 9ot gk T LET

It follows from the relationships (5.16) and (5.13) that the connection of
absolute parallelism features the torsion

(5.19)

AE:"_?‘] = _ﬂt;f’ (5.20)

defined by the object of anholonomity.

5.2 Covariant differentiation in A4 geometry. Ricci
rotation coefficients

The definition of the covariant derivative with respect to the connection of the
geometry of absolute parallelism ( Ay geometry) A}k from a tensor of arbitrary

valence Ul F has the form

Vi Uy = U+ AU 4 AR U — (5.21)
ALLUE - - AU



15 CHAPTER 5. GEOMETRY OF ABSOLUTE. ..

This definition enables sorme quite useful relationships in Ay geometry to be
proved.

PI‘OpOSi_tiOIl 5.1. Parallel displacement of the tetrad e, relative to the
connection A}, equals zero identically.
Proof. From the definition (5.21) we have the following equalities:

Ve, = @'y Ale,, (5.22)

Vi ey =€ - A;-ke"t-. (5.23)

Since the connection A;-k is defined as
A;'k = e‘.ae"j,k] (5.24)
we have _ _
e‘ae"j,;c - A;.!: = 0.
Multiplying this equality by % and taking into consideration the orthogo-
nality conditions (5.1), we get
Vie' =e - Ae’ =0, (5.25)
To prove that the relationship (5.22) is zero, we will take a derivative of the
convolution e®;e*, = 4}
() = (efed)r = e'ae”u + e%el 0 = 0.

Hence, by (5.24), we have

% a
= —eie (5.26)
or
a .t P
[ }'e a,k + Aj.!: = U.

Multiplying this relationship by e/, and using the conditions eaj-e"a = 5;:, we
have
Vie,=¢e,+ALel, =0. (5.27)

Proposition 5.2. Connection A;-l, can be represented as the sum
A;‘k = I‘_:l.i:' -|' T;k! (528)

where I‘;-k are the Christoffel symbols given by the relationship (5.6), and
Tho= =05+ 07 (9500 + 00 035) (5.29)

are the Ricci rotation coefficients [30].
Proof. Let us represent the connection (5.28) as the sum of parts symmetrical
and skew-symmetrical in indices 7, &

A=Ay + Apy, (5.30)
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where . .

Ay = 5(A5 T 84), Apy = 5(A) - Ajy).
We now add to and subtract from the right-hand side of (5.30) the same ex-
pression

Afy = ALy + Al 97 (955 Ay + a5 AF ) -

im . . 5.31
g (gjsA[j:m] + gk.sA[jm])- ( )
We then group the terms on the right-hand side of (5.31) as follows:
Seo= ALy = 87955 Ay + G AFj) +
+ AE_H:] + 9’m(9jsAf1~m] + ks Afjm])' (5.32)
Since _ _
Ay =~
it follows from (5.32) and (5.29) that
s = AUy — 97955 A o T+ G A ) + T (5.33)
We now show that
e = Dy = 97 (055 B ) + s Afjmy)- (5.34)
Actually, we have the relationships
i i a 1 i a a
Aly = €aelin = 78("% 0 + %),
Apy = € oy = ie‘a(eaj,k =€)
G5 = Nape’se’s, (5.35)

therefore (5.34) become

iy = €'aefin + 9" (Tabe% el iy + Tareheh j7) =

1 cd tomye boa b e
= 57}‘ Bab€cfq (é‘mé‘ ik +eme k,j) +

1 i a b a b a b a b
+§g (ﬁab(e _;l'e myk € je k,m) + ﬁab(eke m,7 ErE j,m)) '

Regrouping the terms here gives

. 1 .
;'k = Egtm ((nabeajebm):k + (ﬁabegeiﬁ),j - (nabeajebk)sm) .

Hence, by (5.35), we obtain

_;',i: = Eg‘m(gj‘m,k ‘I’ gi:'m,j - gjk,m): (536)
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or

1 i
59‘ (gjm,k + gi:'m,j - g_?'k,m) =
= Al — 075580 + Ges B ny) = Ty (5.37)
Substituting (5.37) into (5.33), we get the relationship (5.28).

Proposition 5.3. The Ricd rotation coefficients T}fk can be represented

in the form _ _
TS, = ¢, Ve, (5.38)
T = —¢°,Vie',, (5.39)

where Vi stands for a covariant derivative with respect to the Christoffel I‘;-k
symbols.

Proof. We will represent in the relationships (5.25) and (5.27) the connection
A%, as the sum (5.28)

* . .
a a 3 a 1 a i -
Vee', =e%  —The’, - The’ =0, (5.40)

6;, e, = ez,k + I‘}keja + T;'keja =10 (5.41)
Since, by definition [29], we can write

a

Vie; = e - F;-ke o
V;Ce"a = e;,k 4+ I‘;-keja,
then (5.40) and (5.41) can be written as
Vie', — The' =0, (5.42)

Vie'a+ Thel, = 0. (5.43)

Multiplying (5.42) by ', and (5.43) by e?;, respectively, we will obtain
(using the orthogonality conditions (5.1)), by (5.42), (5.43), the relationships
(5.38) and (5.39).

*
We will now calculate the covariant derivative ¥ with respect to the metric

™m

tensor ¢/ ™, knowing that ¢/™ = y%e/ ¢ ?

b
Vi ¢! =V nel el =V el ™ =
* . . *
=em Vel +el, Vi e™t.

From the relationships (5.25) and (5.27), we have

Vg =0 (5.44)
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On the other hand, applying the formula (5.21) $o the relationship (5.44),
we find that

* ; o ] m m 7 i
Vi g!™ = gf,!: + A;kgp + AL giF = 0. (5.45)

Substituting the connection A}k as the sumn (5.28), we will write the rela-
tionship (5.45) in the form

Vi 7™ = Vig?™ 4 T}0™™ + TR g7 = 0. (5.46)
From the equality
Vig™ = g+ 1107 + T g7 = 0, (5.47)
we have, by (5.46),
Thg"™ + Thg? = T{" + T = 0.

This equality establishes the following symmetry properties for the Riccl rota-
tion coefficients:
T_;-'mk- = —ijg:.. (5.48)

Therefore, in the Ag geometry the Ricci rotation coeflicients have 24 indepen-
dent components.

5.3 Curvature tensor of Ay space

The curvature tensor of the space of absolute parallelism §° ig defined in

) Jkm
terms of the connection A, following a conventional rule [18]

where the parentheses [ ] signify alternation in appropriate indices, whereas the
index within the vertical lines | | is not subject to alternation.

Proposition 5.4. The Riemann-Christoffel tensor of a space with the
connection (5.26) equals zero identically.
Proof. From the relationship (5.26) we have

eaj',k == A}kea{. (550)
Differentiating the relationship (5.50) with respect to m gives

a _ io.a _ i a a T

€ ikm — (Ajke t’)sm =82 mEy + ELmSgE =
_ T i .a 3 a _ T T = a
- ( Jkym +e aes,m jk)e P ( jkym + Asm jk)e I

Alternating this relationship in indices k¥ and m we get

=265 f,m) = 2B, + 280 A i) = 5 jem€’ (5.51)
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Since the operation of differentiating with respect to indices & and m is
syrmimetrical, we hawve

. o
€y leym) = U

From this equality, considering that e in (5.51) is arbitrary, we will get

S im = 0. (5.52)
Proposition 5.5. Tensor 8% 4 Can be represented as the sum
5 im = R +2V j-,lellm + QT‘ ] = 0, (5.53)
where
Ry, =20, g4 ali e (5.54)
is the tensor of the Riemannian space A4.
Proof. Substituting the sum A%, =T, + T}, into (5.49) gives
8'jim = Wiy 205 Tnm + 2+ 2Ts[kT|§|m t
Using (5.54), we will write (5.55) as follows:
5 g = By 2Ty + 2T Ty +
+2Pj[kT|; |m] -|' 2P;[kT|i|m] = 0 (556)

If now we add to the right-hand side of this relationship the expression
_Qrfkm]T;j = 0:
and take into consideration that [29]
VUL, = Uy ? AT ULE 4 4T UGT, —
FinkU_;:::i —...=TLU T (5.57)

we will obtain from (5.56) the equality (5.53).
Let us now rewrite the relationship (5.53) as

Ry = —2T)

g — 210 T

il (5.58)

Substituting here (5.38) and (5.39)
T‘k = et Vke T;Ik = —e"j-Vg:e"a,

we obtain _ _
QT‘[m k] QQ‘GV[ka]eaj — QV[keTalvm]e

_QT;['E:'TG"’R] = QQGSV[keia esalvm]eaj' = QV[keialvm]e
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Therefore, it follows from the relationships (5.58) that
R = —QQ‘GV[;CVm]e"j = QQ‘GV[mVHQGJ-. (559)

Proposition 5.6. The torsion field jS, of the A, space safisfies the
equations

Vo Oy + 295,950, = 0 (5.60)
Proof. Alterna,tmg the expression (5.49) in 1nd1ces i, k,m and using the rela-
tlonship A (2] ij, we get

st

L] _Qﬂ;‘mk —I—QASH, J,,m]zlfl (5.61)

If then we add and subtract here the quantity
280045 ) + 28

7]

we will hawve
291 2A w5 247, -ﬂ];‘m] - 240, 0, +

280,00 T 247 Q‘ U.

[em ™ ;]s

Jm] T
|5 ]|m]
Using the formula (5.21), we can rewrite this relationship as follows:
* .t % ] t o
2V Qj-ﬂi] 2(2 nlslm QQ[km ﬂ!ﬂs = (5.62)
=2 V[.i:‘ jm] —I— 40[.&'}'0;’;':]3 = 0,

whence we have (5.60).

