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Íàñòîÿùàÿ êíèãà ïðåäñòàâëÿåò ñîáîé âòîðîå èçäàíèå (ïåðâîå âû-
øëî â 1993 ã.) ìîíîãðàôèè àâòîðà, äàþùåå áîëåå äåòàëüíîå èçëîæåíèå
îñíîâ òåîðèè ôèçè÷åñêîãî âàêóóìà. Êðîìå òîãî, ïðèâîäÿòñÿ òåîðåòè-
÷åñêèå è ýêñïåðèìåíòàëüíûå ñëåäñòâèÿ òåîðèè âàêóóìà è òîðñèîííûõ
ïîëåé. Áîëüøîå âíèìàíèå óäåëÿåòñÿ òåõíîëîãèÿì, êîòîðûå âîçíèêëè
áëàãîäàðÿ íîâûì òåîðåòè÷åñêèì è ýêñïåðèìåíòàëüíûì ðåçóëüòàòàì.
Äëÿ ñïåöèàëèñòîâ ïî òåîðåòè÷åñêîé ôèçèêå, ïðåïîäàâàòåëåé âóçîâ,

àñïèðàíòîâ, ñòóäåíòîâ, à òàêæå äëÿ âñåõ òåõ, êòî èíòåðåñóåòñÿ íîâû-
ìè ôèçè÷åñêèìè òåîðèÿìè, ýêñïåðèìåíòàìè è òåõíîëîãèÿìè.
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ÏÐÅÄÈÑËÎÂÈÅ Ê ÂÒÎÐÎÌÓ ÈÇÄÀÍÈÞ

Âî âòîðîå èçäàíèå âîøëè ìàòåðèàëû ëåêöèé, ïðî÷èòàííûõ àâòîðîì
îñåíüþ 1993 è âåñíîé 1996 ã. íà ôèçè÷åñêîì ôàêóëüòåòå Ìîñêîâñêîãî ãîñó-
äàðñòâåííîãî óíèâåðñèòåòà èì. Ì.Â.Ëîìîíîñîâà. Äàíî áîëåå ïîäðîáíîå èç-
ëîæåíèå èäåé è ïðèíöèïîâ, ëåæàùèõ â îñíîâå òåîðèè ôèçè÷åñêîãî âàêóóìà.
Îñíîâíûå äîïîëíåíèÿ êîñíóëèñü ýêñïåðèìåíòàëüíûõ ðàáîò, îïèñûâàþùèõ
âîçäåéñòâèå ñòàòè÷åñêèõ è äèíàìè÷åñêèõ òîðñèîííûõ ïîëåé íà ðàçëè÷íûå
ôèçè÷åñêèå îáúåêòû. Áîëüøîå âíèìàíèå óäåëåíî òîðñèîííûì òåõíîëîãèÿì,
ò.å. ýêñïåðèìåíòó â ïðîìûøëåííûõ ìàñøòàáàõ. Ýòè ìàòåðèàëû, ïðåäîñòàâ-
ëåíûå àâòîðó À.Å.Àêèìîâûì, èçëîæåíû â ãë. 5.

Àâòîð âûðàæàåò îñîáóþ áëàãîäàðíîñòü Ë.Ì.Ãðóøèíîé, áåç àêòèâíîãî
ñîäåéñòâèÿ êîòîðîé êíèãà íå óâèäåëà áû ñâåò.

Ãåííàäèé Øèïîâ

Ìîñêâà, èþíü 1996 ã.
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ÏÐÅÄÈÑËÎÂÈÅ Ê ÏÅÐÂÎÌÓ ÈÇÄÀÍÈÞ

Íàñòîÿùàÿ êíèãà ïðåäñòàâëÿåò ñîáîé êðàòêîå èçëîæåíèå èäåé è ìåòîäîâ,
èñïîëüçîâàííûõ àâòîðîì äëÿ ðàçâèòèÿ ïðîãðàììû Êëèôôîðäà�Ýéíøòåéíà
ïî ãåîìåòðèçàöèè óðàâíåíèé ôèçèêè, à òàêæå äëÿ ðåøåíèÿ ðàçëè÷íûõ ôóí-
äàìåíòàëüíûõ ïðîáëåì ñîâðåìåííîé òåîðåòè÷åñêîé ôèçèêè ñ ïîçèöèé âñå-
îáùåãî ïðèíöèïà îòíîñèòåëüíîñòè è òåîðèè ôèçè÷åñêîãî âàêóóìà. Ïðîâîäÿ
èññëåäîâàíèÿ, àâòîð ïîïûòàëñÿ îáúåäèíèòü, êàçàëîñü áû, ðàçëè÷íûå ïî ñâî-
åé ïðèðîäå ÿâëåíèÿ è íàðèñîâàòü îáîçðèìóþ êàðòèíó ñîâðåìåííîé ôèçèêè.

Àâòîð âûðàæàåò áëàãîäàðíîñòü Â. Þ. Òàòóðó è âñåì òåì, êòî ïðÿìî èëè
êîñâåííî ñïîñîáñòâîâàë ïîÿâëåíèþ ýòîé êíèãè. Îñîáî õî÷ó îòìåòèòü áîëü-
øóþ ïîìîùü ìîèõ äðóçåé è åäèíîìûøëåííèêîâ: Å. À. Ãóáàðåâà, À. Í. Ñè-
äîðîâà, È. À. Âîëîäèíà.

Ìíîãèå èäåè, ðàçâèâàåìûå â ýòîé êíèãå, áûëè îáîçíà÷åíû â ìîåé ïåð-
âîé ìîíîãðàôèè, èçäàííîé â 1979 ã. â Ìîñêîâñêîì ãîñóäàðñòâåííîì óíè-
âåðñèòåòå èì.Ì. Â. Ëîìîíîñîâà áëàãîäàðÿ ïîääåðæêå Ì. À. Àäàìåíêîâîé
è È. Ñ. Ëàêîáà.

Âåñüìà ïëîäîòâîðíûìè áûëè áåñåäû ñ äîöåíòîì Ñëîâàöêîãî ïîëèòåõ-
íè÷åñêîãî èíñòèòóòà Â. Ñêàëüñêèì, êîòîðûé âûñêàçàë öåííûå ìûñëè îòíî-
ñèòåëüíî ðàçëè÷íûõ âàêóóìíûõ ñîñòîÿíèé ìàòåðèè. Ïîëåçíûå çàìå÷àíèÿ
À. Å. Àêèìîâà âî ìíîãîì ñòèìóëèðîâàëè ìîè èññëåäîâàíèÿ â îáëàñòè òîð-
ñèîííûõ ïîëåé è âçàèìîäåéñòâèé.

Âñå ýòî ñûãðàëî áîëüøóþ ðîëü â íàïèñàíèè ïðåäëàãàåìîé ÷èòàòåëþ êíè-
ãè.

Ãåííàäèé Øèïîâ

Ìîñêâà, ìàé 1993 ã.
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Ïðèíÿòûå îáîçíà÷åíèÿ

Òðåõìåðíûå òåíçîðíûå èíäåêñû îáîçíà÷àþòñÿ ãðå÷åñêèìè áóêâàìè �;�; 
 : : :
è ïðîáåãàþò çíà÷åíèÿ 1, 2, 3.

Òðåõìåðíûå âåêòîðà (íàïðèìåð, ëèíåéíîé è óãëîâîé ñêîðîñòåé) îáîçíà-
÷àþòñÿ êàê: ~v è ~! èëè v è !!!:

×åòûðåõìåðíûå òåíçîðíûå èíäåêñû îáîçíà÷àþòñÿ ëàòèíñêèìè áóêâàìè
i; j; k : : : è ïðèíèìàþò çíà÷åíèÿ 0, 1, 2, 3. Áóêâû èç ïåðâîé ÷àñòè àëôàâèòà
(a; b; : : : ; h) èñïîëüçóþòñÿ â êà÷åñòâå òåòðàäíûõ èíäåêñîâ, íàïðèìåð eia (a =

0;1;2;3) :
Ñïèíîðíûå èíäåêñû â ñïèíîðíîì �-áàçèñå îáîçíà÷àþòñÿ çàãëàâíûìè

áóêâàìè A;B; : : : ; _C; : : : ; _D è ïðîáåãàþò çíà÷åíèÿ 0,1 èëè _0; _1. Ñïèíîðíûå
èíäåêñû â �-áàçèñå îáîçíà÷àþòñÿ ãðå÷åñêèìè áóêâàìè �;�; : : : ; _
; _Æ; : : : :

Ñèììåòðèçàöèÿ è àíòèñèììåòðèçàöèÿ ïàð èíäåêñîâ:

S(ij) =
1

2
(Sij + Sji); S[ij] =

1

2
(Sij � Sji):

Èñêëþ÷åíèå èíäåêñà èç ñèììåòðèçàöèè èëè àíòèñèììåòðèçàöèè:

S(ijjjk) =
1

2
(Sijk + Skji); S[ijjjk] =

1

2
(Sijk � Skji):

Ïåðåõîä ê ëîêàëüíûì (òåòðàäíûì) èíäåêñàì: Sabc = eaiS
i
jke

j
be
k
c. Âíåø-

íåå ïðîèçâåäåíèå: ea ^ ec = aaec � ecea.
Äóàëüíûé òåíçîð:

�

S ij=
1
2
"ijkmS

km .
Ïñåâäîòåíçîð Ëåâè�×èâèòà: "ijkm.
Ìàòðè÷íàÿ çàïèñü òåíçîðíûõ âåëè÷èí: Sabk èëè, îïóñêàÿ ìàòðè÷íûå èí-

äåêñû a è b, Sabk ! Sk ; ñïèí-òåíçîðíûõ: S
A _B

C _Dk ! Sk .
Ìàòðè÷íîå ïðîèçâåäåíèå: [Tm; Tk ] = TmTk � TkTm. Ýðìèòîâî ñîïðÿæåí-

íûå ìàòðèöû: S+

B _Dkn
.

Ïðîèçâîäíûå

×àñòíûå ïðîèçâîäíûå ïî òðàíñëÿöèîííûì êîîðäèíàòàì xi îáîçíà÷åíû
çàïÿòîé ïåðåä èíäåêñîì, ò.å. f;k = @f=@xk = @kf ; êîâàðèàíòíàÿ ïðîèçâîä-
íàÿ îòíîñèòåëüíî ñèìâîëîâ Êðèñòîôôåëÿ �ijk îáîçíà÷àåòñÿ êàê rk èëè

rku
i = @ku

i + �ijku
j .

Ëîêàëüíàÿ êîâàðèàíòíàÿ ïðîèçâîäíàÿ: rau
b = @au

b + �bcau
c.

Êîâàðèàíòíàÿ ïðîèçâîäíàÿ îòíîñèòåëüíî ñâÿçíîñòè �i
jk = eiae

a
j;k ãåî-

ìåòðèè A4:
�

rk ui = @ku
i + �i

jku
j .

Âíåøíÿÿ ïðîèçâîäíàÿ: d.
Ñïèíîðíàÿ ïðîèçâîäíàÿ: @A _B.
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Òðàíñëÿöèîííàÿ ìåòðèêà è òåòðàäû

Òðàíñëÿöèîííûå êîîðäèíàòû: x0; x1; x2; x3.
Ñèãíàòóðà ìåòðèêè: (+ � ��):
Òðàíñëÿöèîííûé ëèíåéíûé ýëåìåíò:

ds2 = �abe
a
ie
b
jdx

idxj , �ab = �ab = diag(1 � 1 � 1� 1):

Ñòðóêòóðíûå óðàâíåíèÿ ãðóïïû òðàíñëÿöèé ãåîìåòðèè A4:
r[arb]x

i = �
 : : c
ab rcx

i.
1-ôîðìà òåòðàäû: ea = eaidx

i.

Âðàùàòåëüíàÿ ìåòðèêà è êðó÷åíèå

Âðàùàòåëüíûå êîîðäèíàòû: '1; '2; '3; �1 ; �2; �3:

Âðàùàòåëüíàÿ ìåòðèêà: d�2 = d�bad�
a
b = T a

biT
b
ajdx

idxj ;

d�ab = �d�ab:
Êðó÷åíèå ãåîìåòðèè A4:


: : i
jk = eiae

a
[k;j] =

1
2
eia(e

a
k;j � e

a
j;k):

Òåíçîð êîíòîðñèè ãåîìåòðèè A4 (êîýôôèöèåíòû âðàùåíèÿ Ðè÷÷è):

T i
jk = �
 : : i

jk + gim(gjs

: : s
mk + gks


: : s
mj ) = eiarke

a
j:

1-ôîðìà êîíòîðñèè: T a
b = T a

bkdx
k = T a

bce
c; T(ab) = 0:

Ñòðóêòóðíûå óðàâíåíèÿ ãðóïïû âðàùåíèé (ìàòðè÷íûå èíäåêñû îïóùå-
íû): r[krm]e

i = 1
2
Rkme

i, ãäå Rkm = 2r[mTk] + [Tm; Tk ] :

Ñâÿçíîñòü è êðèâèçíà ãåîìåòðèè A4

Ñâÿçíîñòü: �i
jk = �ijk + T i

jk = eiae
a
j;k ;

�i
[jk] = T i

[jk] = �

: : i
jk ; �i

(jk) = �ijk + gim(gjs

: : s
mk + gks


: : s
mj ):

Êðèâèçíà:
Sijkm = 2�i

j[m;k] + 2�i
s[k�

s
jjjm] =

= Ri
jkm + 2r[kT

i
jjjm]+ 2T i

c[kT
c
jjjm] = 0;

ãäå Ri
jkm = 2�i

j[m;k]
+ 2�i

s[k
�s
jjjm]

� òåíçîð Ðèìàíà.

1�ôîðìà ñâÿçíîñòè:�a
b = �a

bkdx
k = �a

bce
c :

Ñòðóêòóðíûå óðàâíåíèÿ Êàðòàíà:
1) dea � ec ^ T a

c = 0;
2) Ra

b + dT a
b + T c

b ^ T a
c = 0:

Òîæäåñòâà Áèàíêè:
1) Ra

cfde
c ^ ef ^ ed = 0;

2) dRa
b + Rf

b ^ T
a
f � T

f
b ^R

a
f = 0:
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Ñïèíîðíûé �-áàçèñ

Ñèìâîëû Íüþìåíà�Ïåíðîóçà: �A
_B

i :

Òðàíñëÿöèîííàÿ ìåòðèêà: gij = "AC " _B _D
�A

_B
i �C

_D
j , ãäå "AB � ôóíäàìåí-

òàëüíûé ñïèíîð

"AB = "AB = "
_C _D = " _C _D

=

�
0 1

�1 0

�
:

Êîýôôèöèåíòû âðàùåíèÿ Ðè÷÷è: TA _BC _Dk = �i
C _D
rk�A _Bi.

Êîýôôèöèåíòû âðàùåíèÿ Ðè÷÷è â ìàòðèöàõ Êàðìåëè: T
A _B

ñ ìàòðè÷-
íûìè ýëåìåíòàìè (TA _B)

D
C :

Ðèìàíîâà êðèâèçíà â ìàòðèöàõ Êàðìåëè: RA _BC _D :

Óðàâíåíèÿ ôèçè÷åñêîãî âàêóóìà

Â âåêòîðíîì áàçèñå:

r[ke
a
m] � e

b
[kT

a
jbjm] = 0; (à)

Ra
bkm + 2r[kT

a
jbjm]+ 2T a

c[kT
c
jbjm] = 0: (á)

Â âèäå ðàñøèðåííîé ñèñòåìû óðàâíåíèé Ýéíøòåéíà�ßíãà�Ìèëëñà

r[ke
a
j]+ T i

[kj]e
a
i = 0; (à)

Rjm �
1

2
gjmR = �Tjm; (B:1)

Ci
jkm + 2r[kT

i
;jjjm] + 2T i

s[kT
s
;jjjm] = ��J

i
jkm; (B:2)

ñ ãåîìåòðèçèðîâàííûìè èñòî÷íèêàìè:

Tjm = �
2

�
f(r[iT

i
jjjm]+ T i

s[iT
s
jjjm])�

1

2
gjmg

pn(r[iT
i
jpjn] + T i

s[iT
s
jpjn])g;

Jijkm = 2g[k(iTj)m]�
1

3
Tgi[mgk]j:

Â âèäå îáîáùåííûõ óðàâíåíèé Ãàéçåíáåðãà-Ýéíøòåéíà-ßíãà-Ìèëëñà:
à) ãåîìåòðèçèðîâàííûå óðàâíåíèÿ Ãàéçåíáåðãà

r� _�o� = 
 o�o��o _� � � o�o��� _� � � o����o _� + " o����� _� � � ��o��o _�+

+� ��o��� _� + � �����o _� � � ������ _�; (
+

A
s+ :1)
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r� _��� = � o�o��o _� � � o�o��� _� � � o����o _� + � o����� _� � 
 ��o��o _�+

+� ��o��� _� + � �����o _� � " ������ _�; (
+

A
s+ :2)

�;�:::= 0;1; _�; _�:::= _0; _1;

á) ãåîìåòðèçèðîâàííûå ñïèíîðíûå óðàâíåíèÿ Ýéíøòåéíà

2�
AB _C _D

+�"AB" _C _D
= �T

A _CB _D
; (

+

B s+ :1)

â) ãåîìåòðèçèðîâàííûå ñïèíîðíûå óðàâíåíèÿ ßíãà�Ìèëëñà

CA _BC _D � @C _DTA _B + @A _BTC _D + (TC _D)
F

A TF _B + (T+
_DC

)
_F
_B
TA _F�

�(TA _B)
F
C TF _D � (T+

_BA
)

_F
_D
TC _F � [TA _B ; TC _D] = ��JA _BC _D ; (

+

B
s+ :2)

A;C:::= 0;1; _B; _D:::= _0; _1

ïëþñ ñïèíîðíûå óðàâíåíèÿ äëÿ ëåâîé ìàòåðèè
�

A s+ ;
�

B s+ è äëÿ ïðàâîé è

ëåâîé àíòèìàòåðèè
+

A
s� ;

+

B
s�,

�

A
s�;

�

B
s� .