Proposition 5.7. The Riemann tensor R, of the Ay space satisfies
the equality _

Ry = 0. (5.63)

Proof. Alternating the relationship (56.54)in indices 7, k,m and using the equal-

ity

Ty =~
we have
Rfjim) = 290 + 275525

If in the right-hand side of the equality we add and subtract the quantity
2T k_?ﬂl3|m] —I— 2T kmﬂj
we obtain

R - 2T}, Q‘

l#lwm]

) = 2V + 2T 250 — = 2T, 0, +

F2TG 0 g F 2T 5 = 2 Vi Qi — 20485 Qg -

. *
_Qﬂi}:m _;I]t,s =2 v[ _;Im + %Q [k m]s =,
which proves the validity of the relationship (5.63).
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5.4 Formalism of external forms and the
matrix treatment of Cartan’s structural
equations of the absolute parallelism
geometry

Consider the differentials

dr' = e%e’ (5.64)
dety = A%t | (5.65)
where _
e = eldr', (5.66)
A% = e dety = A%, dit (5.67)

are differential 1-forms of tetrad e%; and connection of absolute parallelism A*,, .
Differentiating the relationships (5.64), (5.65) externally [31], we have, respec-
tively,

dfde') = (de® —e® A A%)e', = — 8%, (5.68)

d(de' )= (dAP, — A n AP ety = — 8P ey (5.69)

Here §° denotes the 2-form of Cartanian torsion [31], and $*, — the 2-form
of the curvature tensor. The sign A signifies external product, e.g,

e et = e%eh — ebet, (5.70)

By definition, a space has a geometry of absolute parallelism, i the 2-form
of Cartanlan torsion 5% and the 2-form of the Riemann-Christoffel curvature
&b of this space vanishe

59 =

o)

, (5.71)
5t = (5.72)

a

At the same time, these equalities are the integration conditions for the
differentials (5.64) and (5.65).
Equations
de — " AA° = =57, (5.73)

dad - Ac, nAb = g (5.74)

al

which follow from (5.68) and (5.69), are Cartan’s structural equations for an
appropriate geometry. For the geometry of absolute parallelism hold the condi-
tions (5.71) and (5.72), therefore Cartan’s structural equations for 44 geometry
have the form

(5.75)

dAY, — A° A AP = 0. (5.76)
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Considering (5.28), we will represent 1-form A% as the sum
A% =T 4+ 75. (5.77)
Substituting this relationship into (5.75) and noting that
e" ANAT =" ATT,
we get the first of Cartan’s structural equations for 44 space.
de® — " AT = 0. (A)

Substituting (5.77) into (5.76) gives the second of Cartan’s equations for A,
space.
P 4+dTq -T5 AT =0, (B)

where R is the 2-form of the Riemann tensor
R =dl'y - T%, ATE,. (5.78)
By definition [31], we always have the relationships
dd(ds*) = 0, (5.79)
dd(de',) = 0. (5.80)
In the geometry of absolute parallelism these equalities become

d(de” —e”ATi):RGCNe”AefAed:O, (5.81)

d(R% +dT4 — T4 ATS) = dR% + R AT —TiAR =0, (5.82)
Here
a _ a a b
Ropa= 2T 50— 2757 g

Equalities (5.81) and (5.82) represent the first and second of Bianchi’s iden-
tities, respectively, for A4 space. Dropping the indices, we can write Cartan’s
structural equations and Bianchi’s identities for the A4 geornetry as

de —e AT =10, (A)
R4dT -T AT =10, (B)
Riehehe=10, ()
dR+RAT-TAR=0. (D)

Proposition 5.8. The matrix treatment of the first of Cartan’s struc-
tural equations (A4) of the A4 geometry has the form

b _

m]
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Proof. Let us write equations (A) as
de® — e AT = 0. (5.84)
Further, by (5.66), we have
de® = d(e®, dr™) = Ve, dz* A de™ = %(Vkeam — Vet et A de™
and, also,
et AT = P9, dr® Ade™ = %(eka"m — e, T4 det ndz™.

Substituting these relationships into equations (5.84) we will derive the mat-
rix equations in the form

a b a o
Viee® oy = € = 0, (4)
where the matrixes e°, and T9_ in world indices ¢, 7, m, ... are transtormed as
vectors D™
a < a
€t = mé‘ o (585)
a axm a
bt = 3 L b (5.86)
and in the matrix indices a,b,¢, ... they are transformed as follows:
e";n = Aa"feam, (5.87)
T = AL T AN £ A% A% . (5.88)

In relationships (5.87) and (5.88) the matrices dz™ 3™ form a translation
group Ty that is defined on a manifold of world coordinates #*. On the other
hand, the matrices A“; form a group of four-dimensional rotations O(3.1)

A2 € 0(3.1),

defined on the manifold of "angular coordinates” e ;. Actually, the tetrad e* ;
is a mathematical image of an arbitrarily accelerated four-dimensional reference
frame. Such a frame has ten degrees of freedom: four translational ones con-
nected with the motion of its origin, and six angular ones describing variations
of its orientation. The six independent components of the tetrad e® ; represent
six direction cosines of six independent angles defining the orientation of the
tetrad in apace.

Proposition 5.9. The matrix rendering of the second of Cartan’s struc-
turing equations (B) of the A4 geometry has the form
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Proof. We will expand the 2-form R%; as
Ry = %R"bcde“ net = %R"Mmda:k hdz™. (5.90)
Further, we have
df4 = d(T5,,ds™ ) = VT4, d* A de™ =
%(V;CT"M — V. T%)de" A de™, (5.91)
and also
T2 ATS =T, T4, do¥ Ade™ =
= %(Tikmm ~ 75, T )dst A de™. (5.92)
Let us substitute the relationships (5.92)-(5.94) into
R +dT5 -5 AT =0.
Simple transformations yield

1
E(Rabkm + Vil = VD5 + T T 5 = T5, T )det Ads™ = 0.

Since here the factor dz® A de™ is arbitrary, we have
B + Vil G = VT + T3 T 50 — Th,T 5% = 0,
which is equivalent to the equations (5.89).
Proposition 5.10. The matrix form of the Bianchi identity (D) of A4

geometry is

v[nRawmm] + Rcb[kacicM] - ch[ﬂRa|c|km] = 0. (5.93)
Proof. The external differential dR%; in the identities (D) has the 2-form

1

AR’ = SV, Ry, de” A de* A de™ =

1 a a a n & m

= E(V”R pem + Ve, + Ve RS, 0de™ Ads® A de™. (5.94)
In addition, we have

1

f a 53 a k m n

Ry AT =§Rbkafﬂdx Adr™ hdz" =

1
- E(Rf“-"m ot BT, + R TSt A de™ Ade™, (5.95)

1
T4 AR = ET{RR"”mW Ado* A d™ =

1
- g(T{nR"”m T Ry + TR )de™ Ade® Adz™.  (5.96)
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Substituting relationships (5.94)-(5.96) into the identity
dR% + R, AT% - T AR =0
and considering that dz™ A d® A dz™ is arbitrary, we get

VR + Vo R + ViR + B T, + RY 0T+
—I—bemnTafk - T{ﬂRafkm - T{mRafnk - T{kRafmn = 0!
which is equivalent to the identity (5.93).
The first of Bianchi’s identities (C) of A4 geometry in indices of the group

0(3.1) is written as

ar, which is the same, as
* ..a wfryeea -

5.5 A4 geometry as a group manifold.
Killing-Cartan metric

The matrix representation of Cartan’s structural equations of the geormnetry
of absolute parallelism indicates that, in fact, this space behaves as a manifold,
on which the translations group T4 and the rotations group O(3.1) are specified.
We will consider A4 geometry as a group 10-dimensional manifold formed by
four translational coordinates z; (¢+ = 0,1,2,3) and six (by the relationship
e®iely = &) angular coordinates ¢ (¢ = 0,1,2,3). Suppose that on this
manifold a group of four-dimensional translations Ty and a rotations group
0(3.1) are defined. We then introduce the Hayashi invariant derivative [32]

Vi =5, (5.99)

whose components are generators of the translations group Ty that is specified
on the manifold of translational coordinates z;. If then we represent as a sum

et = 6% 4 af, (5.100)
i, k...=0,1,2,3, a,bc,...=0,1,2,3,

then the field akb can be viewed as the potential of the gauge field of the trans-
lations group Ty [32]. In the case where a¥, = 0, the generators (5.99) coincide
with the generators of the translations group of the pseudo-Euclidean space By

We know already that in the coordinate index k the nonholonomic tetrad
et transforms as the vector

!
! 83:}‘
k k
a G:ckea’
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whence, by (5.100), we have the law of transformation for the field aka relative
to the translationss

! !
y az® gzt
= 6$“ab+ dzm

We define the tetrad e"a as

L (5.101)

e, = Va2 (5.102)
and write the comnmutational relationships for the generators (5.99) as
V[GVH = —Q;EVC, (5103)

where —{2f are the structuralfunctions for the translations group of the space As.
If then we apply the operator (5.103) to the manifold £*, we will arrive at the
structural equations of the group Ty of the space 4, as

V0 Vyr' = -2 V.z' (5.104)
or _ _
V[aetb] = —Q;Eetc. (5105)
In this relationship the structural functions -7 are defined as

—Qf = e Ve (5.106)

It is seen from this equality that when the potentials of the gauge field of
translations group af in the relationship (5.100) vanish, so do the structural
functions (5.106). Therefore, we will refer to the field Q:f as the gauge field of
the translations group.
Considering that T”[ab] = —{¥:f, we will rewrite the structural equations
(5.106) as
b - -

m]

It is easily seen that the equations (5.107) can be derived by alternating
the equations (5.42). What is more, they coincide with the structural Cartan
equations (A) of the geometry of absolute parallelism.