×àñòü 2
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Ââåäåíèå

Ãåîìåòðèÿ àáñîëþòíîãî ïàðàëëåëèçìà âïåðâûå áûëà ðàññìîòðåíà â 1923-
�1924 ãã. â ðàáîòàõ P. Âàéöåíáåêà [1, 2] è Ä. Âèòàëè [3, 4]. P. Âàéöåíáåê óêà-
çàë íà âîçìîæíîñòü ñóùåñòâîâàíèÿ íà n-ìåðíîì äèôôåðåíöèðóåìîì ìíî-
ãîîáðàçèè Ì ñ êîîðäèíàòàìè x1; : : : ; xn ðèìàíîâûõ ïðîñòðàíñòâ ñ òåíçîðîì
Ðèìàíà�Êðèñòîôôåëÿ ðàâíûì íóëþ

Sijkm = 2�i
j[m;k] + 2�i

s[k�
s
jjjm] = 0: (1)

Ñîîòíîøåíèå (1) ðàññìàòðèâàëîñü êàê óñëîâèå ïàðàëëåëüíîãî ïåðåíîñà
ïðîèçâîëüíîãî âåêòîðà â äàííîì ïðîñòðàíñòâå â àáñîëþòíîì (íå çàâèñÿùåì
îò âûáîðà ïóòè) ñìûñëå. Â 1924 ã. Ä. Âèòàëè ââîäèò ñâÿçíîñòü ïðîñòðàíñòâà
àáñîëþòíîãî ïàðàëëåëèçìà [3]

�k
ij = ekae

a
i;j; (2)

; j = @
@xj ; i; j; k : : := 0;1;2;3;

a; b;c : : := 0;1;2;3;

ãäå eka è e
a
i � áàçèñíûå âåêòîðà, çàäàííûå â êàæäîé òî÷êå ïðîñòðàíñòâà è

ïåðåíîñèìûå ïàðàëëåëüíî â àáñîëþòíîì ñìûñëå â ëþáóþ òî÷êó ïðîñòðàí-
ñòâà ïî ëþáîìó íàïðàâëåíèþ. P. Âàéöåíáåê ïîêàçàë [5], ÷òî ñâÿçíîñòü (2)
ìîæåò áûòü ïðåäñòàâëåíà â âèäå ñóììû

�i
jk = �ijk + T i

jk; (3)

ãäå

�ijk =
1

2
gim(gjm;k + gkm;j � gjk;m) (4)

� ñèìâîëû Êðèñòîôôåëÿ, à

T i
jk = �


::i
jk + gim(gjs


::s
mk + gks


::s
mj) (5)

� êîýôôèöèåíòû âðàùåíèÿ Ðè÷÷è [6] äëÿ áàçèñà eai.
Òåíçîð 
::ijk, îïðåäåëÿåìûé êàê


::ijk = eiae
a
[k;j] =

1

2
eia(e

a
k;j � e

a
j;k); (6)

ïîëó÷èë íàçâàíèå îáúåêòà íåãîëîíîìíîñòè [7], ïîýòîìó âîçíèêíîâåíèå ãåî-
ìåòðèè àáñîëþòíîãî ïàðàëëåëèçìà ïðîäîëæèëî ðàçâèòèå íåãîëîíîìíîé äèô-
ôåðåíöèàëüíîé ãåîìåòðèè [8].
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Ý. Êàðòàí è ß. Ñõîóòåí [9, 10], èñõîäÿ èç ãðóïïîâûõ ñâîéñòâ ïðîñòðàí-
ñòâà ïîñòîÿííîé êðèâèçíû, ââåëè ñâÿçíîñòü (3), â êîòîðîé êîìïîíåíòû êî-
ýôôèöèåíòîâ âðàùåíèÿ Ðè÷÷è (5) ÿâëÿþòñÿ êîíñòàíòàìè.

Ñóòü ïîäõîäà Ý. Êàðòàíà è ß. Ñõîóòåíà cîñòîèò â ñëåäóþùåì. Ïóñòü íà
n-ìåðíîì äèôôåðåíöèðóåìîì ìíîãîîáðàçèè Ì ñ êîîðäèíàòàìè x1; : : : ; xn

çàäàíî ïîëå n êîíòðâàðèàíòíûõ âåêòîðîâ

�ja = �ja(x
k); (7)

ãäå
a; b;c : : := 1 : : : n

ÿâëÿþòñÿ âåêòîðíûìè èíäåêñàìè, à

i; j; k : : : = 1 : : :n

� êîîðäèíàòíûìè.
Ïðåäïîëîæèì, ÷òî

det(�ja) 6= 0

è ÷òî ôóíêöèè �ja óäîâëåòâîðÿþò óðàâíåíèÿì

�ja�
k
b;j � �

i
b�
k
a;j = �C

::f
ab �

k
f ;

â êîòîðûõ êîíñòàíòû C
::f
ab èìåþò ñëåäóþùèå ñâîéñòâà:

C
::f
ab = �C::f

ba ; (8)

C::a
fbC

::f
cd + C::a

fcC
::f
db +C::a

fdC
::f
bc = 0: (9)

Òîãäà ìû ìîæåì ñêàçàòü, ÷òî èìååì n-ïàðàìåòðè÷åñêóþ ïðîñòóþ òðàí-
çèòèâíóþ ãðóïïó (ãðóïïó Tn), äåéñòâóþùóþ íà ìíîãîîáðàçèè, ïðè÷åì C::f

ab

ÿâëÿþòñÿ ñòðóêòóðíûìè êîíñòàíòàìè ýòîé ãðóïïû, óäîâëåòâîðÿþùèìè òî-
æäåñòâó ßêîáè (9). Âåêòîðíîå ïîëå �jb íàçûâàåòñÿ èíôèíèòåçèìàëüíûìè
ãåíåðàòîðàìè ýòîé ãðóïïû.

Ïóñòü òåïåðü áàçèñ ekb , çàäàâàåìûé â êàæäîé òî÷êå ìíîãîîáðàçèÿ Ì,
óäîâëåòâîðÿåò óñ¼ëîâèþ

det(eja) 6= 0:

Åñëè ïðåäïîëîæèòü, ÷òî

eja(x
k
0) = �ja(x

k
0);

ãäå xk0 ÿâëÿþòñÿ êîîðäèíàòàìè íåêîòîðîé ïðîèçâîëüíîé òî÷êè P , òî ìû
èìååì äëÿ ôóíêöèé eja(x

k
0) óðàâíåíèÿ

ejae
k
b;j � e

j
be
k
a;j = �C

::f
ab e

k
f : (10)

Â ñèëó óñëîâèé íîðìèðîâêè áàçèñà

eaie
j
a = Æ

j
i ; eaie

i
b = Æab (11)
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èç ðàâåíñòâà (10) ñëåäóåò

C::i
jk = 2eiae

a
[k;j] = eiaC

::a
bce

b
je
c
k : (12)

Ñðàâíèâàÿ ñîîòíîøåíèå (12) ñ (6), ìû âèäèì, ÷òî


::ijk =
1

2
C::i
jk ;

ò.å. âñå êîìïîíåíòû îáúåêòà íåãîëîíîìíîñòè îäíîðîäíîãî ïðîñòðàíñòâà àá-
ñîëþòíîãî ïàðàëëåëèçìà ïîñòîÿííû.

Ëåãêî âèäåòü, ÷òî ñâÿçíîñòü (3) îáëàäàåò êðó÷åíèåì, ïðè÷åì â íàøåì
÷àñòíîì ñëó÷àå

�k
[ij] = �


::k
ij = T k

[ij] = �
1

2
C::i
jk:

Èìåííî òàêèì îáðàçîì Ý. Êàðòàí è ß. Ñõîóòåí ââåëè ñâÿçíîñòü ñ êðó-
÷åíèåì [9, 10]. Ïîýòîìó ãåîìåòðèÿ Ðèìàíà�Êàðòàíà ñî ñâÿçíîñòüþ

�ijk = �ijk +
1

2
(Cijk � Cjki � Ckij); (13)

ãäå Sijk = �1
2Cijk � êðó÷åíèå ïðîñòðàíñòâà, îáÿçàíî ðàçâèòèþ ãåîìåòðèè

àáñîëþòíîãî ïàðàëëåëèçìà.
Äàëüíåéøåå ðàçâèòèå ãåîìåòðèè àáñîëþòíîãî ïàpàëëåëèçìà íà n-ìåðíîì

äèôôåðåíöèðóåìîì ìíîãîîáðàçèè Ì ñ êîîðäèíàòàìè x1 ; : : : ;
xn (ãåîìåòpèè An) íàøëî îòîápàæåíèå â ðàáîòàõ Å. Áîðòîëîòòè [11�14],
Ã. Ãðèññà [15], ß. Ñõîóòåíà [16, 17], Ë. Ýéçåíõàðòà [18] è äðóãèõ àâòîðîâ [19-
25]. Â ÷àñòíîñòè, Å. Áîðòîëîòòè [12] ïåðâûì óêàçàë, ÷òî ñâÿçíîñòè Êàðòàíà-
�Ñõîóòåíà è Âàéöåíáåêà�Âèòàëè (2) � îäíî è òî æå. Êðîìå òîãî, Å. Áîðòî-
ëîòòè ïîêàçàë, ÷òî òåíçîð (1) ìîæíî ïðåäñòàâèòü â âèäå ñóììû

Sijkm = Ri
jkm + 2r[kT

i
jjjm]+ 2T i

c[kT
c
jjjm] = 0; (14)

ãäå
Ri

jkm = 2�ij[m;k] + 2�is[k�
s
jjjm] (15)

� òåíçîð Ðèìàíà, à âåëè÷èíû T i
jk îïðåäåëÿþòñÿ ñîãëàñíî (5).

Â 1937 ã. â ðàáîòàõ Ò. Òîìàñà [20, 21] àáñîëþòíûé ïàðàëëåëèçì ðàñ-
ñìàòðèâàåòñÿ êàê ïàðàëëåëüíûé ïåðåíîñ âåêòîðîâ â ¾áîëüøîì¿, ïîñêîëüêó
ñâÿçíîñòü ïðîñòðàíñòâà A4 (òàê æå, êàê è ñâÿçíîñòü ïëîñêîãî ïðîñòðàíñòâà
En) ÿâëÿåòñÿ èíòåãðèðóåìîé. Ïîýòîìó â ïðîñòðàíñòâå An âåêòîð, çàäàí-
íûé â êàêîé-ëèáî òî÷êå ïðîñòðàíñòâà, ìîæåò áûòü îïðåäåëåí â ëþáîé äðó-
ãîé òî÷êå ïðîñòðàíñòâà. Íàêîíåö, â ðàáîòàõ [23-25] äàåòñÿ êëàññèôèêàöèÿ
ïðîñòðàíñòâ ñ àáñîëþòíûì ïàðàëëåëèçìîì.

Ãåîìåòðèÿ A4 âïåðâûå áûëà èñïîëüçîâàíà À. Ýéíøòåéíîì [26] â ïðè-
ëîæåíèÿõ ê ïðîáëåìàì òåîðåòè÷åñêîé ôèçèêè. Ó÷åíûé ïûòàëñÿ îáúåäè-
íèòü óðàâíåíèÿ ñâîåé òåîðèè ñ óðàâíåíèÿìè ýëåêòðîäèíàìèêè Ìàêñâåëëà-
�Ëîðåíöà [27]. Ïîïóòíî îòìåòèì, ÷òî â ðàìêàõ ãåîìåòðèè àáñîëþòíîãî ïà-
ðàëëåëèçìà À. Ýéíøòåéíîì áûëî íàïèñàíî íàèáîëüøåå (âñåãî 13) ÷èñëî
ðàáîò.
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Ðàçâèâàÿ ïðîãðàììó À. Ýéíøòåéíà ïî ïîñòðîåíèþ åäèíîé òåîðèè ïî-
ëÿ, àâòîð ïðèøåë ê âûâîäó î íåîáõîäèìîñòè èñïîëüçîâàòü ãåîìåòðèþ A4

êàê ãåîìåòðèþ ïðîñòðàíñòâà ñîáûòèé âñåîáùåé òåîðèè îòíîñèòåëüíîñòè è
òåîðèè ôèçè÷åñêîãî âàêóóìà [28]. Â îòëè÷èå îò À. Ýéíøòåéíà è åãî ïî-
ñëåäîâàòåëåé àâòîð èñïîëüçîâàë ñòðóêòóðíûå óðàâíåíèÿ Êàðòàíà ãåîìåò-
ðèè àáñîëþòíîãî ïàðàëëåëèçìà, êîòîpûå ÿâëÿþòñÿ îáîáùåíèåì âàêóóìíûõ
óðàâíåíèé Ýéíøòåéíà Rik = 0 äëÿ ñëó÷àÿ, êîãäà òåíçîð ýíåpãèè-èìïóëüñà
â ïðàâîé ÷àñòè óðàâíåíèé Ýéíøòåéíà èìååò ãåîìåòðè÷åñêóþ ïðèðîäó.

Ïpîãpàììà åäèíîé òåîpèè ïîëÿ, âûäâèíóòàÿ À. Ýéíøòåéíîì, ïðåäïî-
ëàãàåò ðåøåíèå äâóõ ñòðàòåãè÷åñêèõ ïðîáëåì ñîâðåìåííîé òåîðåòè÷åñêîé
ôèçèêè:

à) ïðîãðàììà-ìèíèìóì ñòàâèò ñâîé öåëüþ ãåîìåòðèçàöèþ óðàâíåíèé
ýëåêòðîìàãíèòíîãî ïîëÿ è îáúåäèíåíèå èõ ñ óðàâíåíèÿìè òåîðèè ãðàâè-
òàöèè Ýéíøòåéíà;

á) ïðîãðàììà-ìàêñèìóì íàïðàâëåíà íà ïîèñêè ïîëíîñòüþ ãåîìåòðèçèðî-
âàííûõ óðàâíåíèé ãðàâèòàöèîííîãî è ýëåêòðîìàãíèòíîãî ïîëåé (âêëþ÷àÿ
èñòî÷íèêè), ò.å. íà ãåîìåòðèçàöèþ ïîëåé, îáðàçóþùèõ ìàòåðèþ.

Íåñìîòðÿ íà äëèòåëüíûå ïîèñêè (îêîëî 30 ëåò), ðåøèòü ýòó ãðàíäèîç-
íóþ çàäà÷ó À. Ýéíøòåéíó íå óäàëîñü. Ñîâìåñòíî ñî ìíîãèìè âûäàþùèìè-
ñÿ ó÷åíûìè òîãî âðåìåíè îí íàïèñàë áîëüøîå êîëè÷åñòâî ðàáîò, â êîòîðûõ
èñïîëüçîâàëèñü ðàçëè÷íûå ãåîìåòðèè. Îäíàêî âñå îíè íå óäîâëåòâîðÿëè
òðåáîâàíèÿì à) è á). Êðîìå òîãî, íå áûëî ÿñíî, êàêèì îáðàçîì ãåîìåòðèçè-
ðîâàòü ñïèíîðíûå ïîëÿ (íàïðèìåð, ïîëå Äèðàêà), îáðàçóþùèå èñòî÷íèêè
ýëåêòðîìàãíèòíîãî ïîëÿ. Ä. Óèëåð äîáàâèë ê ïðîãðàììå åäèíîé òåîðèè ïî-
ëÿ åùå îäèí ïóíêò, êîòîðûé òðåáóåò ñïèíîðíîé ôîðìóëèðîâêè óðàâíåíèé
åäèíîãî ïîëÿ. Ïîñëåäíåå óñëîâèå ìîæåò áûòü âûïîëíåíî â òîì ñëó÷àå, åñ-
ëè îñíîâíûå ãåîìåòðè÷åñêèå âåëè÷èíû òåîðèè ÿâëÿþòñÿ íå òåíçîðàìè, à
ñïèíîðàìè. Ñïèíîðíîå ïðåäñòàâëåíèå êëàññè÷åñêèõ ãåîìåòðèé, èçëîæåííîå
â ðàáîòàõ Ð. Ïåíðîóçà [29-31], î÷åíü ïîìîãëî ìíå ïpè ïîñòðîåíèè òåîðèè
ôèçè÷åñêîãî âàêóóìà, â êîòîðóþ ïåðåðîñëà â íàñòîÿùèé ìîìåíò ýéíøòåé-
íîâñêàÿ ïðîãðàììà åäèíîé òåîðèè ïîëÿ.

Ìàòåìàòè÷åñêàÿ ÷àñòü êíèãè ñîñòîèò èç òðåõ ãëàâ. Â ãë. 6 èçëàãàþòñÿ
îñíîâû ãåîìåòðèè A4 â âåêòîðíîì áàçèñå. Ââîäÿòñÿ ñâÿçíîñòü è êðèâèçíà
ãåîìåòðèè àáñîëþòíîãî ïàðàëëåëèçìà. Äàþòñÿ âûâîä ñòðóêòóðíûõ óðàâíå-
íèé Êàðòàíà ãåîìåòðèè A4

r[ke
a
m] � e

b
[kT

a
jbjm] = 0; (A)

Ra
bkm + 2r[kT

a
jbjm] + 2T a

c[kT
c
jbjm] = 0; (B)

i; j; k:::= 0;1;2;3; a; b; c:::= 0;1;2;3;

à òàêæå ðàçëè÷íûå âàðèàíòû èõ çàïèñè, âêëþ÷àÿ çàïèñü âî âíåøíèõ äèô-
ôåðåíöèàëüíûõ ôîðìàõ. Èññëåäóåòñÿ ãðóïïîâàÿ ñòðóêòóðà ãåîìåòðèè A4.
Óñòàíàâëèâàåòñÿ ñâÿçü ñòðóêòóðíûõ óðàâíåíèé ãðóïïû òðàíñëÿöèé T4 è
ãðóïïû âðàùåíèé O(3:1) ãåîìåòðèè A4 ñî ñòðóêòóðíûìè óðàâíåíèÿìè Êàð-
òàíà. Ïðîâåäåíî ðàñùåïëåíèå ñòðóêòóðíûõ óðàâíåíèé Êàðòàíà íà ïðàâûå
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è ëåâûå, ñîîòâåòñòâóþùèå ïpàâîé è ëåâîé ãåîìåòðèÿì. Äàíî ïðåäñòàâëåíèå
ñòðóêòóðíûõ óðàâíåíèé Êàðòàíà â âèäå ðàñøèðåííîé ïîëíîñòüþ ãåîìåò-
ðèçèðîâàííîé ñèñòåìû óðàâåíèé Ýéíøòåéíà�ßíãà�Ìèëëñà. Ïîëó÷åíû 10
óðàâíåíèé äâèæåíèÿ òåòðàäû: ÷åòûðå ïîñòóïàòåëüíûõ è øåñòü âðàùàòåëü-
íûõ. Ââåäåíà ìåòðèêà Êèëëèíãà�Êàðòàíà, äåéñòâóþùàÿ íà ãðóïïå âðàùå-
íèé O(3:1).