The structural equations of group T4, written as (5.106), can be regarded
ag a definition for the torsion of space A4. So the torsion of space A4 coincides
with the structural function of the translations group of this space, such that
the structural functions obey the generalized Jacobi identity

Vi @4 + 2058 = 0, (5.108)

where %b is the covariant derivative with respect to the connection of absolute
parallelism Af,. Comparing the identity (5.108) with the Bianchi identity (5.98)
of the geometry Aq, we see that we deal with the same identity. The Jacobi
identity (5.108), which is obeyed by the structural functions of the translations
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group of geometry A4, coincides with the first Bianchi identity of the geometry
of absolute parallelism .
The vectors
e, = V,z', (5.109)
that form the vector stratification [31] of the A4 geometry, point along the
tangents to each point of the manifold x* of the pseudo-Euclidean plane with

the metric tensor
nab=7}°b=diag(1,—1,—1, -1). (5.110)

Therefore, the ten-dimensional manifold (four translational coordinates z
and six "rotational” coordinates ' ) of the geometry of absolute parallelism
can be regarded as the stratification with the coordinates of the base ' and
the (anholonomic) "coordinates” of the fibre ef,. If on the base z* we have the
translations group T4, then in the fibre e', we hawve the rotation group O(3.1).
It follows from (5.109) that the infinitesimal translations in the base £* in the
direction a are given by the vector

ds® = e®dzt. (5.111)

If from (5.111) and the covariant vector ds, = e"adxg we torm the invariant
convolution ds?, we will obtain the Riemannian metric of A4 space

ds? = gopdrtdot (5.112)

with the metric tensor
dir = Nase’ie’y.

Therefore, the Riemannian metric (5.112) can be viewed as the metric de-
fined on the translations group Ty.

Since in the fibre we have the "angular coordinates” e', that form a manifold
in which group O(3.1)1is defined, then it would be natural to define the structural
equations for this group, as well as the metric specified on the group O(3.1).

Let us rewrite the relationships (5.38) and (5.39) in matrix form

T4, = T4y = Vie &y, (5.113)

TS, = e"‘-T‘;?-kejb = - Ve, (5.114)

These relationships enable the dependence between the infinitesimal rotation

diar = —dyra of the vector e at infinitesimal translations ds, to be established.
In fact, by (5.113) and (5.114), we have

dyy = T4,de* = De®, /), (5.115)

dy® = T9,de* = —¢® De';. (5.116)

where D) is the absolute differential [29] with respect to the Christoftel symbols
ji- Using (5.115), we can form the invariant quadratic form dr? = dx“bdxba
to arrive at the Killing-Cartan metric

dr? = dy*ydy’, = T5,T°, dz¥de™ = —De® De', (5.117)
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with the metric tensor
Hy, =T5,T . (5.11%)

Unlike metric (5.112), the metric (5.117) is specified on the rotations group
O(3.1) that acts on the manifold of the "rotational coordinates” e9;.
Let us now introduce the covariant derivative

Vo= Vou + T, (5.119)

where Ty, is the matrix 79, with discarded matrix indices. We will regard
the components of the derivative as generators of the rotations group O(3.1).
Applying this operator to the tetrad ¢' that forms the maniold of "angular
coordinates” of the As geometry, we will arrive at

Um e = Ve + Tre' =0, (5.120)

hence _
P = —e;V 8", (5.121)

It is interesting to note that, just as in (5.109) we have defined six "angular
coordinates” e', through the four translational coordinates =°, so in (5.121) we
can define 24 "supercoordinates” T¢  through the six coordinates e* .

It follows from (5.120) that

Ve = —Tet. (5.122)

Recall that in the relationships (5.120)-(5.122) we have defined through V,,
the covariant derivative with respect o I‘;-k. We will now take the covariant
derivative V; of the relationships (5.122)

ViVme' = —Vi(Pme') = —(ViTme' + T Vie') =
= —(V;CTme" + Tme"egv;ce").

Using (5.121), we will rewrite this expression as follows
ViVme' = —(ViTom — TrTi)e".

Alternating this expression in the indices & and m gives
B 1 B
V[kvm]e = Ekae ) (5123)

where
Ry = QV[mTk] + [Tm, Tk]. (5.12"‘1’)

Introducing in equations {5.124) the matrix indices (the fibre indices), we
will obtain the structural equation of the group 0(3.1)

B = 2V T oy + 27 50 T - (B)
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It is easily seen that the structural equations of the rotations group (B) coincide
with the second of Cartan’s structural equations (5.124) of the geometry As.
In this case the quantities T4, and R%, vary in the rotations group 0(3.1)
following the law
b'lk_ﬂ Tbi:ﬂ ba‘|‘ﬂ ﬂabak, (5125)

and appear as the potentials of the gauge fleld R%,  of the rotations group
0(3.1). In the process, the gauge field of the group O(3.1) obeys the formula

al a' pa b
R bhkm == ﬂa R bk‘mﬂ B (5126)

Note that the structural functions of the rotations group of A4 geometry are
the components of the curvature tensor R4, . It can be shown that the struc-
tural functions R, of the rotations group O(3.1) satisty the Jacobi identity

V[nRa|b|k‘m] + Rcb[km Gi::|n] - ch[nRa|c|km] = 0: (D)

which, at it was shown in the previous section, are at the same time the second
Bianchi identities of the A4 space.
Let us introduce the dual Riemann tensor
*

1,
Rt‘_?‘.!:‘mz 58 pka{j.sp; (512?)

where ¢°F s the completely skew-symmetrical Levi-Chivita tensor. Then the
equations (D) can be written as

VaR% "+ RHT,, -T3, R, =10 (5.128)
ar, it we drop the matrix indices, as

V. REPL REP T R g, 5.129
n —I_ n n

5.6 Structural equations of A, geometry in the
form of expanded, completely geometrized
Einstein- Yang-Mills set of equations

Einstein believed that one of the main problems of the unified field theory
wag the geometrization of the energy-momentum tensor of matter on the right-
hand side of his equations. This problermn can be solved if we use as the space of
events the geornetry of absolute parallelism and the structural Cartan equations
for this geornetry.

In fact, folding the equations (B), written as

+ 2V + 2T T (5.130)

_;lkm

|_? ] lwm] =

in indicesi and k, gives

Rim = =2V Tl = 270 - (5.131)



5.6. STRUCTURAL EQUATIONS. .. 31

If then we fold the equations (5.131) with the metric tensor ¢’™ we have
B==2¢"" (VT + 2756 1) (5.132)
Forming, using (5.131) and (5.132), the Einstein tensor

1
Gjm = R_;l'm - Egj'mR:

we obtain the equations

1
R - §gJ-mR= VT, (5.133)

which are similar to Einstein’s equations, but with the geometrized right-hand
side defined as

Tim = _3{(V["T{Ijlm] + T ) -
_%gf’“gpﬂ(vth‘ipln] + T T )} (5.134)
Using the notation
Pim = (VT o + T T )
then, by (5.134), we have

2 1 B}
Tim= _;(ij - Egs'mgp Fpn ). (5.135)
Tensor (5.135) has parts that are both symmetrical and skew-symmetrical

in indices § and m, i.e.,

Tim = T(J.,-m) + T[J.,-m]. (5.136)

The left-hand side of the equations (5.133) is always symmetrical in indices
7 and m, therefore these equations can be written as

1
ij — igij = L-’T(j.m), (5137)
1 i s -
T[}m] = ;(_v‘ﬂjm — VmA_? —_ Asﬂj‘m) = U, (5138)
where _
A =Tl (5.139)

Relationship (5.138) can be taken to be the equations obeyed by the torsion
fields £, which form the energy-momentum tensor (5.135).

In the case where the field T;k ig skew-symrnetrical in all the three indices,
we get

Tt‘j"k = _ijk = Tjkt' = _Qt'jk- (5140)
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For such fields the equations (5.138) become simple, namely
vy, =0 (5.141)

The energy-momentum tensor (5.135) is symmetrical in indices §,m and
appears to be given by

l i
T (Qsm :,lt - ngm Q_“) (5.142)
By (5.137), we have
1 1
T_;.'.m = ;(ij - EngR) (51‘&3)

Using (5.131), (5.140) and (5.142) gives

Rjm = Q75072 (5.144)
R= g™, 050 = Q251 (5.145)

Substituting (5.144) and (5.145) into (5.143), we arrive at the energy-momentum
tensor (5.142).
Through the field (5.140) we can define the pseudo-vector ki, as follows

QUE = e Qi = e kT (5.146)
where &4 15 the Tully skew-symmetrical Levi-Chivita symbol.
In terms of the pseudo-vector kh,, we can write the tensor (5.142) as follows
1 1 c
Tim = ;(h}-hm - Egjmh i) (5.147)
Substituting the relationships (5.146) into (5.141), we get

h Bjm = 0. (5.148)

my3

These equations have two solutions: the trivial one, where ki, = 0, and

Bom = P,0m, (5.149)

where ¥ is a pseudo-scalar.
Writing the energy-momentum tensor (5.148) in terms of this pseudo-scalar,
we will have

Tim = (¢,;¢ ™= %g;mw"'w,g). (5.150)

Tensor (5.150) is the energy-momentum tensor of a pseudo-scalar field.
Let us now decompose the Riemann tensor Rijpm into irreducible parts

1
Rijim = Cijim + dippBmy; + 5By + gRgt'[mgk]j; (5.151)
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where C.jim 18 the Weyl tensor; the second and third terms are the traceless
part of the Ricci tensor K;,, and R is its trace.
Using the equations (5.133), written as

1
Rip=v (Tj,-m - Egj.-mT) : (5.152)
we will rewrite the relationship (5.151) as

1
R{jk‘m = C{jkm + ng[k(g'Tj)m] - gb"Tg{[mgk]j, (5153)

where T is the tensor trace (5.135).
Now we Introduce the tensor current

1
Jijem = 2900(:Tym) — ng{[ka]j (5.154)
and represent the tensor (5.153) as the sum
R{jkm = C{jkm + b"J{jkm- (5155)
Substituting this relationship into the equations (5.130), we will arrive at

t_;ll:'m + QV[kThﬂm] + QTH[R:T = _yjt'_?'km- (5156)

[7]m]

Equations (5.156) are the Yang-Mills equations with a geometrized source,
which is defined by the relationship (5.154). In equations (5.156) for the Yang-
Mills field we have the Weyl tensor Cy ., and the potentials of the Yang-Mills
field are the Riccl rotation coefficients T;k.