Â ãë. 7 îñíîâíûå ñîîòíîøåíèÿ ãåîìåòðèè àáñîëþòíîãî ïàðàëëåëèçìà çà-
ïèñàíû îòíîñèòåëüíî ñïèíîðíîãî áàçèñà. Äàíî ñïèíîðíîå ïðåäñòàâëåíèå
ñòðóêòóðíûõ óðàâíåíèé Êàðòàíà è òîæäåñòâ Áèàíêè ãåîìåòðèè A4. Ââå-
äåíû ìàòðèöû Êàðìåëè è äîêàçàíà ñâÿçü ìåæäó ñòðóêòóðíûìè óðàâíåíèÿ-
ìè Êàðòàíà ãåîìåòðèè A4 è óðàâíåíèÿìè ôîðìàëèçìà Íüþìåíà�Ïåíðîóçà.
Ðàññìîòðåí âàðèàöèîííûé ïðèíöèï äëÿ âûâîäà ñòðóêòóðíûõ óðàâíåíèé
Êàðòàíà è âòîðûõ òîæäåñòâ Áèàíêè. Äàíî ðàçëîæåíèå ñïèíîðíûõ ïîëåé
ãåîìåòðèè àáñîëþòíîãî ïàðàëëåëèçìà íà íåïðèâîäèìûå ÷àñòè, ïîçâîëÿþ-
ùåå ïðåäñòàâèòü ñòðóêòóðíûå óðàâíåíèÿ Êàðòàíà â âèäå ðàñøèðåííîé ãåî-
ìåòðèçèðîâàííîé ñèñòåìû óðàâíåíèé Ýéíøòåéíà�ßíãà�Ìèëëñà ñ êàëèáðî-
âî÷íûìè ãðóïïàìè T4 è SL(2:C). Ââåäåí ôîðìàëèçì äâóõêîìïîíåíòíûõ
ñïèíîðîâ Ãåðîêà�Ïåíðîóçà è äàíà êëàññèôèêàöèÿ âçâåøåííûõ ñïèíîðîâ.
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Â ãë. 8 ðàññìîòðåí ìåòîä êîíñòðóèðîâàíèÿ ðåøåíèé ñòðóêòóðíûõ óðàâ-
íåíèé Êàðòàíà ãåîìåòðèè àáñîëþòíîãî ïàðàëëåëèçìà íà ïðèìåðå ãåîìåòðèé
¾îñòðîâíîãî¿ òèïà. Äàí ïîäðîáíûé ðàñ÷åò îñíîâíûõ ãåîìåòðè÷åñêèõ õàðàê-
òåðèñòèê ãåîìåòðèè A4 ñ ðèìàíîâîé ìåòðèêîé òèïà ìåòðèêè Øâàðöøèëü-
äà. Âûïèñàíû ðåøåíèÿ ñ ðèìàíîâûìè ìåòðèêàìè òèïà ìåòðèêè Âàéäÿ [32],
Íüþìåíà�Óíòè�Òàìáóðèíî [33], Êåððà [34], äå Ñèòòåðà [35] è äð. Ïðèâåäåíà
êëàññèôèêàöèÿ ðåøåíèé ñòðóêòóðíûõ óðàâíåíèé Êàðòàíà ãåîìåòðèè A4 ïî
ãðóïïàì èçîìåòðèé.



Ãëàâà 6

Ãåîìåòðèÿ àáñîëþòíîãî

ïàðàëëåëèçìà â âåêòîðíîì

áàçèñå

6.1 Îáúåêò íåãîëîíîìíîñòè. Ñâÿçíîñòü

àáñîëþòíîãî ïàðàëëåëèçìà

Pàññìîòðèì ÷åòûpåõìåðíîå äèôôåðåíöèðóåìîå ìíîãîîáðàçèå ñ êîîðäè-
íàòàìè xi (i = 0;1;2;3), ïðè÷åì â êàæäîé òî÷êå ýòîãî ìíîãîîáðàçèÿ çàäàíû
âåêòîð eai (i = 0;1;2;3) è êîâåêòîð ejb (b = 0;1;2;3) ñ óñëîâèÿìè íîðìèðîâ-
êè

eaie
j
a = Æ

j
i ; eaie

i
b = Æab : (6.1)

Ïðè ïðîèçâîëüíûõ ïðåîáðàçîâàíèÿõ êîîðäèíàò

dxi
0

=
@xi

0

@xk
dxk (6.2)

ïî êîîðäèíàòíîìó èíäåêñó i òåòðàäà eai ïðåîáðàçóåòñÿ êàê âåêòîð

eai0 =
@xi

@xi0
eai; (6.3)

ïðè ýòîì ïî òåòðàäíîìó èíäåêñó a îòíîñèòåëüíî ïðåîáðàçîâàíèé (6.2) îíà
âåäåò ñåáÿ êàê ñêàëÿð.

Òåòðàäà eai îïðåäåëÿåò ìåòðè÷åñêèé òåíçîð ïðîñòðàíñòâà àáñîëþòíîãî
ïàðàëëåëèçìà

gik = �abe
a
ie
b
k ; �ab = �ab = diag(1 � 1 � 1 � 1) (6.4)

è ðèìàíîâó ìåòðèêó
ds2 = gikdx

idxk : (6.5)
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Èñïîëüçóÿ òåíçîð (6.4), ìîæíî ïî îáû÷íîìó ïðàâèëó [36] ïîñòðîèòü ñèì-
âîëû Êðèñòîôôåëÿ

�ijk =
1

2
gim(gjm;k + gkm;j � gjk;m); (6.6)

èìåþùèå íåòåíçîðíûé çàêîí ïðåîáðàçîâàíèÿ

�k
0

j0i0 =
@2xk

@xi
0

@xj
0

@xk
0

@xk
+
@xi

@xi
0

@xj

@xj
0

@xk
0

@xk
�kji (6.7)

îòíîñèòåëüíî êîîðäèíàòíûõ ïðåîáðàçîâàíèé (6.2). Â ñîîòíîøåíèè (6.7) è
äàëåå îáû÷íóþ ïðîèçâîäíóþ ïî êîîðäèíàòàì xi ìû áóäåì îáîçíà÷àòü êàê

; k =
@

@xk
: (6.8)

Äèôôåðåíöèðóÿ ïðîèçâîëüíûé âåêòîð eai, èìååì

eai;j0 =
@xj

@xj
eai;j: (6.9)

Ïðèìåíÿÿ îïåðàöèþ äèôôåðåíöèðîâàíèÿ ê ñîîòíîøåíèþ (6.3), íàõîäèì

eai0;j0 =
@xi

@xi0
@xj

@xj0
eai;j +

@2xi

@xi0@xj0
eai: (6.10)

Àëüòåðíèðóÿ èíäåêñû i0 è j0 è âû÷èòàÿ èç (6.10) ïîëó÷åííîå âûðàæåíèå,
èìååì

eai0;j0 � e
a
j0;i0 = (eai;j � e

a
j;i)

@xi

@xi
0

@xj

@xj
0

:

Ó÷èòûâàÿ (6.3), ìîæíî ïåðåïèñàòü ýòî ñîîòíîøåíèå â âèäå

ek
0

a(e
a
i0;j0 � e

a
j0;i0) = eka(e

a
i;j � e

a
j;i)

@xi

@xi0
@xj

@xj0
@xk

0

@xk
:

Ïî îïðåäåëåíèþ äèôôåðåíöèàë

dsa = eaidx
i (6.11)

ÿâëÿåòñÿ ïîëíûì, åñëè âûïîëíÿåòñÿ ñîîòíîøåíèå

eai;j � e
a
j;i = 0: (6.12)

Â ïðîòèâíîì ñëó÷àå, êîãäà eai;j�eaj;i 6= 0, äèôôåðåíöèàë (6.11) íå ÿâëÿ-
åòñÿ èíòåãðèðóåìûì, ïîñêîëüêó ðàâåíñòâî (6.12) ïðåäñòàâëÿåò ñîáîé óñëî-
âèå èíòåãðèðóåìîñòè äëÿ ñîîòíîøåíèÿ (6.11).

Ââåäåì ñëåäóþùèé ãåîìåòðè÷åñêèé îáúåêò [2]


::ijk = eiae
a
[k;j] =

1

2
eia(e

a
k;j � e

a
j;k) (6.13)
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ñ òåíçîðíûì çàêîíîì ïðåîáðàçîâàíèÿ îòíîñèòåëüíî êîîðäèíàòíûõ ïðåîáðà-
çîâàíèé (6.2)


::i
0

j0k0 = 
::ijk
@xj

@xj
0

@xk

@xk
0

@xi
0

@xi
: (6.14)

Î÷åâèäíî, ÷òî ïðè óñëîâèè (6.12) ýòîò îáúåêò îáðàùàåòñÿ â íóëü. Â ýòîì
ñëó÷àå òåòðàäà eai ÿâëÿåòñÿ ãîëîíîìíîé è ìåòðèêà (6.5) õàðàêòåðèçóåò ãî-
ëîíîìíóþ äèôôåðåíöèàëüíóþ ãåîìåòðèþ. Åñëè æå îáúåêò (6.14) îòëè÷åí
îò íóëÿ, òî ìû èìååì äåëî ñ íåãîëîíîìíîé äèôôåðåíöèàëüíîé ãåîìåòðèåé,
ïðè÷åì ñàì îáúåêò (6.14) íàçûâàåòñÿ îáúåêòîì íåãîëîíîìíîñòè.

Ïåðåïèøåì ñîîòíîøåíèå (6.10)

eai0;j0 =
@2xi

@xi
0

@xj
0

eai +
@xi

@xi
0

@xj

@xj
0

eai;j =

=

�
@2xk

@xi
0

@xj
0

+
@xi

@xi
0

@xj

@xj
0

�k
ij

�
eak : (6.15)

Çäåñü ìû ââåëè îáîçíà÷åíèå

�k
ij = ekae

a
i;j (6.16)

è âîñïîëüçîâàëèñü óñëîâèåì îðòîãîíàëüíîñòè (6.1).

Èç ñîîòíîøåíèÿ (6.15 ) âèäíî, ÷òî îáúåêò �k
ij âåäåò ñåáÿ ïðè ïðåîáðà-

çîâàíèÿõ (6.2) êàê ñâÿçíîñòü

�k0

i0j0 =
@2xk

@xi0@xj0
@xk

0

@xk
+
@xi

@xi0
@xj

@xj0
@xk

0

@xk
�k
ij: (6.17)

Ñâÿçíîñòü ïðîñòðàíñòâà, îïðåäåëÿåìàÿ ñîãëàñíî (6.16), íàçûâàåòñÿ ñâÿç-
íîñòüþ àáñîëþòíîãî ïàðàëëåëèçìà [3].

Ïåðåñòàâëÿÿ â (6.17) èíäåêñû i è j, èìååì

�k0

j0i0 =
@2xk

@xj
0

@xi
0

@xk
0

@xk
+
@xi

@xj
0

@xj

@xi
0

@xk
0

@xk
�k
ji: (6.18)

Âû÷èòàÿ (6.18) èç (6.17), íàõîäèì

�k0

[i0j0] =
@xi

@xj
0

@xj

@xi
0

@xk
0

@xk
�k

[ij]: (6.19)

Èç ñîîòíîøåíèé (6.19) è (6.13) ñëåäóåò, ÷òî ñâÿçíîñòü àáñîëþòíîãî ïà-
ðàëëåëèçìà îáëàäàåò êðó÷åíèåì

�k
[ij] = �


::k
ij ; (6.20)

îïðåäåëÿåìûì îáúåêòîì íåãîëîíîìíîñòè.
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6.2 Êîâàðèàíòíîå äèôôåðåíöèðîâàíèå â

ãåîìåòðèè A4. Êîýôôèöèåíòû âðàùåíèÿ

Ðè÷÷è

Îïðåäåëåíèå êîâàðèàíòíîé ïðîèçâîäíîé îòíîñèòåëüíî ñâÿçíîñòè ãåî-
ìåòðèè àáñîëþòíîãî ïàðàëëåëèçìà (ãåîìåòðèè A4) �i

jk îò òåíçîðà ïðîèç-

âîëüíîé âàëåíòíîñòè U i:::p
m:::n èìååò âèä

�

rk U i:::p
m:::n = U i:::p

m:::n;k + �i
jkU

j:::p
m:::n + : : :+ �p

jkU
i:::j
m:::n� (6.21)

��j
mkU

i:::p
j:::n � : : :��j

nkU
i:::p
m:::j :

Ýòî îïðåäåëåíèå ïîçâîëÿåò äîêàçàòü íåêîòîðûå âåñüìà ïîëåçíûå ñîîò-
íîøåíèÿ â ãåîìåòðèè A4.

Ïàðàëëåëüíûé ïåðåíîñ òåòðàäû eai îòíîñèòåëüíî ñâÿç-
íîñòè �i

jk òîæäåñòâåííî ðàâåí íóëþ.
Äîêàçàòåëüñòâî. Èç îïðåäåëåíèÿ (6.21) èìååì ñëåäóþùèå ðàâåíñòâà

�

rk e
i
a = aia;k + �i

jke
j
a; (6.22)

�

rk e
a
j = eaj;k ��i

jke
a
i: (6.23)

Ïîñêîëüêó ñâÿçíîñòü �i
jk îïðåäåëÿåòñÿ êàê

�i
jk = eiae

a
j;k; (6.24)

òî
eiae

a
j;k ��i

jk = 0:

Óìíîæàÿ ýòî ðàâåíñòâî íà eai è ó÷èòûâàÿ óñëîâèÿ îðòîãîíàëüíîñòè (6:1),
íàõîäèì

�

rk eaj = eaj;k ��i
jke

a
i = 0: (6.25)

Äëÿ äîêàçàòåëüñòâà ðàâåíñòâà íóëþ ñîîòíîøåíèÿ (6.22) âîçüìåì ïðîèç-
âîäíóþ îò ñâåðòêè eaje

i
a = Æij

(Æij);k = (eaj e
i
a);k = eiae

a
j;k + eaje

i
a;k = 0;

îòêóäà ñ ó÷åòîì ñîîòíîøåíèÿ (6.24) ñëåäóåò

�i
jk = �e

a
je
i
a;k; (6.26)

èëè
eaje

i
a;k + �i

jk = 0:

Óìíîæàÿ ýòî ñîîòíîøåíèå íà eja è èñïîëüçóÿ óñëîâèÿ eaje
i
a = Æij, ïîëó-

÷èì
�

rk eia = eia;k + �i
jke

j
a = 0: (6.27)
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Ñâÿçíîñòü�i
jk ìîæåò áûòü ïðåäñòàâëåíà â âèäå ñóììû

�i
jk = �ijk + T i

jk; (6.28)

ãäå �ijk � ñèìâîëû Êðèñòîôôåëÿ, îïðåäåëÿåìûå ñîãëàñíî ñîîòíîøåíèþ (6.6),
à

T i
jk = �


::i
jk + gim(gjs


::s
mk + gks


::s
mj) (6.29)

� êîýôôèöèåíòû âðàùåíèÿ Ðè÷÷è [37].
Äîêàçàòåëüñòâî. Ïðåäñòàâèì ñâÿçíîñòü (6.28) â âèäå ñóììû ñèììåòðè÷-

íîé è àíòèñèììåòðè÷íîé ïî èíäåêñàì j; k ÷àñòåé

�i
jk = �i

(jk) + �i
[jk]; (6.30)

ãäå

�i
(jk) =

1

2
(�i

jk +�i
kj); �i

[jk] =
1

2
(�i

jk ��i
jk):

Ïðèáàâèì è âû÷òåì èç ïðàâîé ÷àñòè (6.30) îäíî è òî æå âûðàæåíèå

�i
jk = �i

(jk) + �i
[jk]+ gim(gjs�

s
[km] + gks�

s
[jm])� (6.31)

�gim(gjs�s
[km] + gks�

s
[jm]):

Ñãðóïïèðóåì ÷ëåíû â ïðàâîé ÷àñòè (6.31) ñëåäóþùèì îáðàçîì:

�i
jk = �i

(jk) � g
im(gjs�

s
[km] + gks�

s
[jm])+ (6.32)

+�i
[jk] + gim(gjs�

s
[km] + gks�

s
[jm]):

Ïîñêîëüêó
�i

[jk] = �

::i
jk ;

òî èç (6.32) è (6.29) ñëåäóåò

�i
jk = �i

(jk) � g
im(gjs�

s
[km] + gks�

s
[jm]) + T i

jk: (6.33)

Ïîêàæåì òåïåðü, ÷òî

�ijk = �i
(jk) � g

im(gjs�
s
[km] + gks�

s
[jm]): (6.34)

Äåéñòâèòåëüíî, èìåþò ìåñòî ñîîòíîøåíèÿ

�i
(jk) = eiae

a
(j;k) =

1

2
eia(e

a
j;k + eak;j);

�i
[jk] = eiae

a
[j;k] =

1

2
eia(e

a
j;k � e

a
k;j);

gjs = �abe
a
je
b
s; (6.35)

ïîýòîìó (6.34) ïðèíèìàåò âèä

�ijk = eiae
a
(j;k) + gim(�abe

a
je
b
[m;k] + �abe

a
ke

b
[m;j]) =
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=
1

2
�cd�abe

i
ce
m
d (e

b
me

a
j;k + ebme

c
k;j)+

+
1

2
gim

�
�ab(e

a
je
b
m;k � e

a
je
b
k;m) + �ab(e

a
ke

b
m;j � e

a
ke

b
j;m)

�
:

Ïåðåãðóïïèðîâûâàÿ ÷ëåíû, èìååì

�ijk =
1

2
gim

�
(�abe

a
je
b
m);k + (�abe

a
ke

b
m);j � (�abe

a
je
b
k);m

�
;

îòêóäà, ó÷èòûâàÿ ñîîòíîøåíèå (6.35), ïîëó÷èì

�ijk =
1

2
gim(gjm;k + gkm;j � gjk;m); (6.36)

èëè
1

2
gim(gjm;k + gkm;j � gjk;m) = (6.37)

= �i
(jk) � g

im(gjs�
s
[km] + gks�

s
[jm]) = �ijk :

Ïîäñòàâëÿÿ (6.37) â (6.33), ïîëó÷èì (6.28).

Êîýôôèöèåíòû âðàùåíèÿ Ðè÷÷è T i
jk ìîãóò áûòü ïðåä-

ñòàâëåíû â âèäå
T i
jk = eiarke

a
j; (6.38)

T i
jk = �e

a
jrke

i
a; (6.39)

ãäå ÷åðåçrk îáîçíà÷åíà êîâàðèàíòíàÿ ïðîèçâîäíàÿ îòíîñèòåëüíî ñèìâîëîâ
Êðèñòîôôåëÿ �ijk .