We now substitute the relationship (5.155) into the second Bianchi identities
(D)

Vin B 5 km) + Rj’[kahﬂn T R|m|km = (5.157)
We thus arrive at the equations of motion
VinClijlem) + Cltpm L lisin] = TiaClistm] = ¥ Tnijim (5.158)

for the Yang-Mills field €, such that the source Jnijr in them is given in
terms of the current (5.154) as follows:

Taijem = Viadjigim) + Jjem Tiisin = T Blis jom)- (5.159)

Using the geometrized Einstein equations (5.133) and the Yang-Mills equa-
tions (5.156), we can represent the structural Cartan equations (A) and (B) as
an extended set of Einstein-Yang-Mills equations

Vieh +T[k3 =0, (4)
Rgm - Qg_?mR— -UTJm: ) (Bl) (5160)
Clm + VLT + 2P0 Ty = — 7 i (BL2)
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in which the geometrized sources Ty and Jijp.. are given by (5.135) and (5.154).
For the case of Binstein’s vacuum the equations (5.160) are much simpler

Viked) + T = 0, (¢)
| Ripm =10, (v2)
Cim + 2V Ty + 2T Ty = 0. (41)

(5.161)

The equations of motion (5.158) for the Yang-Mills field Cijp will then

become
ViaClijlem) + Chtem Tiisin] = TimClisjem) = 0

Equations (A) and (B.2) can be written in matrix form
a b a o
Viee'm) = €l Gpym = 0,

Cim + 2V Yoy + 27 5T g = -

where the current
a (a 1 a
Ihem = 201 Thym) — ng [ 9i]b >

is given by
1 1
TG — _(RG

™y

m T EgamR)J
m=0,1,2,3, «a=0,1,2,3.
By writing the equations (5.158) in matrix form, we have

V[ﬂca|b|km] + ch[kaicM] - ch[nca|a|km] = _y}anbkm!

where
g1 = V[n‘}-a|b|km] + Jcb[kaa|C|n] - ch[n-fa|c|1~m]-

nbkm

Dropping the matrix indices in the matrix equations, we have
Vieem] = €ilm) = 0,
Com + 2V Ty — (T4, T = v i,
V.G H[C R T = v TE

* *
where the dual matrices ¢ ** and J ¥ are given by

" .
kn knij
C = C{j;

* .
J ak — Enktm th_m]

TE={V, I 4 [T Tl

(5.162)

(4)

(B.2)

(5.163)

(B.1)

(5.164)

(5.165)

(5.166)
(5.167)
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For the Einstein vacuum we have
Rijim = Cijim =Ristm= Cijim, (5.168)
therefore the equations (B.2) and (D) become simpler
Ciem + 2V Ty — [Te, Tr] = 0, (B.2)

v,Ct L [CF T, ] = 0. (D)

Using the formalismof external differential forms, we can write the structural
equations (A4) and (B.2] as follows:

de” — " ATS =0, (A)
C% +dT% -T2 ATS = —vJ%, (B.2)
and the equations (D) as
dC% + C° AT — P{ A C* = —vN%, (D)
where
Ne =dls + I n T4 - 1in e (5.169)

Thus, the structural equations of Ay geometry, written as (5.160), represent
an extended set of Einstein-Yang-Mills equations with the gauge translations
group Ty defined on the base z* with the structural equations (A), and with
the gauge rotations group O(3.1), defined in the fibre e, with the structural
equations in the form of the geometrized equations (B.1) and [B.2).

5.7 Equations of geodesics of A, spaces

The equations of geodesics for the geometry of absolute parallelism can be
obtained from the conditions of parallel vector displacement

dz®

u' = P (5.170)

with respect to the connection of A, geometry
a=Ti 4T = (5.171)
In fact, we specialize the tetrad ', so that the vector e’y would coincide
with the tangent to the world line, i.e.

: ;. do
g = u' = ——. (5.172)

From the relationships (5.27) for the vector (5.172) we have

Vi ouf = u'y + AL =0 (5.173)



35 CHAPTER 5. GEOMETRY OF ABSOLUTE. ..

or .
Jut

g
Multiplying this by u¥ = dz* /ds gives

T80 4+ Thd = 0. (5.174)

%t + T wiuf + Thwuf =0 (5.175)
or, by (5.170),
Azt dp! drt ; do dzt
ds? T s ds T T ds ds
These four equations (¢ = 0,1,2,3) are the equations of geodesics of A4 space.
They are also the equations of motion for the origin O of tetrad e',. Since in
the equations (5.176) the Ricci rotation coefficients T;k have both symmetrical

and skew-symmetrical parte in indices 7 and &

= 0. (5.176)

T =Tl + Ty =

?

= _QJ.{* + gt.m(g_?'sﬂ:.r;:k + gksﬂ:.r;:_j)! (51?7)
Pl = ¢ (95 + 90 Xy, (5.178)
Ty = ~ i, (5.179)
we can write the equations (5.176) as
d?zt . dz? dzf . dridzt i
452 —I_PJ'-‘?EE—I'T[_;}%)EE = 0. (5.180)

Considering the structure of the equality (5.178), we will write it in the form
Tl = 0" (0500 + 960005 = 207" Q5 (5.181)
hence the equations of geodesics for A4 space can be represented as

_ dr? dok
s ds

d? et - dr? do*

For the terns in (5.181) we can introduce the following notation:
Q:E:{.j — gt.mgks QJ;U Qf}-k _ gt-m girsﬂ:r;fj:
then the contorsion tensor T;l, for space A4 will become
Th=-Qi - O + 0, (5.183)

where
N o T
_Qk.j - Q.jk!
whence

T = -0 + 207, (5.184)
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The covariant differential of an arbitrary vector U_" with respect to the con-
nection (5.171) for parallel displacement from point z° to point £* 4 dz* becomes

dvt = dv' 4 Al dz? = 0. (5.185)
If at an arbitrary point ©* of A4 space we have two linear elemnents éz* and

dz* and make a parallel translation of §z* along the element dz*, then for the
final point we will have [30]

ot drt 4 bt - A;-kcﬁxkdzj — o' Ldet Lt 4 dixt. (5.186)
‘On the other hand, parallel translation of the vector dz* along the vector
dz' gives
ot bt 4 det - A;-kdssk frl = o' 4+ 6ot 4 det 4 ddzt. (5.187)
Subtracting from the relationships (5.186) the equality (5.187), we get
dért — afgx*' = __(A;kax%dﬁ + A;-kdx}‘ axf') =
—(AY, - Ay)istde = —247,5etde’ =
= 2Q;i65" dr! = 2077657 do*, (5.188)

Let us now consider the variation of the integral

b
f L(s, u)ds, (5.189)
where u' is given by the relationship (5.170). We will write (5.188) as
Jdo' = dbz* + 2057 607 ds*. (5.190)
Then at each point of the extrermum we have
drt dz®
ds

. 4. o
i i il 7
fu' =4 P —dséx + 20730z

(5.191)
Applying a common variational procedure to the integral (5.189), we get
b . .
f GL(zt utids =
b . . . . ’ . .
f (L(z* + dz*,u' + 6ut) — Lz, u')) ds =

braL, . AL, . )
:fa (axtﬁx + au‘.éu)ds:u. (5.192)

Substituting here the relationship (5.191) gives

b
8L . oL d . 0L . .
£ — & = ek 7.k -
fa (83:*’85 t om0 T g At oru ) ds = 0.
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We now integrate by parts the second term here to obtain

b
ak d 3k oL i -
]; (853" - E%—I—ZQH«" Guiu )63: =0

or, since dz* is arbitrary, we arrive at [30]

d L aL - OL
- e 0 bl k -0
—o - a0l =0 (5.193)

Let now

L = (gau'u®)?, (5.194)

along the extrermumn L = 1 by the relationship
gt-ku‘.uk = 'y = 1.
Substituting the Lagrangian (5.194) into equations (5.193) gives

d i . .
g‘m{di ‘l’ I‘mjku'? uk + Qﬂksj'gskuku'? = 0. (5195)
s

Multiplying this relationship by g*™, we get

dut S . .
% + I‘}:}-UJ uf + Qg‘mg;mﬂ;;fjuf wt =0
or .
du’ Tk im Fo.k i
E—l—I‘kju w4 29" Qi u ut = 0. (5.196)

We have thus obtained, using the wvariational principle, the equations of
the geodesics in the form (5.182). Consider now the equations that describe
the variation of the orientation of the tetrad e*, as it moves according to the
equations of the geodesics (5.196). We will rewrite the equations (5.43) as

Bpe', + Alpel, =0
or
de', + Ael do® = 0. (5.197)

Dividing these equations by ds yields

drk
“ ds

det L A;—kei"

. — 0. 5.198
P o (5.198)

Further, taking the second derivative d’e*, /ds?, we will have

d (de"a) _d (86"0 dxk) g%, dzFdz™  Get, 4ot

ds \ ds ds \ @xk ds J  drmazk ds ds dzk ds? (5.199)

T ods
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Since
dlet G, : : :
a _ A — i 3
Arm Gk - axm( Aak) _;l.i:,‘mea
_A;k(_Ajmeja) = (_ }k,m + A;kﬁ;m)eja
and .
get, d*gh o, dot dom o
ot ds? | ITEmgg gs o
we have
dze{a i i = i s d"ﬂ':k dz™ i A
ds? + (Aj'k,m - Asi:A_?"m - A_?'s km)g ds l'?Jcl =u (52UU)
Substituting here the sum (5.171), we have
dzé“.a i i i e i ]
ds2 + (ij,m + Tjk,m - F.skrjm - I‘.sijm -
_T;krj'm - T;kT;m - P}s i‘m - T_;s]'—‘i‘m -
i 3 iorpa dﬂ:k dr™ i |
T T - T i) ——el, = 0. (5.201)

Since independent equations (5.201) (for three Buler's angles and three
pseudo-Euclidean angles) describe the variation of the orientation of tetrad e,
as it moves from the origin O according to the equations of geodesics (5.196).