Äîêàçàòåëüñòâî. Ïðåäñòàâèì â ñîîòíîøåíèÿõ (6.25) è (6.27) ñâÿçíîñòü
�i
jk â âèäå ñóììû (6.28)

�

rk e
a
j = eaj;k � �ijke

a
i � T

i
jke

a
i = 0; (6.40)

�

rk e
i
a = eia;k + �ijke

j
a + T i

jke
j
a = 0 (6.41)

Ïîñêîëüêó ïî îïðåäåëåíèþ [36]

rke
a
j = eaj;k � �ijke

a
i;

rke
i
a = eia;k + �ijke

j
a;

òî (6.40) è (6.41) ìîæíî çàïèñàòü êàê

rke
a
j � T

i
jke

a
i = 0; (6.42)

rke
i
a + T i

jke
j
a = 0: (6.43)

Óìíîæàÿ (6.42) íà eia è (6.43) � ñîîòâåòñòâåííî íà eaj, ïîëó÷èì (ïîñëå
èñïîëüçîâàíèÿ óñëîâèÿ îðòîãîíàëüíîñòè (6.1)) èç (6.42), (6.43) ñîîòíîøåíèÿ
(6.38), (6.39).
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Âû÷èñëèì êîâàðèàíòíóþ ïðîèçâîäíóþ
�

rk îò ìåòðè÷åñêîãî òåíçîðà gjm,
çíàÿ, ÷òî gjm = �abejae

m
b

�

rk g
jm =

�

rk �
abejae

m
b =

�

rk e
j
ae
ma =

= ema
�

rk eja + eja
�

rk ema :

Ó÷èòûâàÿ (6.25) è (6.27), ïîëó÷èì

�

r gjm = 0: (6.44)

Ñ äðóãîé ñòîðîíû, ïðèìåíÿÿ ôîðìóëó (6.21) ê ñîîòíîøåíèþ (6.44), íà-
õîäèì

�

rk g
jm = gjm;k + �j

pkg
pm + �m

pkg
jp = 0: (6.45)

Ïðåäñòàâëÿÿ ñâÿçíîñòü �i
jk â âèäå ñóììû (6.28), çàïèøåì ñîîòíîøåíèå

(6.45) êàê
�

rk g
jm = rkg

jm + T j
pkg

pm + Tm
pkg

jp = 0: (6.46)

Ïîñêîëüêó èìååò ìåñòî ðàâåíñòâî

rkg
jm = g

jm
;k + �

j
pkg

pm + �mpkg
jp = 0; (6.47)

òî èç (6.46) ñëåäóåò

T j
pkg

pm + Tm
pkg

jp = T jm
k + Tmj

k = 0:

Ýòî ðàâåíñòâî óñòàíàâëèâàåò ñëåäóþùèå ñâîéñòâà ñèììåòðèè ó êîýôôè-
öèåíòîâ âðàùåíèÿ Ðè÷÷è

Tjmk = �Tmjk ; (6.48)

ïîýòîìó â ãåîìåòðèè A4 êîýôôèöèåíòû âðàùåíèÿ Ðè÷÷è èìåþò 24 íåçàâè-
ñèìûå êîìïîíåíòû.

6.3 Òåíçîð êðèâèçíû ïðîñòðàíñòâà A4

Òåíçîð êðèâèçíû ïðîñòðàíñòâà àáñîëþòíîãî ïàðàëëåëèçìà Sijkm
îïðåäåëÿåòñÿ ÷åðåç ñâÿçíîñòü �i

jk ïî îáû÷íîìó ïðàâèëó [18]

Sijkm = 2�i
j[m;k] + 2�i

s[k�
s
jjjm] = 0; (6.49)

ãäå êâàäðàòíûå ñêîáêè îçíà÷àþò àëüòåðíàöèþ ïî ñîîòâåòñòâóþùèì èíäåê-
ñàì, à èíäåêñ, çàêëþ÷åííûé â âåðòèêàëüíûå ëèíèè, íå ïîäëåæèò àëüòåðíà-
öèè.

Òåíçîð Ðèìàíà�Êðèñòîôôåëÿ ïðîñòðàíñòâà ñî ñâÿç-
íîñòüþ (6.26) òîæäåñòâåííî ðàâåí íóëþ.

Äîêàçàòåëüñòâî. Èç ñîîòíîøåíèÿ (6.26) èìååì

eaj;k = �i
jke

a
i: (6.50)
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Äèôôåðåíöèðóÿ ñîîòíîøåíèå (6.50) ïî m, íàõîäèì

eaj;k;m = (�i
jke

a
i);m = �i

jk;me
a
i + eai;m�

i
jk =

= (�i
jk;m + eiae

a
s;m�

s
jk)e

a
i = (�i

jk;m + �i
sm�

s
jk)e

a
i:

Àëüòåðíèðóÿ ýòî ñîîòíîøåíèå ïî èíäåêñàì k è m, ïîëó÷èì

�2eaj;[k;m] = 2(�i
j[m;k] + 2�i

s[k�
s
jjjm]) = Sijkme

a
i: (6.51)

Ïîñêîëüêó îïåðàöèÿ äèôôåðåíöèðîâàíèÿ ïî èíäåêñàì k è m ñèììåò-
ðè÷íà, òî

eaj;[k;m] = 0:

Ó÷èòûâàÿ ýòî ðàâåíñòâî è ïðîèçâîëüíîñòü eai â ñîîòíîøåíèè (6.51), ïî-
ëó÷èì

Sijkm = 0: (6.52)

Òåíçîð Sijkm ìîæåò áûòü ïðåäñòàâëåí â âèäå ñóììû

Sijkm = Ri
jkm + 2r[kT

i
jjjm]+ 2T i

c[kT
c
jjjm] = 0; (6.53)

ãäå
Ri

jkm = 2�ij[m;k] + 2�is[k�
s
jjjm] (6.54)

� òåíçîð Ðèìàíà ïðîñòðàíñòâà A4.
Äîêàçàòåëüñòâî. Ïîäñòàâèâ ñóììó�i

jk = �ijk+T
i
jk â ñîîòíîøåíèå (6.49),

èìååì

Sijkm = 2�ij[m;k] + 2�is[k�
s
jjjm] + 2T i

j[m;k] + 2T i
s[kT

s
jjjm]+ (6.55)

+2T i
s[k�

s
jjjm]+ 2�is[kT

s
jjjm] = 0:

Èñïîëüçóÿ ñîîòíîøåíèå (6.54), çàïèøåì (6.55) â âèäå

Sijkm = Ri
jkm + 2T i

j[m;k] + 2T i
s[kT

s
jjjm]+ (6.56)

+2�sj[kT
i
jsjm]+ 2�is[kT

s
jjjm] = 0:

Åñëè òåïåðü ïðèáàâèòü ê ïðàâîé ÷àñòè ýòîãî ñîîòíîøåíèÿ âûðàæåíèå

�2�s[km]T
i
sj = 0

è ó÷åñòü, ÷òî, ñîãëàñíî [36],

rkU
i:::p
m:::n = U i:::p

m:::n;k + �ijkU
j:::p
m:::n + : : :+�pjkU

i:::j
m:::n� (6.57)

��jmkU
i:::p
j:::n � : : :� �jnkU

i:::p
m:::j;

ïîëó÷èì èç (6.56) ðàâåíñòâî (6.53).
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Ïåðåïèøåì ñîîòíîøåíèå (6.53) â âèäå

Ri
jkm = �2T i

j[m;k] � 2T i
s[kT

s
jjjm]: (6.58)

Ïîäñòàâëÿÿ ñþäà ðàâåíñòâà (6.38) è (6.39)

T i
jk = eiarke

a
j ; T i

jk = �e
a
jrke

i
a;

èìååì
�2T i

j[m;k] = �2e
i
ar[krm]e

a
j � 2r[ke

i
jajrm]e

a
j;

�2T i
s[kT

s
jjjm] = 2easr[ke

i
jae

s
ajrm]e

a
j = 2r[ke

i
jajrm]e

a
j ;

ïîýòîìó èç ñîîòíîøåíèÿ (6.58) ñëåäóåò

Ri
jkm = �2eiar[krm]e

a
j = 2eiar[mrk]e

a
j : (6.59)

Ïîëå êðó÷åíèÿ 
::ijk ïðîñòðàíñòâà A4 óäîâëåòâîðÿåò
óðàâíåíèÿì

�

r[k 

::i
jm] + 2
::s[kj


::i
m]s = 0: (6.60)

Äîêàçàòåëüñòâî. Àëüòåðíèðóÿ âûðàæåíèå (6.49) ïî èíäåêñàì j; k;m è
ó÷èòûâàÿ ñîîòíîøåíèå �i

[jk] = �

::i
jk , èìååì

Si[jkm] = 2
::i[jm;k] + 2�i
s[k


::s
jm] = 0: (6.61)

Ïðèáàâëÿÿ è âû÷èòàÿ èç ýòîãî âûðàæåíèÿ âåëè÷èíó

2�s
[kj


::i
jsjm] + 2�s

[km

::i
j]s;

ïîëó÷èì

2
::i[jm;k] + 2�i
s[k


::s
jm] � 2�s

[kj

::i
jsjm] � 2�s

[km

::i
j]s+

+2�s
[kj


::i
jsjm]+ 2�s

[km

::i
j]s = 0:

Èñïîëüçóÿ ôîðìóëó (6.21), ýòî ñîîòíîøåíèå ìîæíî ïåðåïèñàòü êàê

2
�

r[k 

::i
jm] � 2
::s[kj


::i
jsjm] � 2
::s[km
::ij]s = (6.62)

= 2
�

r[k 

::i
jm] + 4
::s[kj


::i
m]s = 0;

îòêóäà ñëåäóåò (6.60).

Òåíçîð Ðèìàíà Ri
jkm ïðîñòðàíñòâà A4 óäîâëåòâîðÿåò

ðàâåíñòâó
Ri

[jkm] = 0: (6.63)

Äîêàçàòåëüñòâî. Àëüòåðíèðóÿ ñîîòíîøåíèå (6.54) ïî èíäåêñàì j; k;m è
èñïîëüçóÿ ðàâåíñòâî

T i
[jk] = �


::i
jk ;
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èìååì
Ri

[jkm] = 2r[k

::i
jm] + 2T i

s[k

::s
jm]:

Ïðèáàâëÿÿ è âû÷èòàÿ èç ïðàâîé ÷àñòè ýòîãî ðàâåíñòâà âåëè÷èíó

2T s
[kj


::i
jsjm]+ 2T s

[km

::i
j]s;

ïîëó÷èì

Ri
[jkm] = 2r[k


::i
jm] + 2T i

s[k

::s
jm] � 2T s

[kj

::i
jsjm]� 2T s

[km

::i
j]s+

+2T s
[kj


::i
jsjm]+ 2T s

[km

::i
j]s = 2

�

r[k 

::i
jm] � 2
::s[kj


::i
jsjm]�

�2
::s[km
::ij]s = 2
�

r[k 

::i
jm] + 4
::s[kj


::i
m]s = 0;

÷òî è äîêàçûâàåò ñïðàâåäëèâîñòü ñîòíîøåíèÿ (6.63).
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6.4 Ôîðìàëèçì âíåøíèõ ôîðì è ìàòðè÷íàÿ

ôîðìà ñòðóêòóðíûõ óðàâíåíèé Êàðòàíà

ãåîìåòðèè àáñîëþòíîãî ïàðàëëåëèçìà

Ðàññìîòðèì äèôôåðåíöèàëû

dxi = eaeia; (6.64)

deib = �a
be
i
a; (6.65)

ãäå
ea = eai dx

i; (6.66)

�a
b = eaide

i
b = �a

bkdx
k (6.67)

� äèôôåðåíöèàëüíûå 1-ôîðìû òåòðàäû eai è ñâÿçíîñòè àáñîëþòíîãî ïàðàë-
ëåëèçìà�a

bk . Äèôôåðåíöèðóÿ ñîîòíîøåíèÿ (6.64), (6.65) âíåøíèì îáðàçîì
[38], èìååì ñîîòâåòñòâåííî

d(dxi) = (dea � ec ^�a
c)e

i
a = �S

aeia; (6.68)

d(deia) = (d�b
a ��c

a ^�
b
c)e

i
b = �S

b
ae

i
b: (6.69)

Çäåñü ÷åðåç Sa îáîçíà÷åíà 2-ôîðìà êàðòàíîâñêîãî êðó÷åíèÿ [4], à ÷åðåç
Sba � 2-ôîðìà òåíçîðà êðèâèçíû. Çíàê ^ îçíà÷àåò âíåøíåå ïðîèçâåäåíèå,
íàïðèìåð

ea ^ eb = eaeb � ebea: (6.70)

Ïî îïðåäåëåíèþ ïðîñòðàíñòâî îáëàäàåò ãåîìåòðèåé àáñîëþòíîãî ïàðàë-
ëåëèçìà, åñëè 2-ôîðìà êàðòàíîâñêîãî êðó÷åíèÿ Sa è 2-ôîðìà êðèâèçíû
Ðèìàíà�Êðèñòîôôåëÿ Sba ýòîãî ïðîñòðàíñòâà îáðàùàåòñÿ â íóëü

Sa = 0; (6.71)

Sba = 0: (6.72)

Îäíîâðåìåííî ýòè ðàâåíñòâà ÿâëÿþòñÿ óñëîâèÿìè èíòåãðèðóåìîñòè äèô-
ôåðåíöèàëîâ (6.64), (6.65).

Óðàâíåíèÿ
dea � ec ^�a

c = �S
a; (6.73)

d�b
a ��c

a ^�b
c = �S

b
a; (6.74)

ñëåäóþùèå èç ñîîòíîøåíèé (6.68), (6.69), ïðåäñòàâëÿþò ñîáîé ñòðóêòóðíûå
óðàâíåíèÿ Êàðòàíà ñîîòâåòñòâóþùåéãåîìåòðèè. Äëÿ ãåîìåòðèè àáñîëþòíî-
ãî ïàðàëëåëèçìà ñïðàâåäëèâû óñëîâèÿ (6.71), (6.72), ïîýòîìó ñòðóêòóðíûå
óðàâíåíèÿ Êàðòàíà ãåîìåòðèè A4 èìåþò ñëåäóþùèé âèä

dea � ec ^�a
c = 0; (6.75)

d�b
a ��c

a ^�b
c = 0: (6.76)
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Ó÷èòûâàÿ ñîîòíîøåíèå (6.28), ïðåäñòàâèì 1-ôîðìó �a
b â âèäå ñóììû

�a
b = �ab + T a

b: (6.77)

Ïîäñòàâëÿÿ ýòî ñîîòíîøåíèå â (6.75) è çàìå÷àÿ, ÷òî

ec ^�a
c = ec ^ T a

c;

ïîëó÷àåì ïåðâîå ñòðóêòóðíîå óðàâíåíèå Êàðòàíà ïðîñòðàíñòâà A4.

dea � ec ^ T a
c = 0: (A)

Ïîñëå ïîäñòàíîâêè ðàâåíñòâà (6.77) â (6.76), ïîëó÷àåì âòîðîå ñòðóêòóð-
íîå óðàâíåíèå Êàðòàíà ïðîñòðàíñòâà A4.

Ra
b + dT a

b � T
c
b ^ T

a
c = 0; (B)

ãäå Ra
b � 2-ôîðìà òåíçîðà Ðèìàíà

Ra
b = d�ab � �cb ^ �

a
c : (6.78)

Ïî îïðåäåëåíèþ [38] âñåãäà èìåþò ìåñòî ñîîòíîøåíèÿ

dd(dxi) = 0; (6.79)

dd(deia) = 0: (6.80)

Â ãåîìåòðèè àáñîëþòíîãî ïàðàëëåëèçìà ýòè ðàâåíñòâà çàïèøóòñÿ êàê

d(dea � ec ^ T a
c) = Ra

cfde
c ^ ef ^ ed = 0; (6.81)

d(Ra
b + dT a

b � T
c
b ^ T

a
c) = dRa

b + R
f
b ^ T

a
f � T

f
b ^ R

a
f = 0: (6.82)

Çäåñü
Ra

cfd = �2T
a
c[d;f ]� 2T a

b[fT
b
jcjd]:

Ðàâåíñòâà (6.81), (6.82) ïðåäñòàâëÿþò ñîáîé ñîîòâåòñòâåííî ïåðâîå è âòî-
ðîå òîæäåñòâà Áèàíêè ïðîñòðàíñòâà A4. Îïóñêàÿ èíäåêñû, ñòðóêòóðíûå
óðàâíåíèÿ Êàðòàíà è òîæäåñòâà Áèàíêè ãåîìåòðèè A4 ìîæíî çàïèñàòü êàê

de � e ^ T = 0; (A)

R + dT � T ^ T = 0; (B)

R ^ e ^ e ^ e = 0; (C)

dR + R ^ T � T ^ R = 0: (D)

Ìàòðè÷íàÿ çàïèñü ïåðâûõ ñòðóêòóðíûõóðàâíåíèé Êàð-
òàíà (A) ãåîìåòðèè A4 èìååò âèä

r[ke
a
m] � e

b
[kT

a
jbjm] = 0: (6.83)
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Äîêàçàòåëüñòâî. Çàïèøåì óðàâíåíèÿ (A) êàê

dea � ec ^ T a
c = 0: (6.84)

Äàëåå, ó÷èòûâàÿ (6.66), èìååì

dea = d(eamdx
m) = rke

a
mdx

k ^ dxm =
1

2
(rke

a
m � rme

a
k)dx

k ^ dxm

è, êðîìå òîãî,

eb ^ T a
b = ebkT

a
bmdx

k ^ dxm =
1

2
(ebkT

a
bm � e

b
mT

a
bk)dx

k ^ dxm :

Ïîäñòàâëÿÿ ýòè ñîîòíîøåíèÿ â óðàâíåíèÿ (6.84), ïîëó÷èì ìàòðè÷íûå
óðàâíåíèÿ â âèäå

r[ke
a
m] � e

b
[kT

a
jbjm] = 0; (A)

ãäå ìàòðèöû eam è T a
bm ïî ìèðîâûì èíäåêñàì i; j;m; : : : ïðåîáðàçóþòñÿ êàê

âåêòîðà

eam0 =
@xm

@xm0

eam; (6.85)

T a
bm0 =

@xm

@xm
0

T a
bm; (6.86)

à ïî ìàòðè÷íûì èíäåêñàì a; b;c; : : : èìåþò ñëåäóþùèå çàêîíû ïðåîáðàçîâà-
íèÿ:

ea
0

m = � a0

a eam; (6.87)

T a0

b0k = � a0

a T a
bk�

b
b0 + �a

0

a�
a
b0 ;k: (6.88)

Â ñîîòíîøåíèÿõ (6.85), (6.86)ìàòðèöû @xm
0

=@xm îáðàçóþò ãðóïïóòðàíñ-
ëÿöèé T4, äåéñòâóþùóþ íà ìíîãîîáðàçèè ìèðîâûõ êîîðäèíàò xi. Ñ äðóãîé
ñòîðîíû, ìàòðèöû �a

0

a îáðàçóþò ãðóïïó ÷åòûðåõìåðíûõ âðàùåíèé O(3:1)

�a
0

a 2 O(3:1);

äåéñòâóþùóþ íà ìíîãîîáðàçèè ¾óãëîâûõ êîîðäèíàò¿ eai. Äåéñòâèòåëüíî,
òåòðàäà eai ÿâëÿåòñÿ ôàêòè÷åñêè ìàòåìàòè÷åñêèì îáðàçîì ïðîèçâîëüíî óñêî-
ðåííîé ÷åòûðåõìåðíîé ñèñòåìû îòñ÷åòà. Òàêàÿ ñèñòåìà îòñ÷åòà èìååò 10
ñòåïåíåé ñâîáîäû: ÷åòûðå òðàíñëÿöèîííûå, ñâÿçàííûå ñ äâèæåíèåì åå íà-
÷àëà, è øåñòü óãëîâûõ, îïèñûâàþùèõ èçìåíåíèå åå îðèåíòàöèè.Øåñòü íåçà-
âèñèìûõ êîìïîíåíò òåòðàäû eai ïðåäñòàâëÿþò ñîáîé øåñòü íàïðàâëÿþùèõ
êîñèíóñîâ øåñòè íåçàâèñèìûõ óãëîâ, îïðåäåëÿþùèõ îðèåíòàöèþ òåòðàäû â
ïðîñòðàíñòâå.

Ìàòðè÷íàÿ çàïèñü âòîðûõ ñòðóêòóðíûõóðàâíåíèé Êàð-
òàíà (B) ãåîìåòðèè A4 èìååò âèä

Ra
bkm + 2r[kT

a
jbjm]+ 2T a

c[kT
c
jbjm] = 0: (6.89)
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Äîêàçàòåëüñòâî. Ðàñïèøåì 2�ôîðìó Ra
d â âèäå

Ra
b =

1

2
Ra

bcde
c ^ ed =

1

2
Ra

bkmdx
k ^ dxm : (6.90)

Äàëåå èìååì

dT a
b = d(T a

bmdx
m) = rkT

a
bmdx

k ^ dxm = (6.91)

=
1

2
(rkT

a
bm � rmT

a
bk)dx

k ^ dxm ;

à òàêæå
T a
c ^ T

c
b = T a

ckT
c
bmdx

k ^ dxm = (6.92)

=
1

2
(T a

ckT
c
bm � T

c
bmT

a
ck)dx

k ^ dxm :

Ïîäñòàâèì ñîîòíîøåíèÿ (6.92)�(6.94) â óðàâíåíèÿ

Ra
b + dT a

b � T
c
b ^ T

a
c = 0:

Ïîñëå ïðîñòûõ ïðåîáðàçîâàíèé ïîëó÷èì

1

2
(Ra

bkm +rkT
a
bm � rmT

a
bk + T a

ckT
c
bm � T

c
bmT

a
ck)dx

k ^ dxm = 0:

Ïîñêîëüêó â ýòîì ñîîòíîøåíèè ñîìíîæèòåëü dxk ^ dxm ïðîèçâîëåí, òî

Ra
bkm +rkT

a
bm � rmT

a
bk + T a

ckT
c
bm � T

c
bmT

a
ck = 0;

÷òî ýêâèâàëåíòíî óðàâíåíèÿì (6.89).

Ìàòðè÷íàÿ çàïèñü òîæäåñòâà Áèàíêè (D) ãåîìåòðèè
A4 èìååò âèä

r[nR
a
jbjkm] + Rc

b[kmT
a
jcjn] � T

c
b[nR

a
jcjkm] = 0: (6.93)

Äîêàçàòåëüñòâî. Âíåøíèé äèôôåðåíöèàë dRa
b â òîæäåñòâàõ (D) îáðà-

çóåò 2�ôîðìó

dRa
b =

1

2
rnR

a
bkmdx

n ^ dxk ^ dxm = (6.94)

=
1

6
(rnR

a
bkm +rmR

a
bkn +rkR

a
bmn)dx

n ^ dxk ^ dxm :

Êðîìå òîãî, ìû èìååì

Rf
b ^ T

a
f =

1

2
Rf

bkmT
a
fndx

k ^ dxm ^ dxn = (6.95)

=
1

6
(R

f
bkmT

a
fn + R

f
bnkT

a
fm +R

f
bmnT

a
fk)dx

k ^ dxm ^ dxn ;

T
f
b ^ R

a
f =

1

2
T
f
bnR

a
fkmdx

n ^ dxk ^ dxm = (6.96)
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=
1

6
(T

f
bnR

a
fkm + T

f
bmR

a
fnk + T

f
bkR

a
fmn)dx

n ^ dxk ^ dxm :

Ïîäñòàâëÿÿ ñîîòíîøåíèÿ (6.94)�(6.96) â òîæäåñòâî

dRa
b + R

f
b ^ T

a
f � T

f
b ^ R

a
f = 0

è ó÷èòûâàÿ ïðîèçâîëüíîñòü dxn ^ dk ^ dxm , ïîëó÷èì

rnR
a
bkm +rmR

a
bkn +rkR

a
bmn + R

f
bkmT

a
fn + R

f
bnkT

a
fm+

+Rf
bmnT

a
fk � T

f
bnR

a
fkm � T

f
bmR

a
fnk � T

f
bkR

a
fmn = 0;

÷òî ýêâèâàëåíòíî òîæäåñòâó (6.93).
Ïåðâîå òîæäåñòâî Áèàíêè (C) ãåîìåòðèè A4 â èíäåêñàõ ãðóïïû O(3:1)

çàïèñûâàåòñÿ â âèäå
Ra

[bcd] = 0; (6.97)

èëè, ÷òî ýêâèâàëåíòíî, êàê

�

r[b 

::a
cd] + 2


::f

[bc

::ad]f = 0: (6.98)

6.5 Ãåîìåòðèÿ A4 êàê ãðóïïîâîå ìíîãîîáðàçèå.

Ìåòðèêà Êèëëèíãà�Êàðòàíà

Ìàòðè÷íîå ïðåäñòàâëåíèå ñòðóêòóðíûõ óðàâíåíèé Êàðòàíà ãåîìåòðèè
àáñîëþòíîãî ïàðàëëåëèçìà ïîêàçûâàåò, ÷òî íà ñàìîì äåëå ýòî ïðîñòðàí-
ñòâî ïðîÿâëÿåò ñåáÿ êàê ìíîãîîáðàçèå, íà êîòîðîì äåéñòâóþò ãðóïïà òðàíñ-
ëÿöèé T4 è ãðóïïà âðàùåíèé O(3:1). Áóäåì ðàññìàòðèâàòü ãåîìåòðèþ A4

êàê ãðóïïîâîå äåñÿòèìåðíîå ìíîãîîáðàçèå, îáðàçîâàííîå ÷åòûðüìÿ ïîñòó-
ïàòåëüíûìè êîîðäèíàòàìè xi (i = 0;1;2;3) è øåñòüþ (â ñèëó ñîîòíîøåíèÿ
eaie

j
a = Æi

j) ¾óãëîâûìè êîîðäèíàòàìè¿ eai (a = 0;1;2;3). Ïóñòü íà ýòîì
ìíîãîîáðàçèè äåéñòâóþò ãðóïïû ÷åòûðåõìåðíûõ òðàíñëÿöèé T4 è âðàùå-
íèé O(3:1). Ââåäåì èíâàðèàíòíóþ ïðîèçâîäíóþ Õàÿøè [39]

rb = ekb@k; (6.99)

êîìïîíåíòû êîòîðîé ïðåäñòàâëÿþò ñîáîé ãåíåðàòîðû ãðóïïû òðàíñëÿöèé
T4, äåéñòâóþùåé íà ìíîãîîáðàçèè òðàíñëÿöèîííûõ êîîðäèíàò xi.

Åñëè ïðåäñòàâèòü òåòðàäó â âèäå ñóììû

ekb = Ækb + akb; (6.100)

i; j; k : : : = 0;1;2;3; a; b; c; : : : = 0;1;2;3;

òî ïîëå akb ìîæíî ðàññìàòðèâàòü êàê ïîòåíöèàë êàëèáðîâî÷íîãî ïîëÿ ãðóï-
ïû òðàíñëÿöèé T4 [39]. Â òîì ñëó÷àå, êîãäà akb = 0, ãåíåðàòîðû (6.99) ñîâ-
ïàäàþò ñ ãåíåðàòîðàìè ãðóïïû òðàíñëÿöèé ïñåâäîåâêëèäîâà ïðîñòðàíñòâà
E4.
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Ìû óæå çíàåì, ÷òî ïî êîîðäèíàòíîìó èíäåêñó k íåãîëîíîìíàÿ òåòðàäà
eka ïðåîáðàçóåòñÿ êàê âåêòîð

ek
0

a =
@xk

0

@xk
eka;

îòêóäà ñ ó÷åòîì (6.100) ñëåäóåò çàêîí ïðåîáðàçîâàíèÿ ïîëÿ aka îòíîñèòåëü-
íî òðàíñëÿöèé

ak
0

b =
@xk

0

@xn
anb +

@xk
0

@xn
Ænb � Æ

k0

b : (6.101)

Îïðåäåëèì òåòðàäó eia â âèäå

eia = rax
i (6.102)

è çàïèøåì êîììóòàöèîííûå ñîîòíîøåíèÿ äëÿ ãåíåðàòîðîâ (6.99) êàê

r[arb] = �

::c
abrc; (6.103)

ãäå �
::cab � ñòðóêòóðíûå ôóíêöèè ãðóïïû òðàíñëÿöèé ïðîñòðàíñòâà A4, òî-
ãäà, äåéñòâóÿ îïåðàòîðîì (6.103) íà ìíîãîîáðàçèå xi, ïîëó÷èì ñòðóêòóðíûå
óðàâíåíèÿ ãðóïïû T4 ïðîñòðàíñòâà A4 â âèäå

r[arb]x
i = �
::cabrcx

i; (6.104)

èëè
r[ae

i
b] = �


::c
ab e

i
c: (6.105)

Â ýòîì ñîîòíîøåíèè ñòðóêòóðíûå ôóíêöèè �
::cab îïðåäåëÿþòñÿ êàê

�
::cab = ecir[ae
i
b]: (6.106)

Èç ýòîãî ðàâåíñòâà âèäíî, ÷òî êîãäà ïîòåíöèàëû êàëèáðîâî÷íîãî ïîëÿ
ãðóïïû òðàíñëÿöèé akb â ñîîòíîøåíèè (6.100) îáðàùàþòñÿ â íóëü, òî â íóëü
îáðàùàþòñÿ è ñòðóêòóðíûå ôóíêöèè (6.106). Ïîýòîìó ïîëå 
::cab ìû áóäåì
íàçûâàòü êàëèáðîâî÷íûì ïîëåì ãðóïïû òðàíñëÿöèé.

Ó÷èòûâàÿ, ÷òî T c
[ab] = �


::c
ab , ïåðåïèøåì ñòðóêòóðíûå óðàâíåíèÿ (6.106)

â âèäå
r[ke

a
m] � e

b
[kT

a
jbjm] = 0: (6.107)

Ëåãêî âèäåòü, ÷òî óðàâíåíèÿ (6.107) ìîãóò áûòü ïîëó÷åíû ïóòåì àëü-
òåðíàöèè óðàâíåíèé (6.42). Êðîìå òîãî, îíè ñîâïàäàþò ñ ïåðâûìè ñòðóê-
òóðíûìè óðàâíåíèÿìè Êàðòàíà (A) ãåîìåòðèè àáñîëþòíîãî ïàðàëëåëèçìà.

Ñòðóêòóðíûå óðàâíåíèÿ ãðóïïû T4, çàïèñàííûå â âèäå óðàâíåíèé (6.106)
ìîæíî ðàññìàòðèâàòü êàê îïðåäåëåíèå äëÿ êðó÷åíèÿ ïðîñòðàíñòâà A4. Òà-
êèì îáðàçîì, êðó÷åíèå ïðîñòðàíñòâà A4 ñîâïàäàåò ñî ñòðóêòóðíûìè ôóíê-
öèÿìè ãðóïïû òðàíñëÿöèé ýòîãî ïðîñòðàíñòâà, ïðè ýòîì ñòðóêòóðíûåôóíê-
öèè óäîâëåòâîðÿþò îáîáùåííîìó òîæäåñòâó ßêîáè

�

r[b 

::a
cd] + 2
::f

[bc

::ad]f = 0; (6.108)
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ãäå
�

rb � êîâàðèàíòíàÿ ïðîèçâîäíàÿ áåðåòñÿ îòíîñèòåëüíî ñâÿçíîñòè àáñî-
ëþòíîãî ïàðàëëåëèçìà �a

bc. Ñðàâíèâàÿ (6.108) ñ òîæäåñòâîì Áèàíêè ãåî-
ìåòðèè A4 (6.98), ìû âèäèì, ÷òî ýòî åñòü îäíî è òî æå. Ñëåäîâàòåëüíî,
òîæäåñòâî ßêîáè (6.108), êîòîðîìó óäîâëåòâîðÿþò ñòðóêòóðíûå ôóíêöèè
ãðóïïû òðàíñëÿöèé ãåîìåòðèè A4, ñîâïàäàåò ñ ïåðâûì òîæäåñòâîì Áèàíêè
ãåîìåòðèè àáñîëþòíîãî ïàðàëëåëèçìà.

Âåêòîðà
eia = rax

i; (6.109)

îáðàçóþùèå âåêòîðíîå ðàññëîåíèå [38] ãåîìåòðèè A4, ðàñïîëîæåíû â êà-
ñàòåëüíîé ê êàæäîé òî÷êå ìíîãîîáðàçèÿ xi ïñåâäîåâêëèäîâîé ïëîñêîñòè ñ
ìåòðè÷åñêèì òåíçîðîì

�ab = �ab = diag(1; �1; �1; �1): (6.110)

Ïîýòîìó äåñÿòèìåðíîå ìíîãîîáðàçèå (÷åòûðå òðàíñëÿöèîííûå êîîðäèíàòû
xi è øåñòü ¾âðàùàòåëüíûõ êîîðäèíàò¿ eia) ãåîìåòðèè àáñîëþòíîãî ïàðàë-
ëåëèçìà ìû ìîæåì ðàññìàòðèâàòü êàê ðàññëîåíèå ñ êîîðäèíàòàìè áàçû xi

è íåãîëîíîìíûìè ¾êîîðäèíàòàìè¿ ñëîÿ eic: Åñëè â áàçå x
i äåéñòâóåò ãðóïïà

òðàíñëÿöèé T4, òî â ñëîå eic � ãðóïïà âðàùåíèé O(3:1). Èç ôîðìóëû (6.109)
áåñêîíå÷íî ìàëûå òðàíñëÿöèè â áàçå xi â íàïðàâëåíèè a îïðåäåëÿþòñÿ âåê-
òîðîì

dsa = eaidx
i: (6.111)

Îáðàçóÿ èç (6.111) è êîâàðèàíòíîãî âåêòîðà dsa = eiadxi èíâàðèàíòíóþ
ñâåðòêó ds2, ïîëó÷èì ìåòðèêó Ðèìàíà ïðîñòðàíñòâà A4

ds2 = gikdx
idxk (6.112)

ñ ìåòðè÷åñêèì òåíçîðîì

gik = �abe
a
ie
b
k ;

ïîýòîìó ðèìàíîâó ìåòðèêó (6.112) ìîæíî ðàññìàòðèâàòü êàê ìåòðèêó, çà-
äàííóþ íà ãðóïïå òðàíñëÿöèé T4.

Ïîñêîëüêó â ñëîå ìû èìååì ¾óãëîâûå êîîðäèíàòû¿ eia, íà ìíîãîîáðàçèè
êîòîðûõ äåéñòâóåò ãðóïïà O(3:1), òî åñòåñòâåííî îïðåäåëèòü ñòðóêòóðíûå
óðàâíåíèÿ ýòîé ãðóïïû, à òàêæå ìåòðèêó, çàäàííóþ íà ãðóïïå O(3:1).

Ïåðåïèøåì ñîîòíîøåíèÿ (6.38), (6.39) â ìàòðè÷íîé ôîðìå

T a
bk = eaiT

i
jke

j
b = rke

a
je
j
b; (6.113)

T a
bk = eaiT

i
jke

j
b = �e

a
irke

i
b: (6.114)

Ýòè ñîîòíîøåíèÿ ïîçâîëÿþò óñòàíîâèòü çàâèñèìîñòü ìåæäó áåñêîíå÷íî
ìàëûì ïîâîðîòîì d�ab = �d�ba âåêòîðà eai ïðè áåñêîíå÷íî ìàëûõ òðàíñ-
ëÿöèÿõ dsa. Äåéñòâèòåëüíî, èç ñîîòíîøåíèé (6.113) è (6.114) ñëåäóåò

d�ab = T a
bkdx

k = Deaje
j
b; (6.115)
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d�ab = T a
bkdx

k = �eaiDe
i
b: (6.116)

ãäå D � àáñîëþòíûé äèôôåðåíöèàë [36] îòíîñèòåëüíî ñèìâîëîâ Êðèñòîô-
ôåëÿ �ijk . Îáðàçóÿ ñ ïîìîùüþ (6.115) èíâàðèàíòíóþ êâàäðàòè÷íóþ ôîðìó

d�2 = d�abd�
b
a, ïîëó÷èì ìåòðèêó Êèëëèíãà�Êàðòàíà

d�2 = d�abd�
b
a = T a

bkT
b
andx

kdxn = �DeaiDe
i
a (6.117)

ñ ìåòðè÷åñêèì òåíçîðîì
Hkn = T a

bkT
b
an: (6.118)

Â îòëè÷èå îò ìåòðèêè (6.112)ìåòðèêà (6.117) çàäàíà íà ãðóïïå âðàùåíèé
O(3:1), äåéñòâóþùåé íà ìíîãîîáðàçèè ¾âðàùàòåëüíûõ êîîðäèíàò¿ eai.

Ââåäåì òåïåðü êîâàðèàíòíóþ ïðîèçâîäíóþ

�

rm= rm + Tm; (6.119)

ãäå Tm � ìàòðèöà T a
bm, ó êîòîðîé îïóùåíû ìàòðè÷íûå èíäåêñû, è áóäåì

ðàññìàòðèâàòü êîìïîíåíòû ýòîé ïðîèçâîäíîé êàê ãåíåðàòîðû ãðóïïû âðà-
ùåíèé O(3:1). Äåéñòâóÿ ýòèì îïåðàòîðîì íà òåòðàäó ei, îáðàçóþùóþ ìíî-
ãîîáðàçèå ¾óãëîâûõ êîîðäèíàò¿ ãåîìåòðèè A4, èìååì

�

rm ei = rme
i + Tme

i = 0; (6.120)

îòêóäà
Tm = �eirme

i: (6.121)

Èíòåðåñíî îòìåòèòü, ÷òî ïîäîáíî òîìó êàê â ñîîòíîøåíèè (6.109) ìû
îïðåäåëèëè øåñòü ¾óãëîâûõ êîîðäèíàò¿ eia ÷åðåç ÷åòûðå òðàíñëÿöèîííûå
êîîðäèíàòû xi, òàê è â ñîîòíîøåíèè (6:121) ìîæíî îïðåäåëèòü 24 ¾ñóïåð-
êîîðäèíàòû¿ T a

bm ÷åðåç øåñòü êîîðäèíàò eia.
Èç ðàâåíñòâà (6.120) ñëåäóåò

rme
i = �Tmei: (6.122)

Íàïîìíèì, ÷òî â ñîîòíîøåíèÿõ (6.120)�(6.122) ÷åðåç rm îáîçíà÷åíà êî-
âàðèàíòíàÿ ïðîèçâîäíàÿ îòíîñèòåëüíî �ijk, è âîçüìåì êîâàðèàíòíóþ ïðî-
èçâîäíóþ rk îò ñîîòíîøåíèÿ (6.122)

rkrme
i = �rk(Tme

i) = �(rkTme
i + Tmrke

i) =

= �(rkTme
i + Tme

ieirke
i):

Èñïîëüçóÿ ñîîòíîøåíèå (6.121), ïåðåïèøåì ýòî âûðàæåíèå êàê

rkrme
i = �(rkTm � TmTk)ei:

Àëüòåðíèðóÿ ýòî âûðàæåíèå ïî èíäåêñàì k è m, èìååì

r[krm]e
i =

1

2
Rkme

i; (6.123)
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ãäå
Rkm = 2r[mTk] + [Tm; Tk]: (6.124)

Ââîäÿ â óðàâíåíèÿõ (6.124) ìàòðè÷íûå èíäåêñû (èíäåêñû ñëîÿ), ïîëó÷èì
ñòðóêòóðíîå óðàâíåíèå ãðóïïû O(3:1)

Ra
bkm = 2r[mT

a
jbjk] + 2T a

c[mT
c
jbjk]: (B)

Ëåãêî âèäåòü, ÷òî ñòðóêòóðíûå óðàâíåíèÿ ãðóïïû âðàùåíèé (B) ñîâïà-
äàþò ñî âòîðûìè ñòðóêòóðíûìè óðàâíåíèÿìè Êàðòàíà (6.124) ãåîìåòðèè
A4.