In A, spaces, where the metric is flat

gir = 7o = diag(l - 1 -1 - 1), (5.202)

the Christoffel symbols I‘"J..-J vanish and the equations (5.201) become

dz ega . . , o d&?k de™ . . .
d52 + (T_?'.!:,m — T~5ij‘m — T}'ngm)g ds e:l'a — U, (52U3)
and the equations of geodesics (5.175) will became
d?zt ; do? de® ; s 20
ds? ks ds ( : )

We now introduce the tensor of the four-dimensional angular velocity of
rotation tetrads ', [33]

dﬁ'}k det’a a de_?'a a (]
Q{j = T{jkﬁ - _Fe 7= We i (52U5)

with the symmetry properties

0, = -0, 5.206
2 2

determined by the symmetry (5.48), for which the Ricci rotation coeflicients
hold.



40 CHAPTER 5. GEOMETRY OF ABSOLUTE. ..

Using (5.205), we will write the equations (5.204) and (5.203) as

digt ; drt ~ ~

PN 0 i a, (5.207)
dQr . dr* dz™ i s dTE _
dsf -T I P + 7.0 v =0 (5.208)

The skew-symmetric matrix (5.206) can be represented as

0 Qﬂl QUZ QUE
D 12T R U SER O OF _
D= 0 0 0 (5:209)
QEU 931 932 a

Let us now give a physical interpretation of the components of the matrix
(5.209). We multiply the equations (5.207) by the mass m and rewrite them as

d?z; dr? -
¥ dsgt —I— ¥ t'}'g = . (521U)
If the condition (5.202) holds, there equations can be represented as
die; dod
0] midy;— =10 5.211
ds, + ik ds, ! ( )
where _
ds, = (nt-kdx‘dxk)lﬂ (5.212)
is the pseudo-Euclidean metric and w; = dz;/ds,.
We represent the equations (5.211) in the form
= el 4 (5.213)
m = -mF i — .
ds, U8 g5, ds,

where the part of T symmetric in indices j and & is given by (5.178).
Assuming that motion governed by the equations (5.213) is nonrelativistic
(v/c << 1), we will write the three-dimensional part of these equations as

dut g, _ dz® dok T do? dr* (5.214)
mdso - “lo¥) s ds, ML alpi) ds, ds, '

or, from the relationship (5.205), as

d d® doP
% Q. —— — 2y .
mdso m ds, m Bdso

(5.215)

Since in the nonrelativistic approximation

ds, = cdt, tu, = —,
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and dr, = cdt, the equations (5.215) can be written as

dvg 1 dz?
e —mc? Qu, — 2mc(, iy
dt codi

(5.216)

It is known from classical mechanics that the nonrelativistic equations of
motion of the origin O of a three-dimensional accelerated reference frame under
inertia forces alone have the form [34]

d
E(mv) =m(-W 4 2[vw]), (5.217)

where W is the vector of translational acceleration, and w is the vector of the
three-dimensional angular velocity of rotation of the accelerated reference frame.
We write these equations as

g
;—t(mva) = m (—WM 5 2%5%) , (5.218)

where W = (W, Woo, W),

U} — 3 Wi
Wep = —Wgs = — s o] —an (5.219)
— [} 0

W= (wljw%wS)J

and comparing these with (5.217), we obtain

W, W, W,
QIU - _25 QQU - _21 930 - PR

[y [y [y

w3 Wy w1
9122 T Q13 - ?: 928— -

Therefore, the matrix (5.209) in this case has the form

0 W, -W, -W,

1 Wy 0 —cwy  Cuk _
2 = 2| Wy cws 0 — iy (5.220)
Wy —cuwy  coy a

_ It is seen from this matrix that the four-dimensional rotation of the tetrad
e'y, caused by the torsion of the A4 spaces, gives rise in physics to inertia fields
assoclated with translational and rotational accelerations.
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5.8 Structural equations of right and left A, geo-
metry

We can consider three forms of the geometry of absolute parallelism.
(1) Ay geometry, with the nonzero Riemannian tensor Rtjkm and torsion

Q}}; The structural Cartan equations then become
V[kea_ﬁ] + Tttkj]eai = 01 (5221)
R{jkm + QV[le;lm] + QTj[le?lm] = 0. (5_222)

(2) Ag geomnetry, with the zero Riemannian R"jkm and nonzero torsion Qﬂf,
In that case the structural Cartan equations can be written as

Vel + Tige's = 0, (5.223)
VT ) + Tapp Ty = 0- (5.224)

(3) Aq geometry, with the zero Riemannian tensor R"jkm and noncoordinate

torsion ija The structural Cartan equations of the geometry coincide with the
structural equations of the pseudo-Euclidean space Ey, and they look like

Ve St T € =0, (5.225)
V['!:'TJ ij‘|‘m]+ T ;[3:‘ T Tj|m] = 0: (5226)

o
where the tetrad e ¢ determines the "coordinate torsion”

] ] o

Sod 2y a 1o % a a
Qip=e,ehn= 3 e (e b= € J-,k). (5.227)

Since in the psendo-Euclidean space the Ty and O(3.1) groups hold globally
and its internal geometry is trivial, then, for example, in the Cartesian coor-
dinate = = ct, £t = #, 2% = v, ¥ = 2z the structural equations (5.225) and
(5.226) becomne the identities

0=0 (5.228)
0=0. (5.229)
If we now go over to the spherical coordinates

l=ct, gl=r, 22=0, %=y,

we will get the equations (5.225)-(5.227), which include:
(a) components of the “coordinate” tetrad

2 2 (1) o2 2 (3] ;

e, =, =1, e =r, ey’ =rsind,

o o o 1 o ].

= o =g 1 = 1 54 2 = — 54 3 = — 5230
m=Fw=b fm=, o= g (5.230)
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components of "coordinate torsion
b .f 13 d M n

o o o 1

0yl =03 =-(2r)7", Qgﬁz-—icma; (5.231)
c) components of the Riccl rotation coefhiclients

o fthe Ricci . Fei
i?“%gz:r, féazrsingﬁ, f%azsirﬂcosé,
71, =7 = T o, = —coté. (5.232)

Using the formulas

=]

Fop= nai:;?;i: ﬁab:ﬁab:diag(l -1-1 _1):
we find the components of the metric tensor

o o o o 2 . 2
Foo=%1= 1, F39= —r, Faa= —r-sin‘é,

the metric
ds? =E’gj dride? = c2dt? — dr? - rg(deg + sin? -f?d(pg)
and the components of the Christoffel symbols

ol -2 ool o2 N3 1
Tig=-rsm"d, T3=-r, Ti,=Ti3=7,

. : z (5.233)
I'2, = —sindcosd, T2, =cotd.

Thus, in the pseudo-Euclidean geometry Aq, when we deviate from Cartesian
coordinates, instead of the identities (5.228) and (5.229) we get the "coordinate
structural equations” (5.225) and (5.226).

Suppose now that the initial pseudo-Euclidean space Ay is deformed in a
continuous manner (e.g., using conformal transformations) into an A4 space
with a nonzero dynamic torsion field and the structural equations (5.223) and
(5.224). We can distinguish the right

‘

% i a 1 i a a
Qi =rari)= 5?" r PR _?-,k) (5.234)

and left 1
Q H; = Pa’?a[k,j] = EJia(jak,j N ‘Eaj,l“) (5.235)

torsion fields. In these equations r: and /¥ stand for the right and left tetrads.
respectively.

We well take the right tetrad r! to mean a tetrad 3 * ., such that when the
three-dimensional spatial part rotates from the & axis to the y axis the vector
of the angular rotational velocity points along the # axis, so that the rotation
occurs counterclockwise if looking from the side to which the z vector points.
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For example, the four-dimensional rotation matrix (5.220) for the right tetrad

looks like
o W, W, -W,

+ 1 W, a —Cijg  Cig

bm | W o o (5.236)
W, —cwy  coy 0
whereas for the left rotations we have
1] W, w, W,
— 1 -W, 0 Ciy  —Ctk
R | R (5.237)
Wy  cwy —cuy a
It is seen that
_I_ —
Q= - 04 - (5.238)
From (5.205) and (5.238), we have
Pi=-T (5.239)
_?k —_ _?k. .

Since the metric tensor gy 15 determined both by the right and left tetrad
in a similar manner [35]

Git = Narrirg = nal il (5.240)
1t follows from the definition
Tho= -0 + 0™ (0,955 + 0 035)) (5.241)

that the components (5.234) and (5.235) of the right and left torsion flelds differ
in sign
+ ¢ — ¢
Qri=-qy (5.242)
By dividing the torsion fields into left- and right-hand ones, we thereby split

the translations group T4 into the right %—4 and left T4 translations groups; and
the rotations group O(3.1) into the right SO (3.1) and left $O~(3.1) rotations
group.

We will write the structural Cartan equations of the A4 geometry, which are
transformed using continuous transformations in Ty and $OT(3.1) groups, as
follows:

+ a + i + a e
V[k [ _?]—I— T [.i:‘_;l] [ N == U:| (5243)
1 +oot X
Vie T gt T i T Jjjemy = 0 (5.244)

Ve + T = 0, (5.245)
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are transformed continuously in the Ty and $O71(3.1) groups.

It ig clear that discrete transformations — inversion transformations — en-
able us to transform the right equations (5.243) and (5.244) into left equations
(5.245) and (5.246), and vice versa.