Â äàííîì ñëó÷àå âåëè÷èíû T a
bk è R

a
bkm ïðåîáðàçóþòñÿ â ãðóïïå âðàùå-

íèé O(3:1) ïî çàêîíó

T a0

b0k = � a0

a T a
bk�

b
b0 + � a0

a �ab0;k (6.125)

è âûñòóïàþò êàê ïîòåíöèàëû êàëèáðîâî÷íîãî ïîëÿ Ra
bkm ãðóïïû âðàùåíèé

O(3:1). Ïðè ýòîì ñàìî êàëèáðîâî÷íîå ïîëå ãðóïïû O(3:1)ïðåîáðàçóåòñÿ êàê

Ra0

b0km = � a0

a Ra
bkm�bb0 : (6.126)

Çàìåòèì, ÷òî ñòðóêòóðíûìè ôóíêöèÿìè ãðóïïû âðàùåíèé ãåîìåòðèè
A4 ÿâëÿþòñÿ êîìïîíåíòû òåíçîðà êðèâèçíû Ra

bkm . Ìîæíî ïîêàçàòü, ÷òî
ñòðóêòóðíûå ôóíêöèè Ra

bkm ãðóïïû âðàùåíèé O(3:1) óäîâëåòâîðÿþò òî-
æäåñòâàì ßêîáè

r[nR
a
jbjkm] + Rc

b[kmT
a
jcjn]� T

c
b[nR

a
jcjkm] = 0; (D)

êîòîðûå, êàê áûëî ïîêàçàíî â ïðåäûäóùåì ðàçäåëå, ÿâëÿþòñÿ îäíîâðåìåííî
âòîðûìè òîæäåñòâàìè Áèàíêè ïðîñòðàíñòâà A4.

Ââåäåì äóàëüíûé òåíçîð Ðèìàíà

�

Rijkm=
1

2
"
sp
kmRijsp; (6.127)

ãäå "spkm � ïîëíîñòüþ àíòèñèììåòðè÷íûé òåíçîð Ëåâè�×èâèòà. Òîãäà óðàâ-
íåíèÿ (D) ìîãóò áûòü çàïèñàíû â ñëåäóþùåì âèäå

rn

�

R
a
b
kn+

�

R
c
b
knT a

cn � T
c
bn

�

R
a
c
kn = 0; (6.128)

èëè, îïóñêàÿ ìàòðè÷íûå èíäåêñû, êàê

rn

�

R
kn+

�

R
knTn � Tn

�

R
kn = 0: (6.129)

6.6 Ñòðóêòóðíûå óðàâíåíèÿ ãåîìåòðèè A4 â

âèäå ðàñøèðåííîé, ïîëíîñòüþ

ãåîìåòðèçèðîâàííîé ñèñòåìû óðàâíåíèé

Ýéíøòåéíà�ßíãà�Ìèëëñà

À. Ýéíøòåéí ñ÷èòàë, ÷òî îäíîé èç îñíîâíûõ ïðîáëåì åäèíîé òåîðèè
ïîëÿ ÿâëÿåòñÿ ïðîáëåìà ãåîìåòðèçàöèè òåíçîðà ýíåðãèè-èìïóëüñà ìàòåðèè,
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ñòîÿùåãî â ïðàâîé ÷àñòè åãî óðàâíåíèé. Ýòó ïðîáëåìó óäàåòñÿ ðåøèòü, åñ-
ëè èñïîëüçîâàòü â êà÷åñòâå ïðîñòðàíñòâà ñîáûòèé ãåîìåòðèþ àáñîëþòíîãî
ïàðàëëåëèçìà è ñòðóêòóðíûå óðàâíåíèÿ Êàðòàíà ýòîé ãåîìåòðèè.

Äåéñòâèòåëüíî, ñâåðòûâàÿ óðàâíåíèÿ (B), çàïèñàííûå â âèäå

Ri
jkm + 2r[kT

i
jjjm]+ 2T i

s[kT
s
jjjm] = 0 (6.130)

ïî èíäåêñàì i è k, ïîëó÷èì

Rjm = �2r[iT
i
jjjm]� 2T i

s[iT
s
jjjm]: (6.131)

Ñâåðòûâàÿ äàëåå óðàâíåíèÿ (6.131) ñ ìåòðè÷åñêèì òåíçîðîì gjm, èìååì

R = �2gjm(r[iT
i
jjjm]+ T i

s[iT
s
jjjm]): (6.132)

Îáðàçóÿ ñ ïîìîùüþ (6.131) è (6.132) òåíçîð Ýéíøòåéíà

Gjm = Rjm �
1

2
gjmR;

ïîëó÷èì óðàâíåíèÿ

Rjm �
1

2
gjmR = �Tjm; (6.133)

ïîäîáíûå óðàâíåíèÿì Ýéíøòåéíà, íî ñ ãåîìåòðèçèðîâàííîé ïðàâîé ÷àñòüþ,
îïðåäåëÿåìîé êàê

Tjm = �
2

�
f(r[iT

i
jjjm]+ T i

s[iT
s
jjjm])�

�
1

2
gjmg

pn(r[iT
i
jpjn]+ T i

s[iT
s
jpjn])g: (6.134)

Ââåäåì ñëåäóþùåå îáîçíà÷åíèå

Pjm = (r[iT
i
jjjm]+ T i

s[iT
s
jjjm]);

òîãäà èç ðàâåíñòâà (6.134) ñëåäóåò

Tjm = �
2

�
(Pjm�

1

2
gjmg

pnPpn): (6.135)

Òåíçîð (6.135) ðàçëàãàåòñÿ íà ñèììåòðè÷íóþ è àíòèñèììåòðè÷íóþ ïî
èíäåêñàì j è m ÷àñòè, ò.å.

Tjm = T(jm) + T[jm]: (6.136)

Ëåâàÿ ÷àñòü óðàâíåíèé (6.133) âñåãäà ñèììåòðè÷íà ïî èíäåêñàì j è m,
ïîýòîìó èõ ìîæíî çàïèñàòü êàê

Rjm �
1

2
gjmR = �T(jm); (6.137)
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T[jm] =
1

�
(�ri


::i
jm � rmAj � As


::s
jm) = 0; (6.138)

ãäå
Aj = T i

ji: (6.139)

Ñîîòíîøåíèå (6.138) ìîæíî ïîíèìàòü êàê óðàâíåíèÿ, êîòîðûì óäîâëå-
òâîðÿþò ïîëÿ êðó÷åíèÿ 
::ijm, îáðàçóþùèå òåíçîð ýíåðãèè-èìïóëüñà (6.135).

Â ñëó÷àå, êîãäà ïîëå T i
jk àíòèñèììåòðè÷íî ïî âñåì òðåì èíäåêñàì, èìååì

Tijk = �Tjik = Tjki = �
ijk: (6.140)

Äëÿ òàêèõ ïîëåé óðàâíåíèÿ (6.138) ïðèíèìàþò ïðîñòîé âèä, à èìåííî

ri

::i
jm = 0; (6.141)

ïðè ýòîì òåíçîð ýíåðãèè-èìïóëüñà (6.135) ñèììåòðè÷åí ïî èíäåêñàì j;m è
îêàçûâàåòñÿ ðàâíûì

Tjm =
1

�
(
::ism


::s
ji �

1

2
gjm


:ji
s 
::sji ): (6.142)

Â ñàìîì äåëå, èç óðàâíåíèé (6.137) èìååì

Tjm =
1

�
(Rjm �

1

2
gjmR): (6.143)

Èñïîëüçóÿ ðàâåíñòâà (6.131), (6.140) è (6.142), íàõîäèì

Rjm = 
::ism

::s
ji ; (6.144)

R = gjm
::ism

::s
ji = 
:jis 
::sji : (6.145)

Ïîäñòàâëÿÿ ñîîòíîøåíèÿ (6.144) è (6.145) â ðàâåíñòâî (6.143), ïîëó÷èì
òåíçîð ýíåðãèè-èìïóëüñà (6.142).

×åðåç ïîëå (6.140) ìîæíî îïðåäåëèòü ïñåâäîâåêòîð hm ñëåäóþùèì îá-
ðàçîì


ijk = "ijkmhm; 
ijk = "ijkmh
m ; (6.146)

ãäå "ijkm � ïîëíîñòüþ àíòèñèììåòðè÷íûé ñèìâîë Ëåâè�×èâèòà.
×åðåç ïñåâäîâåêòîð hm òåíçîð (6.142) çàïèøåòñÿ êàê

Tjm =
1

�
(hjhm �

1

2
gjmh

ihi): (6.147)

Ïîäñòàâëÿÿ ñîîòíîøåíèÿ (6.146) â óðàâíåíèÿ (6.141), ïîëó÷èì

hm;j � hj;m = 0: (6.148)

Ýòè óðàâíåíèÿ èìåþò äâà ðåøåíèÿ: òðèâèàëüíîå, êîãäà hm = 0, è

hm =  ;m; (6.149)
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ãäå 	 � ïñåâäîñêàëÿð.
Çàïèñûâàÿ òåíçîð ýíåðãèè-èìïóëüñà (6.147) ÷åðåç ýòîò ïñåâäîñêàëÿð, ïî-

ëó÷èì

Tjm =
1

�
( ;j ;m �

1

2
gjm 

;i ;i): (6.150)

Òåíçîð (6.150) ïðåäñòàâëÿåò ñîáîé òåíçîð ýíåðãèè-èìïóëüñà ïñåâäîñêà-
ëÿðíîãî ïîëÿ.

Ðàçëîæèì òåíçîð Ðèìàíà Rijkm íà íåïðèâîäèìûå ÷àñòè

Rijkm = Cijkm + gi[kRm]j + gj[kRm]i +
1

3
Rgi[mgk]j; (6.151)

ãäå Cijkm � òåíçîð Âåéëÿ, âòîðîé è òðåòèé ÷ëåíû � áåññëåäîâàÿ ÷àñòü òåí-
çîðà Ðè÷÷è Rjm è R � åãî ñëåä. Èñïîëüçóÿ óðàâíåíèÿ (6.133), çàïèñàííûå
â âèäå

Rjm = �

�
Tjm �

1

2
gjmT

�
; (6.152)

ïåðåïèøåì ñîîòíîøåíèå (6.151) â âèäå

Rijkm = Cijkm + 2�g[k(iTj)m]�
1

3
�Tgi[mgk]j ; (6.153)

ãäå T � ñëåä òåíçîðà (6.135).
Ââåäåì òåïåðü òåíçîðíûé òîê

Jijkm = 2g[k(iTj)m]�
1

3
Tgi[mgk]j (6.154)

è ïðåäñòàâèì òåíçîð (6.153) â âèäå ñóììû

Rijkm = Cijkm + �Jijkm: (6.155)

Ïîäñòàâëÿÿ ýòî ñîîòíîøåíèå â óðàâíåíèÿ (6.130), ïîëó÷èì

Cijkm + 2r[kTjijjm]+ 2Tis[kT
s
jjjm] = ��Jijkm : (6.156)

Óðàâíåíèÿ (6.156) ïðåäñòàâëÿþò ñîáîé óðàâíåíèÿ ßíãà�Ìèëëñà ñ ãåî-
ìåòðèçèðîâàííûì èñòî÷íèêîì, îïðåäåëÿåìûì ñîãëàñíî ñîîòíîøåíèþ (6.154).
Â óðàâíåíèÿõ (6.156) â êà÷åñòâå ïîëÿ ßíãà�Ìèëëñà âûñòóïàåò òåíçîð Âåé-
ëÿ Cijkm, à ïîòåíöèàëàìè ýòîãî ïîëÿ ÿâëÿþòñÿ êîýôôèöèåíòû âðàùåíèÿ
Ðè÷÷è T i

jk.
Ïîäñòàâèì òåïåðü ñîîòíîøåíèå (6.155) âî âòîðûå òîæäåñòâà Áèàíêè (D)

r[nRjijjkm] +Rs
j[kmTjisjn]� T

s
j[nRjisjkm] = 0: (6.157)

Â ðåçóëüòàòå èìååì óðàâíåíèÿ äâèæåíèÿ

r[nCjijjkm] + Cs
j[kmTjisjn]� T

s
j[nCjisjkm] = ��Jnijkm (6.158)
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äëÿ ïîëÿ ßíãà�Ìèëëñà Cijkm. Ïðè ýòîì èñòî÷íèê Jnijkm â ýòèõ óðàâíåíèÿõ
îïðåäåëÿåòñÿ ÷åðåç òîê (6.154) ñëåäóþùèì îáðàçîì:

Jnijkm = r[nJjijjkm]+ Jsj[kmTjisjn]� T
s
j[nRjisjkm]: (6.159)

Èñïîëüçóÿ óðàâíåíèÿ (6.133) è (6.156), ìîæíî ïðåäñòàâèòü ñòðóêòóðíûå
óðàâíåíèÿ Êàðòàíà (A) è (B) â âèäå ðàñøèðåííîé ãåîìåòðèçèðîâàííîé ñè-
ñòåìû óðàâíåíèé Ýéíøòåéíà�ßíãà�Ìèëëñà [28]

r[ke
a
j]
+ T i

[kj]
eai = 0; (A)

Rjm � 1
2
gjmR = �Tjm; (B:1)

Ci
jkm + 2r[kT

i
jjjm] + 2T i

s[kT
s
jjjm] = ��J

i
jkm; (B:2)

(6.160)

â êîòîðûõ èñòî÷íèêè Tjm è Jijkm îïðåäåëÿþòñÿ ñîãëàñíî ñîîòíîøåíèÿì
(6.135) è (6.154).

Äëÿ ñëó÷àÿ ýéíøòåéíîâñêîãî âàêóóìà óðàâíåíèÿ (6.160) çíà÷èòåëüíî
óïðîùàþòñÿ è ïðèíèìàþò âèä

r[ke
a
j]
+ T i

[kj]
eai = 0; (i)

Rjm = 0; (ii)

Ci
jkm + 2r[kT

i
jjjm]+ 2T i

s[kT
s
jjjm] = 0: (iii)

(6.161)

Óðàâíåíèÿ äâèæåíèÿ (6.158) ïîëÿ ßíãà�Ìèëëñà Cijkm â ýòîì ñëó÷àå
çàïèøóòñÿ êàê

r[nCjijjkm] + Cs
j[kmTjisjn]� T

s
j[nCjisjkm] = 0: (6.162)

Óðàâíåíèÿ (A) è (B:2) ìîãóò áûòü çàïèñàíû â ìàòpè÷íîì âèäå

r[ke
a
m] � e

b
[kT

a
jbjm] = 0; (A)

Ca
bkm + 2r[kT

a
jbjm] + 2T a

f [kT
f

jbjm]
= ��Jabkm ; (B:2)

ãäå òîê

Jabkm = 2g[k
(aTb)m] �

1

3
Tga[mgk]b (6.163)

îïðåäåëÿåòñÿ ñîîòíîøåíèåì

T a
m =

1

�
(Ra

m �
1

2
gamR); (B:1)

m = 0;1;2;3; a = 0;1;2;3:

Çàïèñûâàÿ óðàâíåíèÿ (6.158) â ìàòðè÷íîì âèäå, èìååì

r[nC
a
jbjkm] + Cc

b[kmT
a
jcjn]� T

c
b[nC

a
jajkm] = ��J

a
nbkm ; (6.164)

ãäå
Janbkm = r[nJ

a
jbjkm] + Jcb[kmT

a
jcjn]� T

c
b[nJ

a
jcjkm]: (6.165)
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Îïóñêàÿ ìàòðè÷íûå èíäåêñû â ìàòðè÷íûõ óðàâíåíèÿõ, èìååì

r[kem] � e[kTm] = 0; (A)

Ckm + 2r[kTm] � [Tk; Tm] = ��Jkm ; (B:2)

rn

�

C
kn + [

�

C
kn ; Tn] = ��

�

J
k ; (D)

ãäå äóàëüíûå ìàòðèöû
�

C kn è
�

J k îïðåäåëÿþòñÿ êàê

�

C
kn = "knijCij;

�

J
nk = "nkimJim; (6.166)

�

J
k = frn

�

J
kn + [

�

J
kn ; Tn]g: (6.167)

Â ñëó÷àå ýéíøòåéíîâñêîãî âàêóóìà ñïðàâåäëèâû ñîîòíîøåíèÿ

Rijkm = Cijkm =
�

Rijkm= Cijkm; (6.168)

ïîýòîìó óðàâíåíèÿ (B:2) è (D) óïðîùàþòñÿ è ïðèíèìàþò âèä

Ckm + 2r[kTm] � [Tk; Tm] = 0; (B:2)

rnC
kn + [Ckn ; Tn] = 0: (D)

Èñïîëüçóÿ ôîðìàëèçì âíåøíèõ äèôôåðåíöèàëüíûõ ôîðì, ìîæíî çàïè-
ñàòü ñòðóêòóðíûå óðàâíåíèÿ (A) è (B:2) êàê

dea � eb ^ T a
b = 0; (A)

Ca
b + dT a

b � T
a
c ^ T

c
b = ��J

a
b; (B:2)

à óðàâíåíèÿ (D) êàê

dCa
b + Ca

f ^ T
f
b � T

f
b ^ C

a
f = ��Na

b; (D)

ãäå
Na

b = dJab + Jaf ^ T
f
b � T

f
b ^ J

a
f : (6.169)

Òàêèì îáðàçîì, ñòðóêòóðíûå óðàâíåíèÿ ãåîìåòðèè A4, çàïèñàííûå â âè-
äå (6.160), ïðåäñòàâëÿþòñîáîé ðàñøèðåííóþ ñèñòåìóóðàâíåíèé Ýéíøòåéíà-
�ßíãà�Ìèëëñà ñ êàëèáðîâî÷íîé ãðóïïîé òðàíñëÿöèé T4, äåéñòâóþùåé â áà-
çå xi è èìåþùåé ñòðóêòóðíûå óðàâíåíèÿ (A), è ñ êàëèáðîâî÷íîé ãðóïïîé
âðàùåíèé O(3:1), äåéñòâóþùåé â ñëîå eia è èìåþùåé ñòðóêòóðíûå óðàâíå-
íèÿ â âèäå ãåîìåòðèçèðîâàííûõ óðàâíåíèé (B:1) è (B:2).