The property (5.242) of the A4 geometry enables an empty pseudo-Euclidean
geometry to be "split” into right- and left-hand geometries:

Q=040 =0, (5.247)
whose torsion is nongero. This property appeared to be quite useful for the
description of the production of matterfrom "nothing” in the theory of physical
vacuum [36].

If now we split the structural Cartan equations (5.221) and (5.222) into right
and left ones, we will get

o b ta -
Vet Tpnel=0 (5.248)
+ i + i +t‘ +3 i~
R e 22V T iy + 2 Do T jymy= 0, (5.249)
Vi et T e i =0, (5.250)
Rtjk‘m —I_QV[.E:T T”m]‘I'QT;[kTTJlm]: a. (5251)

Writing the structural Cartan equations as the extended right and left Einstein-
Yang-Mills equations, we will arrive at

+ + +
ij _%gjm R=v ij’ (B 1) (5252)
+

ij _%gjm R: v Tj‘ms (B 1) (5253)
C b VIV T [y 27 0 T oy = ¥ T - (B 2)

In the theory of physical vacuum that is based on the universal relativity
principle [37], equations (5.252) and (5.253) describe the right and left matter
produced from vacuum.
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Chapter 6

The geometry of absolute
parallelism in spinor basis

6.1 Three main spinor bases of Ay geometry

The geometry of absolute parallelism, as laid down in vector basis, enables the
structural equations of this geometry of be represented as right (invariant with
respect to the T, and 5$07(3.1)) groups and left (invariant with respect to the
T, and the $O~(3.1) groups) groups of the structural equations (A1), (BT)
and (A7) and (B~), respectively. Equations (A1), (B¥) (or (A7), (B7)) can,
in turn, be split by a transition into a group of equations, whose component
fields have opposite spins. For this purpose, we have to use spinor basis and
some elements of spinor analysis.

We will view the spinor geometry Ay as a differentiable manifold X4, such
that at each point M with the translational coordinates z (¢ = 0,1,2,3) a two-
dimensional spinor space C? is introduced [38]. There are three possibilities for
introducing the spinor basis in the spinor space C?:

(a) spinor I'-basis formed by the Infeld-Van der Werden symbols J;,é [39],
which satisty the equality

Vﬂa;ﬁzﬂ; (6.1)

(b) spinor A-basis formed by the Newman-Penrose symbols wa [40], which
satisty the equality

Vo ols =0 (6.2)
(c) spinor dyad basis £g, which satisfies the equality [41]
eBPe pViEE = 0. (6.3)

In relationships (6.1)-(6.3) the indices a,pB,...and 4, B, ... are spinor in-
dices that take on the values 0,1 and 0,1. Any local vector A' that belongs to

47
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C? can be represented as a spin-tensor of the second rank either in the spinor
I'- basis .
[Y-- B
A=A 0L f (6.4)

or in the spinor A-basis .
: 4B

A'=A%0 s (6.5)

All the spin-tensors associated with the I'-basis will have the spinor indices

a, B, ..., and the spin-tensors associated with A basis will have spinor indices
A/ B, .. Astodyad £%, it is a connection between I'- and A-basis

J;_B = a;}éggég. (6.6)
Here .
=k,
and the bar on the right-hand side of the equality implies complex conjugation.
spinor A-basis is connected with the vector basis e? by

0us = €055 (6.7)
0:_45‘ = efof‘é, (6.8)

where a‘-AB are complex Hermitian (o, 4% = cr‘-AB) matrices, and the matrices

o . and o,4F have the form

AB
1 0 0 1
a . _ 142 a1 1 0
o =1(2) 0 i i 0 . (6.9)
1 o 0 -1
1 o 0o 1
AR _ —1/2 0 1 -1 ] -
oo =(2) 01 i 0 . (6.10)
1 o 0o -1
where .
det(o%z) =1, det(off) = -,
From the orthogonality conditions for the tetrad e,
elel =407, ety =69 (6.11)

and the relationships (6.7)-(6.10) follows the orthogonality conditions for the
spinor A-basis

ofBol =67, (6.12)
0Bl = §4068 . (6.13)
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For the spinor I'-basis the following orthogonality conditions hold [54]

0ol =67, (6.14)
af
02Fat, = §°,68,. (6.15)

Whence, by (6.6) and (6.12)-(6.13), follow the orthogonality conditions for
the spinor dyad

Lol =1,
£t = -t8 =10, (6.16)
g =0
In addition, there are the relationships [54]
ogf _ elef _ 5P
io:&;o &;ocio 5&! (61?)
gqgﬁ - gqgﬁ = EO&,G!
where
_eab g 01 6.18
Bap =¥ =eyy=e" = 7, (6.18)
is the fundamental spinor [40] that obeys the following relationships:
ape™f = el = —ef | (6.19)
ape™" = 0505 — 645, (6.20)
£ =32, (6.21)
Ea[fEis] = U, (6.22)

ef:(é lf) (6.23)

The fundamental spinor e,g increases and decreases the indices on the spin-
tensor associated with the I'-basis, similar o the metric tensor g;p in the vector
basis. In the spinor A-basis it has the form

EAR = E‘a,effs.fg: (6-24)
5o that

" [:I 1
EAB:EAB:EOD:EdD:(_l 0) (625)

The fundamental spinor 45 increases and decreases indices on the spin-
tensors associated with the A-basis. For example, we hawve

o, (6.26)
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If the spinor is skew-symmetric in two indices

8.4.B.=-9 B 4., (6.27)

then, using the fundamental spinor e4m, it can be represented as [40]

8.a.5.=-capfEc. (6.28)

The same properties are valid in the spinor I'-basis for the fundamental spinor
Enf-

6.2 Spinor representation of the structural Car-
tan equations of A, geometry

The relationship (6.28) makes it possible to reduce spinors skew-symmestric
in primed and unprimed indices to spinors that are completely (or partially)
symmetrical in primed and anprimed indices. In the space of spinors of this
type irreducible representations of the groups SL(2.C) are realized [42]. This
group replaces the group $0(3.1) on passing over to the spinor basis.

Definition 6.1. We will say that the components of a spinor with r symmet-
rical lower indices and with s syrmmetrical lower primed indices are transformed
in P(r/2,5/2) irreducible representation of the group SL(2.C).

For example, the spinor

Fap=Fpa

is transformed in D{1.0), and the spinor

Fop =Fpe
in the D(0.1) irreducible representation of the group §L(2.C).

We will write the main relationships of the 44 geometry in the spinor A-
basis. This can be accomplished using the spinor representation of the arbitrary
tensor T‘J in the A-basis

or simply replacing the matrix indices by two spinor ones as follows:

e ¢ gAB (6.30)

T, & T4 5 (6.31)
R%m & R L (6.32)
Mab € Tafcp = EACER D, (6.33)

and so on.
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Proposition 6.1. In the spinor A-basis the metric tensor g; of the A4

geometry has the form o
9i; = EACERp UfBafD. (6.34)
Proof. Substituting into
gij = Nave’ie’;
the relationships (6.7) and (6.8) written as

a AR _a i b Cb_ [
=070 5 e, =070, (6.35)

LA

we have . .
AB o _CD b
Fiy = Hab Ty JAE;‘JJ' JG}j . (636)
From the relationships (6.9),(6.10), (6.25) and the definition
nap =0t = diag(l -1 -1 - 1),
we obtain the following equality:
Ma045 005 = EACED-

Substituting this into (6.36), we arrive at the formula (6.34).
We now write the structural Cartan equations in matrix form

a b a i
Vieem — el fyjm = 0 (4)
b T 2V Ty + 2T Ty = 0. (B)
Using the rules (6.30)-(6.32), we write these equations in the spinor A-basis
AF CDm AR .
V[kam] - 0[3: T |CD|m] =, (637)
AR AB AR EF o
R appm T 2V[ﬁrT |CD ] T aT EF[;:T |GD|m] = V- (6-38)

Consequently, the second Bianchi identity of the As geometry
V[“Rfﬂkm] + R;[kaﬁM] - Tbc[nRTcMm] =0 (D)
in the spinor A-basis becomes

AF EF AF EF AE -
V[nR |CD k] + R ob[ka |GD ] ~ T oD'[nR |EF|km] — Y. (6'39)

Proposition 6.2. If F.; = —F;; is a real skew-symmetrical tensor, then
the corresponding spinor

Fipon = F"JUL.BOJCD' (6.40)

can be represented in the form

1 _
Fapep = (eapFac+eack gp), (6.41)
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where the spinor
Fao=Foa (6.42)
is transformed in the D(1.0) irreducible representation of the group SL(2.C'),
and the spinor
FBD:FB.@:F}_.TIE;‘ (6.43)
in the D(0.1) irreducible representation of the same group.
Proof. Since the tensor Fy; is skew-symmetric, we have, by (6.40),

Fascn = Fopas- (6-44)
We rewrite this as

1 1
Fopcn = §(FABGD' —Fopag = E(FABGD'

Fopag+Fopas -
—FGD'AB)- (6-45)

Using the fundamental spinor (6.25), we can write (6.45) as follows:
Fapep = E(EAGFFB b t+eapFapc®) (6.46)

Denoting Fae = (1/2)FAEOE! we have, by (6.44),

1 : 1 :
FAC:gFAECEZ_EFAECEZFCA' (6‘&?)
Further, introducing the notation F 55 = 1Fpg® 5 and considering that Fi;
is real, we find
— 1 1— & —
Fpp=5Fps"p=5F 5" p=Fop. (6.48)
Substituting the relationships (6.47) and (6.48) into (6.46), we arrive at
(6.44). By definition, the spinor Fac = Fea belongs to the D(1.0) irreducible
representation of the groups SL(2.C); and spinor Fgp = Fpp - to the D(0.1)
irreducible representation of the group.
Since the quantities T p5.p,, and Rygop,, 10 the equations (6.37) and
(6.38) are skew-symmetric in the pair of spinor matrix indices AB and CD, we
can represent therm, by (6.27)-(6.28), as