6.7 Óðàâíåíèÿ ãåîäåçè÷åñêèõ ïðîñòðàíñòâà A4

Óðàâíåíèÿ ãåîäåçè÷åñêèõ ãåîìåòðèè àáñîëþòíîãî ïàðàëëåëèçìà ìîãóò
áûòü ïîëó÷åíû èç óñëîâèÿ ïàðàëëåëüíîãî ïåðåíîñà âåêòîðà

ui =
dxi

ds
(6.170)
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ïî ñâÿçíîñòè ãåîìåòðèè A4

�i
jk = �ij + T i

jk = eiae
a
j;k: (6.171)

Äåéñòâèòåëüíî, ñïåöèàëèçèðóåì òåòðàäó eia òàêèì îáðàçîì, ÷òîáû âåê-
òîð ei0 ñîâïàäàë ñ êàñàòåëüíîé ê ìèðîâîé ëèíèè, ò.å.

ei0 = ui =
dxi

ds
: (6.172)

Èç ñîîòíîøåíèÿ (6:27) äëÿ âåêòîðà (6.172) èìååì

�

rk u
i = ui;k + �i

jku
j = 0; (6.173)

èëè
@ui

@xk
+ �ijku

j + T i
jku

j = 0: (6.174)

Óìíîæàÿ ýòî ñîîòíîøåíèå íà uk = dxk=ds; ïîëó÷èì

dui

ds
+ �ijku

juk + T i
jku

juk = 0; (6.175)

èëè, ó÷èòûâàÿ ðàâåíñòâî (6.170),

d2xi

ds2
+ �ijk

dxj

ds

dxk

ds
+ T i

jk

dxj

ds

dxk

ds
= 0: (6.176)

Ýòè ÷åòûðå óðàâíåíèÿ (i = 0;1;2;3) ïðåäñòàâëÿþò ñîáîé óðàâíåíèÿ ãåî-
äåçè÷åñêèõ ïðîñòðàíñòâà A4. Îíè òàêæå ÿâëÿþòñÿ óðàâíåíèÿìè äâèæåíèÿ
íà÷àëà O òåòðàäû eia. Ïîñêîëüêó â óðàâíåíèÿõ (6.176) êîýôôèöèåíòû âðà-
ùåíèÿ Ðè÷÷è T i

jk èìåþò êàê ñèììåòðè÷íóþ, òàê è àíòèñèììåòðè÷íóþ ÷àñòè
ïî èíäåêñàì j è k

T i
jk = T i

(jk) + T i
[jk] =

= �
::ijk + gim(gjs

::s
mk + gks


::s
mj); (6.177)

T i
(jk) = gim(gjs


::s
mk + gks


::s
mj); (6.178)

T i
[jk] = �


::i
jk ; (6.179)

òî óðàâíåíèÿ (6.176) ìîæíî çàïèñàòü êàê

d2xi

ds2
+ �ijk

dxj

ds

dxk

ds
+ T i

(jk)

dxj

ds

dxk

ds
= 0: (6.180)

Ó÷èòûâàÿ ñòðóêòóðó ðàâåíñòâà (6.178), çàïèøåì åãî â âèäå

T i
(jk) = gim(gjs


::s
mk + gks


::s
mj) = 2gim
m(jk) : (6.181)
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Ñëåäîâàòåëüíî, óðàâíåíèÿ ãåîäåçè÷åñêèõ ïðîñòðàíñòâà A4 ìîæíî ïðåä-
ñòàâèòü êàê

d2xi

ds2
+ �ijk

dxj

ds

dxk

ds
+ 2gim
m(jk)

dxj

ds

dxk

ds
= 0: (6.182)

Äëÿ ñëàãàåìûõ â ðàâåíñòâå (6.181) ìîæíî ââåñòè ñëåäóþùèå îáîçíà÷å-
íèÿ:


:ik:j = gimgks

::s
jm;


i:jk = gimgks

::s
mj :

Òîãäà òåíçîð êîíòîðñèè T i
jk ïðîñòðàíñòâà A4 çàïèøåòñÿ êàê

T i
jk = �


::i
jk � 
:ik:j + 
i:jk; (6.183)

ïðè÷åì
�
:ik:j = 
i:jk ;

ïîýòîìó
T i
jk = �


::i
jk + 2
i:jk: (6.184)

Êîâàðèàíòíûé äèôôåðåíöèàë îò ïðîèçâîëüíîãî âåêòîðà vi îòíîñèòåëü-
íî ñâÿçíîñòè (6.171) ïðè ïàðàëëåëüíîì ïåðåíîñå èç òî÷êè xi â òî÷êó xi+dxi

çàïèøåòñÿ êàê

Ævi = dvi +�i
jkdx

j = 0: (6.185)

Åñëè â ïðîèçâîëüíîé òî÷êå xi ïðîñòðàíñòâà A4 ìû èìååì äâà ëèíåéíûõ
ýëåìåíòà Æxi è dxi è ïðîèçâîäèì ïàðàëëåëüíîå ñìåùåíèå Æxi âäîëü ýëåìåíòà
dxi , òî äëÿ êîíå÷íîé òî÷êè ñìåùåíèÿ ïîëó÷èì [37]

xi + dxi + Æxi ��i
jkÆx

kdxj = xi + dxi + Æxi + dÆxi: (6.186)

Ñ äðóãîé ñòîðîíû, ïàðàëëåëüíîå ñìåùåíèå âåêòîðà dxi âäîëü âåêòîðà
Æxi äàåò

xi + Æxi + dxi ��i
jkdx

k Æxj = xi + Æxi + dxi + Ædxi: (6.187)

Âû÷èòàÿ èç ñîîòíîøåíèÿ (6.186) ðàâåíñòâî (6.187), èìååì

dÆxi � Ædxi = �(�i
jkÆx

kdxj + �i
jkdx

k Æxj) =

= �(�i
jk ��i

kj)Æx
kdxj = �2�i

[jk]Æx
kdxj =

= 2
::sjkÆx
kdxj = �2
::sjk Æx

jdxk : (6.188)

Ðàññìîòðèì òåïåðü âàðèàöèþ èíòåãðàëà

Z b

a

L(xi; ui)ds; (6.189)
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ãäå ui îïðåäåëåíî ñîãëàñíî ñîîòíîøåíèþ (6.170). Çàïèøåì ðàâåíñòâî (6.188)
â âèäå

Ædxi = dÆxi + 2
::sjk Æx
jdxk : (6.190)

Òîãäà â êàæäîé òî÷êå ýêñòðåìàëè èìååì

Æui = Æ
dxi

ds
=

d

ds
Æxi + 2
::ijkÆx

jdx
k

ds
: (6.191)

Èñïîëüçóÿ îáû÷íóþ âàðèàöèîííóþ ïðîöåäóðó äëÿ èíòåãðàëà
(6.189), íàõîäèì Z b

a

ÆL(xi; ui)ds =

=

Z b

a

�
L(xi+ Æxi; ui + Æui)� L(xi; ui)

�
ds =

=

Z b

a

�
@L

@xi
Æxi +

@L

@ui
Æui

�
ds = 0: (6.192)

Ïîäñòàâëÿÿ ñþäà ñîîòíîøåíèå (6.191), ïîëó÷èì

Z b

a

�
@L

@xi
@xi +

@L

@ui
d

ds
@xi +

@L

@ui
2
::ijk@x

juk
�
ds = 0:

Ïðîèçâîäÿ èíòåãðèðîâàíèå âòîðîãî ÷ëåíà â ýòîì ñîîòíîøåíèè ïî ÷à-
ñòÿì, íàõîäèì Z b

a

�
@L

@xi
�

d

ds

@L

@ui
+ 2


::j
ik

@L

@uj
uk
�
@xi = 0

èëè ââèäó ïðîèçâîëüíîñòè @xi ïîëó÷èì [37]

d

ds

@L

@ui
�
@L

@xi
+ 2


::j
ki

@L

@uj
uk = 0: (6.193)

Ïóñòü òåïåðü
L = (giku

iuk)1=2; (6.194)

ïðè÷åì âäîëü ýêñòðåìàëè L = 1 â ñèëó ñîîòíîøåíèÿ

giku
iuk = uiui = 1:

Ïîäñòàâëÿÿ ëàãðàíæèàí (6.194) â óðàâíåíèÿ (6.193), ïîëó÷èì

gmi
dui

ds
+ �mjku

juk + 2
::smjgsku
kuj = 0: (6.195)

Óìíîæàÿ ýòî ñîîòíîøåíèå íà gim, íàõîäèì

dui

ds
+ �ikju

juk + 2gimgks

::s
mju

juk = 0;
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èëè
dui

ds
+ �ikju

juk + 2gim
m(jk)u
juk = 0: (6.196)

Òàêèì îáðàçîì, ìû ïîëó÷èëè óðàâíåíèÿ ãåîäåçè÷åñêèõ èç âàðèàöèîí-
íîãî ïðèíöèïà, çàïèñàííûå â âèäå óðàâíåíèé (6.182). Ðàññìîòðèì òåïåðü
óðàâíåíèÿ, êîòîðûå îïèñûâàþò èçìåíåíèå îðèåíòàöèè òåòðàäû eia ïðè äâè-
æåíèè åå ñîãëàñíî óðàâíåíèÿì ãåîäåçè÷åñêèõ (6.196). Äëÿ ýòîãî ïåðåïèøåì
óðàâíåíèÿ (6.43) â âèäå

@ke
i
a +�i

jke
j
a = 0;

èëè êàê
deia + �i

jke
j
adx

k = 0: (6.197)

Ïîäåëèâ ýòè óðàâíåíèÿ íà ds, ïîëó÷èì

deia
ds

+ �i
jke

j
a

dxk

ds
= 0: (6.198)

Äàëåå, âû÷èñëÿÿ âòîðóþ ïðîèçâîäíóþ d2eia=ds
2 , èìååì

d

ds

�
deia
ds

�
=

d

ds

�
@eia
@xk

dxk

ds

�
=

@2eia
@xm@xk

dxk

ds

dxm

ds
+

+
@eia
@xk

d2xk

ds2
: (6.199)

Ïîñêîëüêó

@2eia
@xm@xk

=
@

@xm
(��i

ak) = �i
jk;me

j
a �

��i
sk(��

s
jme

j
a) = (��i

jk;m + �i
sk�

s
jm)e

j
a

è
@eia
@xk

d2xk

ds2
= �i

js�
s
km

dxk

ds

dxm

ds
eja;

òî
d2eia
ds2

+ (�i
jk;m ��i

sk�
s
jm ��i

js�
s
km)

dxk

ds

dxm

ds
eja = 0: (6.200)

Ïîäñòàâëÿÿ ñþäà ñóììó (6.171), ïîëó÷èì

d2eia
ds2

+ (�ijk;m + T i
jk;m � �isk�

s
jm � �iskT

s
jm�

�T i
sk�

s
jm � T

i
skT

s
jm � �ijs�

s
km � T

i
js�

s
km �

��ijsT
s
km � T

i
jsT

s
km)

dxk

ds

dxm

ds
eja = 0: (6.201)

Øåñòü íåçàâèñèìûõ óðàâíåíèé (6.201) (äëÿ òðåõ óãëîâ Ýéëåðà è òðåõ
ïñåâäîåâêëèäîâûõ óãëîâ) îïèñûâàþò èçìåíåíèå îðèåíòàöèè òåòðàäû eia ïðè
äâèæåíèè åå íà÷àëà O ñîãëàñíî óðàâíåíèÿì ãåîäåçè÷åñêèõ (6.196).
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Â ïðîñòðàíñòâàõ A4, â êîòîðûõ ìåòðèêà ÿâëÿåòñÿ ïëîñêîé

gik = �ik = diag(1� 1� 1� 1); (6.202)

ñèìâîëû Êðèñòîôôåëÿ �ijs îáðàùàþòñÿ â íóëü, è óðàâíåíèÿ (6.201) ïðè-
íèìàþò âèä

d2eia
ds2

+ (T i
jk;m � T

i
skT

s
jm�

�T i
jsT

s
km)

dxk

ds

dxm

ds
eja = 0; (6.203)

à óðàâíåíèÿ ãåîäåçè÷åñêèõ (6.175) çàïèøóòñÿ êàê

d2xi

ds2
+ T i

jk

dxj

ds

dxk

ds
= 0: (6.204)

Ââåäåì òåïåðü òåíçîð ÷åòûðåõìåðíîé óãëîâîé ñêîðîñòè âðàùåíèÿ òåò-
ðàäû eia [40]


ij = Tijk
dxk

ds
= �

deia

ds
eaj =

deja

ds
eai (6.205)

ñî ñâîéñòâàìè ñèììåòðèè

ij = �
ji; (6.206)

îïðåäåëÿåìûìè ñèììåòðèåé (6.48), êîòîðîé óäîâëåòâîðÿþò êîýôôèöèåíòû
âðàùåíèÿ Ðè÷÷è.

Èñïîëüçóÿ ñîîòíîøåíèå (6.205), çàïèøåì óðàâíåíèÿ (6.203) è
(6.204) â âèäå

d2xi

ds2
+
ij

dxj

ds
= 0; (6.207)

d
i j

ds
� T i

jk;m

dxk

ds

dxm

ds
+ T i

js

s
k

dxk

ds
= 0 : (6.208)

Êîñîñèììåòðè÷åñêàÿ ìàòðèöà (6.206) ìîæåò áûòü ïðåäñòàâëåíà â âèäå


ij =

0
BB@

0 
01 
02 
03


10 0 
12 
13


20 
21 0 
23


30 
31 
32 0

1
CCA : (6.209)

Äàäèì ôèçè÷åñêóþ èíòåðïðåòàöèþ êîìïîíåíòàì ìàòðèöû (6.209). Äëÿ
ýòîãî óìíîæèì óðàâíåíèÿ (6.207) íà ìàññó m è ïåðåïèøåì èõ â âèäå

m
d2xi

ds2
+m
ij

dxj

ds
= 0: (6.210)

Ïðè óñëîâèè (6.202) ýòè óðàâíåíèÿ ìîæíî çàïèñàòü êàê

m
dui

dso
+m
ij

dxj

dso
= 0; (6.211)
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ãäå
dso = (�ikdx

idxk )1=2 (6.212)

� ïñåâäîåâêëèäîâà ìåòðèêà è ui = dxi=dso.
Ïåðåïèøåì óðàâíåíèÿ (6.211) â âèäå

m
dui

dso
= �mTi(jk)

dxj

dso

dxk

dso
; (6.213)

ãäå ñèììåòðè÷íàÿ ïî èíäåêñàì j è k ÷àñòü T îïðåäåëÿåòñÿ ñîãëàñíî (6.178).
Ñ÷èòàÿ, ÷òî äâèæåíèå, ñîãëàñíî óðàâíåíèÿì (6.213), ÿâëÿåòñÿ íåðåëÿòè-

âèñòñêèì (v=c� 1), çàïèøåì òðåõìåðíóþ ÷àñòü ýòèõ óðàâíåíèé êàê

m
du�

dso
= �mT�(ok)

dxo

dso

dxk

dso
� 2mT�(�k)

dx�

dso

dxk

dso
; (6.214)

èëè, ó÷èòûâàÿ ñîîòíîøåíèå (6.205), â âèäå

m
du�

dso
= �m
�o

dxo

dso
� 2m
��

dx�

dso
: (6.215)

Ïîñêîëüêó â íåðåëÿòèâèñòñêîì ïðèáëèæåíèè

dso = cdt = xo; ua =
v�

c
;

òî óðàâíåíèÿ (6.215) çàïèøóòñÿ êàê

m
dv�

dt
= �mc2
�o � 2mc2
��

1

c

dx�

dt
: (6.216)

Èç êëàññè÷åñêîé ìåõàíèêè èçâåñòíî, ÷òî íåðåëÿòèâèñòñêèå óðàâíåíèÿ
äâèæåíèÿ íà÷àëà O òðåõìåðíîé óñêîðåííîé ñèñòåìû îòñ÷åòà ïîä äåéñòâèåì
îäíèõ òîëüêî ñèë èíåðöèè èìåþò âèä [41]

d

dt
(mv) = m (�W + 2[v!]) ; (6.217)

ãäåW � âåêòîð ïîñòóïàòåëüíîãî óñêîðåíèÿ, à ! � âåêòîð òðåõìåðíîé óãëî-
âîé ñêîðîñòè âðàùåíèÿ óñêîðåííîé ñèñòåìû îò÷åòà.

Çàïèñûâàÿ ýòè óðàâíåíèÿ â âèäå

d

dt
(mv�) = m

�
�W�o + 2!��

dx�

dt

�
; (6.218)

ãäå
W = (W10;W20;W30);

!�� = �!�� = �

0
@ 0 �!3 !2

!3 0 �!1
�!2 !1 0

1
A ; (6.219)
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! = (!1; !2; !3);

è, ñðàâíèâàÿ èõ ñ óðàâíåíèÿìè (6.217), ïîëó÷èì


10 =
W1

c2
; 
20 =

W2

c2
;


30 =
W3

c2
; 
12 = �

!3

c
;


13 =
!2

c
; 
23 = �

!1

c
:

Ïîýòîìó ìàòðèöà (6.209) â íàøåì ñëó÷àå ïðèìåò âèä


ij =
1

c2

0
BB@

0 �W1 �W2 �W3

W1 0 �c!3 c!2
W2 c!3 0 �c!1
W3 �c!2 c!1 0

1
CCA : (6.220)

Ñóäÿ ïî ýòîé ìàòðèöå, ÷åòûðåõìåðíîå âðàùåíèå òåòðàäû eia, âûçûâà-
åìîå êðó÷åíèåì ïðîñòðàíñòâà A4, ïîðîæäàåò â ôèçèêå ïîëÿ èíåðöèè, ñâÿ-
çàííûå ñ ïîñòóïàòåëüíûìè è âðàùàòåëüíûìè óñêîðåíèÿìè.