1
Tagenr = 5 eppTack teacTiy,), (6.49)
l -~
Rogcpem = E(EBBRAGM +eacRE s, ) (6.50)
where ) .
EDmp , . + _ LY oacp .
Tacr = 7€ Tagcpr Tip, = 3¢ Tascoe (6.51)
1 g7 1

— ZED .o _ 1. .Ac L

Racin = 3¢ Rogepins Mipp, = 5° Rypchin: (6.52)

In these relationships the 4+ sign with the spinor matrices implies Hermitian
conjugation.
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6.3 Splitting of structural Cartan equations

into irreducible representations of the
group SL(2.C)

Matrices(6.51) and (6.52) can be transformed in the spinor indices as follows:

T4, =54T4,8% + 5454, (6.53)
+B' _ ¢+B'mp+H ot D +B' ¢B
TP = SEETADSED 4 515SE, (6.54)
R oy = S R4, 55, (6.55)
RtE' .., = SIF'RYE, §1D. (6.56)

Matrices of the transformations Sff and SEB form the group $L(2.C), and the
matrices

54 (6.57)

form the subgroup
SL1(2.0) (6.58)

of the group $L({2.C), in which the spinors belonging to the irreducible repre-
sentation D(r/2,0) are transformed.
On the other hand, the matries
B'n'
515, (6.59)
form the subgroup
SL_(2.C) (6.60)

of the group SE(2.C), in which the spinors belonging to the irreducible rep-
resentation D(0, s/2) are transformed. These properties of the spinors enable
the structural Cartan equations to be split into equations that contain spinors
transformed in P(r/2,0) or D(0, 5/2) irreducible representations of the group
SL(2.C).

Proposition 6.3. The second structural Cartan equations (B) in the
gpinor A-basis are split into the equations of the form

Racen +2V3T a0 + QTAE[kTrgh—a] =0, (6.61)
+F ;
RBD.E: —I— 2v[kT|BD| —I— 2T ] T |D| ] = . (662)

Proof. We write the second structural Cartan equations (6.38) as

F‘ -
Bapchin = Bapcpim T QV[kT|ABoD'|m] + QTABEF"[:I:T|CD| ] =U. (6-63)
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Using the fact that the spinor B z-p,, 18 skew-symmetric in the pair of
gpinor indices AB and C D, we will write it in the form

1 ~
Bagopin = E(EBbBACkn +eacBl,, 1=10, (6.64)
where L.
Bacin = EEBDBABODM =0, (6.65)
1
+ ACH . . _n
EDkn =~ 9° Bigopin =0 (6.66)

Substituting (6.61) into the equations (6.65) and (6.66) and using the ma-
trices (6.51) and (6.52), we will arrive at the structural equations (6.61) and
(6.62) in split form. In the derivation we have used the properties (6.19)-(6.23)
of the fundamental spinor e45.

PI‘OpOSitiOIl 6.4. Matrices Tacp and Tgbk in the dyad basis {,o have
the following form:

Tace = £4cVieéd = Tace, (6.67)
Ths,=CanVits=Ths,. (6-68)

Proof. We write the matrices
Tose = €4V e
in the spinor basis, using the rules (6.30) and (6.31)
Tasobr = Top V0 b (6.69)
Substituting this expression into the first one of (6.51) gives
L 5D

TAcg: = 58 Jé‘ﬁvkaﬂf}{' (6.70)

Using the formula (6.6}, we write 0,5, as

wTh
gAE;'{ = O—cxﬁ.’{éAff}' (6?1)

Substituting (6.71) into (6.70), we have

1 .. c a_' 1 .. : cx_.
Tace = §EBDUGD' Vi:(%,éefAfg) = EEBDJcbaasg'Vk(fAfg): (6.72)

since V;C(cra,ét-) = 0.
Further, considering that

B _ ot ;u_";'_ L
fels! Jaﬁt' = Tug gogDJaﬁ{ -

= 5ya5.-}.16"§é‘% = EGQEDB!
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we will write (6.72) as
1 BD = _Jé, o o —,éi
Tacy = 7€ foalpplé Vet + £aVelp). (6.73)
In the dyad basis we hawve the equalities
esp = Epplar e0DEaViER =0,

which are conjugates of (6.3) and (6.24). Using these equalities, we can easily
obtain (6.67). Similarly, for the conjugate matrix T+ z 5, , we have (6.68).

Proposition 6.5. In the spinor A-basis the first structural Cartan equa-
tions (A) of the A4 geometry have the form

i] E i [i + B -
V[kgOD. = T[k|C‘EJ D|t] = J|GF|T.1:]D = U (6?&)

or, dropping the matrix indices,
V[ka{] - T[kg{] - U[‘.T;]— = 0. (6?5)

Proof. Let us take the derivative V;;UED-Z

Vichs = Val(0! 46885 = 0! (B Vits + £2V.T5).
Using (6.67) and (6.68), we will write this relationship as
© i e _Jé a—}él‘_;'
Viotp = 0. (Topre™ ey + Th,, 628 ). (6.76)
Here we have used the normalization conditions
ot = _JGF
taptF =1, ppf =1

Multiplying the terms on the right-hand side (6.76) we obtain, from (6.71),

Violpy - Tepioy — 08 TF,, =0 (6.77)
or . . . -
Viohy - Tacgoft - oL T (6.78)

Alternating this relationship in the indices & and i, we obtain the equations

(6.74).

Proposition 6.6. The second Bianchi (D) identities of the A4 geomnetry
in the spinor A-basis are split into the following equations:

V® Racin — Recta TP4"+ Reara TP0™ =1, (6.79)
n 5t s+ +Fn | 54 +En _ g s
VIR ppe Bipnls T Rigmaly =0 (6.80)
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Proof. Increasing and decreasing, using the metric tensors . and g, the
tensor indices in the identities (6.150), we will write them in the form

v E:I-’abkn - j.'il.,::bkn Tcaﬂ‘l' jk:L’a::i:'n chﬂ = 0. (681)

In this equality we now pass over to the spinor indices using (6.31) and (6.32)
go get

"h .. Ao EF .n . b . . BF .a _ p
V" Rascpin — Beicpin T a8 T Reiadin I cp’ =0 (6.82)
We now write this relationship in the form
Discpin =0 (6.83)
where by DABGDk we have denoted all the terms on the left-hand side of (6.82).

Since the relationship (6.83) are skew-symmetrical in the pair of indices AB and
CD, we will write it in the form

ki 1 n n -~
Digepin = E(ESbDACim +eacD? Bbin) =0, (6.84)
where
Dn 1 DDn -0 JD_|_.,.J i 1 ACDn — 3
ACkn = ABCDkn — 1 BDkn — g ABCQDkn — 7

Substituting here (6.82), we will get (6.79) and (6.80).

Physically, the spinor splitting of the structural Cartan equations (A) and
(B) implies splitting into the equations of “matter ™ and “skew-symmetry”, just
ag it has been done by Dirac in his derivation of equations for the electron and
the positron. We can now write equations that are transformed in the groups

SLF(2.C) as

i] Bt i : - 3
V[NOD' - Thyceopl - ol |OF"|T:]-DF =, (A7)
Racin + 2V T acia) + QTAE[.E:T%M] =0, (B°1)
and in the group $L~(2.C) as
Violop - Tcro il - 0[“-|GF|T;]FDF =10, (4%)
+ +F i i—
Bm +2V j-‘T|BD| +2T5 5 kT|D| = (B*7)

In the numerations of these formulas s implies transtormation in a spinor
group. Dropping the matrix indices, we will write these relationships as

V[kat-] _ T[ko.t-] _ o—[{T;]- _ 0] (A.S)

Bpn +2VpTy - [T, Th] = 0, (B*1)
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V[ko.t-] _ T[kg{] _ o—[{T;]- _ 0, (A.s)
RY, +2Vu T - [T, T4 = 0. (B*7)

Correspondingly, discarding the matrix indices in the equations (6.79) and
(6.80), we obtain

V" Rin ‘|‘[}”'il.’kaﬂ] =0, (D)
v R{, 4R, TH]=0. (D7)
6.4 Carmell matrices

Equalities (6.67) and (6.68) can be written in matrix form
Ty = £V ,E, (6.85)
TH = ¢tV ¢, (6.86)

where T}, and ¢ are 2 ¥ 2 complex matrices with elements T4 5, and 9, respec-
tively. Multiplying Tp by Ui:AE"., we can introduce the traceless Carmeli 2 x 2
matrices [44-46)

Taz=0%:Ts, (6.87)

AC...=0,1, B,D...=0,1

D) (D)

£

T

(a4 —p L Yo7
2 _Q_)J Tll_(y _,},)

with the components

Tnﬁ:(
Tlﬂ:(

cD
AB |00 01 10 11
n o e -k T -k
(TAB)G = 01 JB o ,u JB y (689)
10 | a —p A -
I yy -7 v -

where (TAB)CD is the CD element of the matrices T, 5. Consequently, the
complex conjugate rmatrices T+AB are

CD
AB |00 61 10 i1
T Y,= W0 |E -F T -F 6.90
AR (6.90)
10 |a -7 X -@&
11 |¥y -7 7 -7
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Proposition 6.7. In the Carmeli matrices the first structural Cartan
equations (A) of the Ay geometry have the form

i i F _i i B
aO}jaA,é - aAE‘goD' = (TCB)A Tpg t UAR(TSCJ B~
P i i ;
—(Tas)e opp - JGR(T;:;A)RD. (6.91)
Proof. We will write the equations (6.75) as
Viohs — Viohg =To%w0p 5 + JCFT;F
~Ta%holy - 0}, TEE. (6.92)

It is easily seen that the equations (6.92) represent the difference of the two
relationships

Vio! T —To PReas E—I—OCFT;F ks (6.93)
Vo'l s ="Ta kJCB—I—JAET;E : (6.94)

Multiplying (6.93) by o* ,z, and (6.94) by o® .z, we get

3 +F‘
Vieoop AB =Tc" WDE AB + JOF‘T AB’ (6.95)
ik -|-E
Veoyg0on = 74" WPB OD + JAET C‘D (6.96)
We now introduce the notation
(TAB)O —To kJAB (6.97)
and
8ap =055V, (6.98)
and rewrite the relationships (6.95) and (6.96) as
Bapoty=(Tepla opy + 04 x(T ) 5, (6.99)
0500 = (Tap)c oppy +05p(TE ) p. (6.100)

Subtracting from (6.99) the equality (6.100), we will arrive at the first struc-
tural Cartan equations (6.91) of the A4 geometry, written in terms of Carrmeli
matrices.

Consider now the second structural Cartan equations
(B*1), written in matrix forms

Ry +2VT, - (T2, T.] = 0. (6.101)

Multiplying the quantity Ry, by JkAE',. and o”.p5, we will introduce the
traceless Carmell matrix

k -
RABCD. :RknO'AE",O'E‘D' (61U2)
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with the components [44-46]

L Ty -y R A TR T
Fojod = Ty +2A -0 J Rygos = Py Dy /O
. ‘I’g —‘I’g — 2A L @12 _@02
Ry = T, — y Fiqei = $yy —Byy /7 (6.109)
R — ¥y 4+ ¢ - A -¥ - P '
100 LR P -y — @y 4 A

R .= _‘1'2‘|“i'11‘|‘45.L ‘I’l—‘i'ul
1001 o Fk T Ty -1 - A

Proposition 6.8. In terms of Carmeli spinor matrices (6.87) and (6.102),
the second structural Cartan equations (B**1) of the 44 geometry become
R--:8-T-—8-T-—(T-)FT-—(TT)F- -+
ABCD abtaf a5t cp chla Lfrgp o) BTam
HTo5)c" Trp + (T§ Vo Tow+ [Tap Topl. (6.104)
Proof. We write the equations (6.101) as
Ry, = QV[ﬂTk] + [Tk,Tﬂ] (6.105)

or
Ry, =V, I, - V;T,+T.7T, -T,T}. (6.106)

Multiplying this by akABa”CD-, we will have

k n
Rygep = aCBTl’U‘a_E} - aABTnUoD' +TopTop - TopTap =
k k
= OcpTap — 0a8Top — (Ocpoas — apocp” JTe t+
HT45:Topl- (6.107)
We have used here the condition that
or B0k . = 6468 (6.108)
and the notation
Bu5 =08 V5. (6.109)
If now in (6.107) we use the relationships (6.99) and (6.100), we will get the
equations (6.103).
Let us write the second Bianchi identities (D*T) of the A4 geometry in
matrix form \ .
V" Rin +[Rin, T7] = 0. (6.110)
Multiplying these equations by ¢"gpm, we will render them in terms of
Carmeli matrices as follows:

an X n oD A
87" Rppop T05p(V )RABGD +

(V40" ?) Rgpes ~[T°C  Rppep] = 0. (6.111)
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Using the relationship (6.99), we can rewrite the identities (6.111) as
9" Rgrcp _(TGD)AE Rypep -
_(T+DG)F'B Reses HITPT)F Rppop +
‘|‘(T$C)QD Rgpop HTY Repop] = 0. (6.112)
6.5 Component-by-component rendering of
structural equations of A; geometry

Let us now write the equations (6.91) component by component. For con-
venience, we will introduce the following notation:

Abpap = Ocp0ys — Oantip = (ToplaTops +
+0s5 (T30 s - Tap)eopy - 0os(TE,) (6.113)

Algo, we will denote the cornponents of the spinor derivative as

B
9,,= A0 1 6.114
w= AL (6114
116 A
and the components of the spinor A-basis as
B
: A 0 i (6.115)
o — - - . .
45T 0= (YO, V,¥27%)  mi= (2%,0,8%,8%)
1 ﬁ‘:(g,i,g,f) n{:(Xo’U’XQ’XB)
From (6.113), the spinor component A'y;,; will be
AGoi = 905701 = F0i%¢ = (Tog)o™ Opg + 0 a(T5)%1 -
~(Toi)o o5 = 73 4(T1)" (6.116)

or
Abgoi = Fnaosi — Gaives = (Toa)o op; + (Tosdo'oys) +
+ (s (T + o (T ) = (Toi)o’ogs + (Toio' i) -

- (Jéﬂ(Tfﬁ)Da +051(TiJE)1@). (6.117)
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Using the notation of (6.89)-(6.90) and (6.114)-(6.115) for the components
(Top)a® (T )% g, 8,5 and o' -, we will obtain, by (6.117),

Dm' — §l' = (Eﬂ?" + (—H)R.{) + (II‘IT—I— m‘(—?)) -
- (B + (mo)ym) - (FE 4 m(-7)) =
= (G4 B -TW —wn' +om + (74 - T)m'. (6.118)

Since the vectors m* and !* have the following components:
F=(Y°V,YY%), m =(& w8,

it follows from (6.118) that

V-Du=(a@+p-TV+&U-0w-(7+¢c- 7w, (6.119)
§Y* - D¢ = (@4 -T)Y* 4+ kX% - af — (74— 5)¢°, (6.120)
a=10,2,3.

1 1

In a similar manner we find the following component rendering of the first
structural Cartan equations of the A4 geometry

V-Dw=(a+B-TWV+sU-0w-(7+e- 8w, (A.1)

§Y® - Dt = (@+ f-TY* + kX% —0f — (7+e— )", (A.2)
AY* - DX = (y+ 7)Y+ (e + E)X* - (T + T)E* — (T+ mMw, (A3
AV DV = (y4+ W + (e +B)U = (r4+ T — (F+ m)w,  (A.4)
U-Aw= -7V 4+ (-3 - LU+ 20+ (4 — 7+ Tw, (A.5)

SX% - At = —DY* +(r—a— )X+ A + (u -7+ TE™, (A.6)
bw—dw=(F- V4 (7-p)U-(a-w-(F-aw, (A7)

5% - 0F = (F- WY+ (F- p) X - (@-B)E - (B-a)™,  (AS3)

and the complex conjugate equations (A4.1) — (A.8) (all in all 24 independent
equations).

Let us now look at the equations (6.107) and write them componentwise.
For instance, we will derive the F,;,; component of these equations

Rniuﬁ = auﬁTni - aniTuﬁ - (Tuﬁ)UDTni - (TnﬁjﬂlTli +
H(TE) i Tog = (T i T01 + (Toi)o " Tog + (Toi)o T +

‘|‘(T1+ﬁ)DﬁTnu' + (Tl-E)lﬁTDi + ToiTo5 — ToaTs- (6.121)
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Using the matrices (6.89)-(6.90), (6.103) and the spinor derivative (6.114),

we can represent (6.121) as

) o

L
T, 1+ 2A
(B -
"\ u -p

— A
—£&

5
+(

-
-

_{ B -v
e ( g =B )

2

£
T

— K
—£

)+

)- (5

) -

— K
—£

3 m 3 om

)(

)

(6.122)

These equations split into the following three independent equations:

(D-7+8f-(6-F+Me—(atmat(ptnw-T=0,
(D-p-7-38e+48)0-(0-74T-a-3f)k - ¥y =0,
(D-F+e+E)u-(6+T-a+F)m—or4vs-240- T, =0.

Similarly, we will obtain the following independent equations (B**):

(D—p-ec-8p—(6-3a—fF+mk-

—-aT + 'TR—(I'UD :0,
(D-p-F-3c45)0—-(0-74+7 -7 - 3)x—

_y =0,

(D—p—c4E)r— (A -3y —F)xk - pT —0T — 70—

¥y - @y =10,
(D-p-t+28)a— (8- B+m)e— Po+rA+Ry-
—mp =Py =0,

(Dte+e)y-(A-y-Fle-(r4+Ta-(r4+7)5-

—mr+rve+A-Ty — Py =10,

(D-p+3e-82-(6+7+oa—F)r— uo+vE— 3y =10,
(D-74+8)f-(b-a4+Te—(at+m)o+{u+y)x-

_@1:01
(D-F4ce48u-0+7-a+)ym—or4vs—

—2A - ¥, =10,
(D4+3c4+Ew— (A4 p+y—F)m— w7 — (T4 7)A-

(Bs+.1)

(B*t.2)

(B*+.3)

(Bs+.4)

(B*t.5)
(B:t.6)

(Bs+.7)

(Bt .8)
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¥y — @y =0, (B*t.9)
(A4+ pu+T+3y-TA-(E+3a+F+7-Thw+ ¥a=0, (B+.10)
(b-a-f-1)p—(6-3a+p)o+ 78— (- Bkt
+¥; — ®y; =0, (B**.11)
(6-a+26)a-(E+8)F-—puotor-(e-7)y-
—(p—we— A+ Ty — @y =10, (B*t.12)
(b-a+38 —(d+rm+atPlu-(p-Fvt
trE 4Ty — By =0, (B*71.13)
(b-74+a+B)y—(A—-y+F+u)f— pur+ovt
47 —ah— By =0, (B*T.14)
(6-7438+ay — (A4 puty+Tu- 204
477 — Bgy =0, (B*t.15)
(6—7—-F+E)7 - (A4 u—-3y+7)0 - dot
4KT — By = 0, (B*t.16)
(A4+E-y-Fo-(0+BF-a-T)T+ oA
—vE+2A + T, =0, (B*T.17)
(A-F+ma-E+B-T)y— (p+ et
+Hr + )N+ Ty = 0. (B*1.18)

In addition to these equations, the second structural Cartan equations (B)
include the complex conjugate equations

Rf, + 2V TH - [TF, T = 0. (B*-)

We can write these equations in terms of components by replacing the equations
(B*t.1)-(B**.18) by their complex conjugate equations.

6.6 Connection of structur