6.8 Ñòðóêòóðíûå óðàâíåíèÿ ïðàâîé è ëåâîé ãåî-

ìåòðèé A4

Ìîæíî ðàññìîòðåòü òðè âàðèàíòà ãåîìåòðèè àáñîëþòíîãî ïàðàëëåëèçìà.
1. Ãåîìåòðèÿ A4, ó êîòîðîé îòëè÷íû îò íóëÿ òåíçîð Ðèìàíà Ri

jkm è

êðó÷åíèå 
::ijk . Ñòðóêòóðíûå óðàâíåíèÿ Êàðòàíà â ýòîì ñëó÷àå èìåþò âèä

r[ke
a
j]+ T i

[kj]e
a
i = 0; (6.221)

Ri
jkm + 2r[kT

i
jjjm]+ 2T i

s[kT
s
jjjm] = 0: (6.222)

2. Ãåîìåòðèÿ A4, ó êîòîðîé òåíçîð Ðèìàíà Ri
jkm ðàâåí íóëþ, à êðó÷å-

íèå 
::ijk îòëè÷íî îò íóëÿ. Â ýòîì ñëó÷àå ñòðóêòóðíûå óðàâíåíèÿ Êàðòàíà
çàïèøóòñÿ êàê

r[ke
a
j] + T i

[kj]e
a
i = 0; (6.223)

r[kT
i
jjjm]+ T i

s[kT
s
jjjm] = 0: (6.224)

3. Ãåîìåòðèÿ A4, ó êîòîðîé òåíçîð Ðèìàíà Ri
jkm è íåêîîðäèíàòíîå êðó-

÷åíèå 
::ijk ðàâíû íóëþ. Ïðè ýòîì ñòðóêòóðíûå óðàâíåíèÿ Êàðòàíà ãåîìåò-
ðèè ñîâïàäàþò ñî ñòðóêòóðíûìè óðàâíåíèÿìè ïñåâäîåâêëèäîâà ïðîñòðàí-
ñòâà E4, ïðèíèìàÿ âèä

Æ

r[k

Æ
e a
j]+

Æ

T
i
[kj]

Æ
e a
i = 0; (6.225)
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Æ

r[k

Æ

T
i
jjjm]+

Æ

T
i
s[k

Æ

T
s
jjjm] = 0; (6.226)

ãäå òåòðàäà
Æ
e ai îïðåäåëÿåò ¾êîîðäèíàòíîå êðó÷åíèå¿

Æ



::i
jk =

Æ
e i
a

Æ
e a[k;j] =

1

2

Æ
e i
a(
Æ
e ak;j�

Æ
e a

j;k): (6.227)

Ïîñêîëüêó â ïñåâäîåâêëèäîâîì ïðîñòðàíñòâå ãðóïïû T4 è O(3:1) äåé-
ñòâóþò ãëîáàëüíî è åå âíóòðåííÿÿ ãåîìåòðèÿ òðèâèàëüíà, òî, íàïðèìåð,
â äåêàðòîâûõ êîîðäèíàòàõ x0 = ct, x1 = x, x2 = y, x3 = z ñòðóêòóðíûå
óðàâíåíèÿ (6.225) è (6.226) îáðàùàþòñÿ â òîæäåñòâà

0 � 0; (6.228)

0 � 0: (6.229)

Åñëè ïåðåéòè òåïåðü ê ñôåðè÷åñêèì êîîðäèíàòàì

x0 = ct; x1 = r; x2 = �; x3 = ';

òî ìû ïîëó÷èì óðàâíåíèÿ (6.225)�(6.227), â êîòîðûå âõîäÿò êîìïîíåíòû:
à) ¾êîîðäèíàòíîé¿ òåòðàäû

Æ
e (0)
0 =

Æ
e (1)

1 = 1;
Æ
e (2)

2 = r;
Æ
e (3)

3 = r sin �;

Æ
e 0

(0) =
Æ
e 1

(1) = 1;
Æ
e 2
(2) =

1

r
;

Æ
e 3

(3) =
1

r sin �
; (6.230)

á) ¾êîîðäèíàòíîãî êðó÷åíèÿ¿

Æ



::2
21 =

Æ



::3
31 = �(2r)�1;

Æ



::3
32 = �

1

2
ctg �; (6.231)

â) êîýôôèöèåíòîâ âðàùåíèÿ Ðè÷÷è

Æ

T
1
22 = r;

Æ

T
1
33 = r sin2 �;

Æ

T
2
33 = sin � cos �;

Æ

T
2
12 =

Æ

T
3
13 = �

1

r
;

Æ

T
3
23 = �ctg �: (6.232)

Èñïîëüçóÿ ôîðìóëû

Æ
gik= �ab

Æ
e a
i

Æ
e b
k ; �ab = �ab = diag(1 � 1 � 1 � 1);

íàõîäèì êîìïîíåíòû ìåòðè÷åñêîãî òåíçîðà

Æ
g00=

Æ
g11= 1;

Æ
g22= �r;

Æ
g33= �r2 sin2 �;

ìåòðèêó

ds2o =
Æ
gij dx

idxj = c2dt2 � dr2 � r2(de2 + sin2 �d'2)
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è êîìïîíåíòû ñèìâîëîâ Êðèñòîôôåëÿ

Æ

� 1
33 = �r sin

2 �;
Æ

� 1
22 = �r;

Æ

� 2
12 =

Æ

� 3
13 = 1

r
;

Æ

� 2
33 = � sin � cos �;

Æ

� 3
23 = ctg �:

(6.233)

Òàêèì îáðàçîì, â ïñåâäîåâêëèäîâîé ãåîìåòðèè A4 ïðè óêëîíåíèè îò äå-
êàðòîâûõ êîîðäèíàò âìåñòî òîæäåñòâ (6.228) è (6.229) ïîÿâëÿþòñÿ ¾êîîð-
äèíàòíûå ñòðóêòóðíûå óðàâíåíèÿ¿ (6.225) è (6.226).

Ïðåäïîëîæèì òåïåðü, ÷òî èñõîäíîå ïñåâäîåâêëèäîâî ïðîñòðàíñòâî A4

äåôîðìèðóåòñÿ íåïðåðûâíûì îáðàçîì (íàïðèìåð, ñ ïîìîùüþ êîíôîðìíûõ
ïðåîáðàçîâàíèé) â ïðîñòðàíñòâî A4 ñ îòëè÷íûì îò íóëÿ äèíàìè÷åñêèì ïî-
ëåì êðó÷åíèÿ è îáëàäàþùèì ñòðóêòóðíûìè óðàâíåíèÿìè (6.223) è (6.224).
Ïðè ýòîì ìîæíî ðàçëè÷àòü ïðàâûå

+



::i
jk = riar

a
[k;j] =

1

2
ria(r

a
k;j � r

a
j;k) (6.234)

è ëåâûå
�



::i
jk = lial

a
[k;j] =

1

2
lia(l

a
k;j � l

a
j;k) (6.235)

ïîëÿ êðó÷åíèÿ. Â ýòèõ óðàâíåíèÿõ ÷åðåç ria è lia îáîçíà÷åíû ïðàâûå è
ëåâûå òåòðàäû ñîîòâåòñòâåííî.

Ïîä ïðàâîé òåòðàäîé ria ìû áóäåì ïîäðàçóìåâàòü òàêóþ òåòðàäó
+
e i

a, ó
êîòîðîé ïðè âðàùåíèè òðåõìåðíîé ïðîñòðàíñòâåííîé ÷àñòè îò îñè x ê îñè
y âåêòîð óãëîâîé ñêîðîñòè âðàùåíèÿ íàïðàâëåí âäîëü îñè z, ïðè ýòîì âðà-
ùåíèå ïðîèñõîäèò ïðîòèâ ÷àñîâîé ñòðåëêè, åñëè ñìîòðåòü ñ òîé ñòîðîíû,
êóäà íàïðàâëåí âåêòîð z. Òàê, íàïðèìåð, ìàòðèöà ÷åòûðåõìåðíûõ âðàùå-
íèé (6.220) äëÿ ïðàâîé òåòðàäû èìååò âèä

+


ij=
1

c2

0
BB@

0 �W1 �W2 �W3

W1 0 �c!3 c!2
W2 c!3 0 �c!1
W3 �c!2 c!1 0

1
CCA ; (6.236)

â òî âðåìÿ êàê äëÿ ëåâîé


ij =
1

c2

0
BB@

0 W1 W2 W3

�W1 0 c!3 �c!2
�W2 �c!3 0 c!1
�W3 c!2 �c!1 0

1
CCA : (6.237)

Îòñþäà âèäíî, ÷òî èìååò ìåñòî ñîîòíîøåíèå

+


ij= �
�


ij : (6.238)

Ó÷èòûâàÿ ðàâåíñòâî (6.205) è ñîîòíîøåíèå (6.238), ïîëó÷èì

+

T
i
jk = �

�

T
i
jk : (6.239)
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Ïîñêîëüêó ìåòðè÷åñêèé òåíçîð gik îïðåäåëÿåòñÿ êàê ïðàâîé, òàê è ëåâîé
òåòðàäîé îäèíàêîâûì îáðàçîì [42]

gik = �abr
a
ir
b
k = �abl

a
il
b
k ; (6.240)

òî èç îïðåäåëåíèÿ

T i
jk = �


::i
jk + gim(gjs


::s
mk + gks


::s
mj) (6.241)

ñëåäóåò, ÷òî êîìïîíåíòû (6.234) è (6.235) ïðàâûõ è ëåâûõ ïîëåé êðó÷åíèÿ
ðàçëè÷àþòñÿ çíàêîì

+



::i
jk = �

�



::i
jk: (6.242)

Ðàçäåëÿÿ ïîëÿ êðó÷åíèÿ íà ëåâûå è ïðàâûå, ìû òåì ñàìûì ðàñùåïëÿ-

åì ãðóïïó òðàíñëÿöèè T4 íà ãðóïïó ïðàâûõ
+

T 4 è ëåâûõ
�

T 4 òðàíñëÿöèé, à
ãðóïïó âðàùåíèé O(3:1) � íà ãðóïïó ïðàâûõ SO+(3:1) è ëåâûõ SO�(3:1)

âðàùåíèé.
Ñòðóêòóðíûå óðàâíåíèÿ Êàðòàíà ãåîìåòðèè A4, êîòîðûå ïðåîáðàçóþòñÿ

ñ èñïîëüçîâàíèåì íåïðåðûâíûõ ïðåîáðàçîâàíèé â ãðóïïàõ T4 è SO+(3:1),
ìû áóäåì îáîçíà÷àòü êàê

r[k

+
e a

j]+
+

T
i
[kj]

+
e a

i = 0; (6.243)

r[k

+

T
i
jjjm]+

+

T
i
s[k

+

T
s
jjjm] = 0: (6.244)

Ñîîòâåòñòâåííî óðàâíåíèÿ

r[ke
a
j] + T

i

[kj]e
a
i = 0; (6.245)

r[kT
i

jjjm]+ T
i

s[kT
s

jjjm] = 0 (6.246)

ïðåîáðàçóþòñÿ íåïðåðûâíûì îáðàçîì â ãðóïïàõ T4 è SO(3:1):
Ïîíÿòíî, ÷òî ïðåîáðàçîâàíèå èíâåðñèè ïîçâîëÿåò ïåðåâîäèòü ïðàâûå

óðàâíåíèÿ (6.243) è (6.244) â ëåâûå (6.245) è (6.246), è íàîáîðîò.
Ñâîéñòâî (6.242) ãåîìåòðèè A4 ïîçâîëÿåò ïðîèçâîäèòü ¾ðàñùåïëåíèå¿

ïñåâäîåâêëèäîâîé ãåîìåòðèè íà ïðàâóþ è ëåâóþ ãåîìåòðèè

Æ



::i
jk =

+



::i
jk + 


::i

jk = 0; (6.247)

êðó÷åíèå êîòîðûõ îòëè÷íî îò íóëÿ. Ýòî ñâîéñòâî îêàçàëîñü î÷åíü ïîëåçíûì
ïðè îïèñàíèè ðîæäåíèÿ ìàòåðèè èç ¾íè÷åãî¿ â òåîðèèôèçè÷åñêîãî âàêóóìà
[43].

Ðàñùåïëÿÿ òåïåðü ñòðóêòóðíûå óðàâíåíèÿ Êàðòàíà (6.221) è (6.222) íà
ïðàâûå è ëåâûå, èìååì

r[k

+
e a

j]+
+

T
i
[kj]

+
e a

i = 0; (6.248)
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+

R
i
jkm + 2r[k

+

T
i
jjjm]+ 2

+

T
i

s[k

+

T
s

jjjm]= 0; (6.249)

r[k

�
e a

j]+
�

T
i
[kj]

�
e a

i = 0; (6.250)

�

R
i
jkm + 2r[k

�

T
i
jjjm]+ 2

�

T
i
s[k

�

T
s
jjjm] = 0: (6.251)

Çàïèñûâàÿ ñòðóêòóðíûå óðàâíåíèÿ Êàðòàíà â âèäå ðàñøèðåííûõ ïðà-
âûõ è ëåâûõ ñèñòåì óðàâíåíèé Ýéíøòåéíà�ßíãà�Ìèëëñà, ïîëó÷èì

r[k

+
e a

j]+
+

T i
[kj]

+
e a

i = 0; (
+

A)
+

Rjm �1
2
gjm

+

R= �
+

Tjm; (
+

B :1)
+

C
i
jkm + 2r[k

+

T
i
jjjm]+ 2

+

T
i
s[k

+

T
s
jjjm] = ��

+

J
i
jkm ; (

+

B :2)

(6.252)

r[k

�
e a

j]+
�

T i
[kj]

�
e a

i = 0; (
�

A)
�

Rjm �1
2
gjm

�

R= �
�

Tjm; (
�

B :1)
�

C i
jkm + 2r[k

�

T i
jjjm]+ 2

�

T i
s[k

�

T s
jjjm] = ��

�

J i
jkm : (

�

B :2)

(6.253)
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Â òåîðèè ôèçè÷åñêîãî âàêóóìà, îñíîâàííîé íà âñåîáùåì ïðèíöèïå îò-
íîñèòåëüíîñòè [44], óðàâíåíèÿ (6.252) è (6.253) îïèñûâàþò ïðàâóþ è ëåâóþ
ìàòåðèè, ðîæäåííûå èç âàêóóìà.



Ãëàâà 7

Ãåîìåòðèÿ àáñîëþòíîãî

ïàðàëëåëèçìà â ñïèíîðíîì

áàçèñå

7.1 Òðè îñíîâíûõ ñïèíîðíûõ áàçèñà

ãåîìåòðèè A4

Â ãë. 6 ñòðóêòóðûå óðàâíåíèÿ ãåîìåòðèÿ àáñîëþòíîãî ïàðàëëåëèçìà çàïè-
ñàíû â âåêòîðíîì áàçèñå. Êàê áûëî ïîêàçàíî, èõ ìîæíî ïðåäñòàâèòü â âèäå
ïðàâûõ (A+), (B+) (èíâàðèàíòíûõ îòíîñèòåëüíî ãðóïï T+

4 è SO+(3:1)) è
ëåâûõ (A�), (B�) (èíâàðèàíòíûõ îòíîñèòåëüíî ãðóïï T�4 è SO�(3:1)) óðàâ-
íåíèé. Â ñâîþ î÷åðåäü, óðàâíåíèÿ (A+), (B+) (èëè (A�), (B�)) ìîãóò áûòü
ðàñùåïëåíû ïóòåì ïåðåõîäà ê ñïèíîðíîìó áàçèñó íà ãðóïïó óðàâíåíèé, â
êîòîðûõ ñîñòàâëÿþùèå èõ ïîëÿ èìåþò ïðîòèâîïîëîæíûå ñïèíû. Äëÿ ýòî-
ãî íàì íåîáõîäèìî èñïîëüçîâàòü ñïèíîðíûé áàçèñ è íåêîòîðûå ýëåìåíòû
ñïèíîðíîãî àíàëèçà.

Áóäåì ðàññìàòðèâàòü ñïèíîðíóþ ãåîìåòðèþ A4 êàê äèôôåðåíöèðóåìîå
ìíîãîîáðàçèå X4, â êàæäîé òî÷êå M êîòîðîãî ñ òðàíñëÿöèîííûìè êîîðäè-
íàòàìè x (i = 0;1;2;3) ââåäåíî äâóìåðíîå êîìïëåêñíîå ñïèíîðíîå ïðîñòðàí-
ñòâî C2 [29]. Èìåþòñÿ òðè âîçìîæíîñòè äëÿ ââåäåíèÿ ñïèíîðíîãî áàçèñà â
ñïèíîðíîì ïðîñòðàíñòâå C2 :

à) ñïèíîðíûé �-áàçèñ, îáðàçîâàííûé ñèìâîëàìè Èíôåëüäà�Âàí-
äåð-Âàðäåíà �i

� _�
[45], óäîâëåòâîðÿþùèìè ðàâåíñòâó

rn�
i
� _�

= 0; (7.1)

á) ñïèíîðíûé �-áàçèñ, îáðàçîâàííûé ñèìâîëàìè Íüþìåíà�Ïåíðîóçà
�i
A _B

[30], óäîâëåòâîðÿþùèìè ðàâåíñòâó

�

rn �
i

A _B
= 0; (7.2)
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â) ñïèíîðíûé äèàäíûé áàçèñ ��B , óäîâëåòâîðÿþùèé ðàâåíñòâó [46]

"BD��Drk�
�
B = 0: (7.3)

Â ñîîòíîøåíèÿõ (7.1)�(7.3) èíäåêñû �; _�; : : : è A; _B; : : : ÿâëÿþòñÿ ñïè-
íîðíûìè èíäåêñàìè, ïðîáåãàþùèìè çíà÷åíèÿ 0,1 è _0; _1. Âñÿêèé ëîêàëüíûé
âåêòîð Ai, ïðèíàäëåæàùèé C2 , ìîæåò áûòü ïðåäñòàâëåí â âèäå ñïèí-òåíçîðà
âòîðîãî ðàíãà â ñïèíîðíîì �-áàçèñå [47]

Ai = A� _��i
� _�
; (7.4)

ëèáî â ñïèíîðíîì �-áàçèñå

Ai = AA _B�i
A _B
: (7.5)

Òàêèì îáðàçîì, âñå ñïèí-òåíçîðû, îòíåñåííûå ê �-áàçèñó, áóäóò èìåòü
ñïèíîðíûå èíäåêñû �; _�; : : :, à ñïèí-òåíçîðû, îòíåñåííûå ê �-áàçèñó, � ñïè-
íîðíûå èíäåêñû A; _B; : : :. ×òî æå êàñàåòñÿ äèàäíîãî áàçèñà ��B , òî îí ÿâëÿ-
åòñÿ ñâÿçóþùèì ìåæäó � è �-áàçèñàìè [48]

�i
A _B

= �i
� _�
��A�

_�

B ; (7.6)

ãäå

�
_�

B = �
�
B;

à ÷åðòà â ïðàâîé ÷àñòè ðàâåíñòâà îçíà÷àåò êîìïëåêñíîå ñîïðÿæåíèå.
Ñïèíîðíûé �-áàçèñ ñâÿçàí ñ âåêòîðíûì áàçèñîì eai ïîñðåäñòâîì ñëåäó-

þùèõ ñîîòíîøåíèé:
�i
A _B

= eia�
a
A _B
; (7.7)

�A
_B

i = eai�
A _B
a ; (7.8)

ãäå � A _B
i � êîìïëåêñíûå ýðìèòîâû (� A _B

i = �
_AB

i ) ìàòðèöû, à ìàòðèöû

�a
A _B

è � A _B
a èìåþò âèä

�a
A _B

= (2)�1=2

0
BB@

1 0 0 1

0 1 1 0

0 i �i 0

1 0 0 �1

1
CCA ; (7.9)

�A
_B

a = (2)�1=2

0
BB@

1 0 0 1

0 1 �i 0
0 1 i 0

1 0 0 �1

1
CCA ; (7.10)

ïðè÷åì
det(�a

A _B
) = i;

det(�A
_B

a ) = �i:
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Èç óñëîâèé îðòîãîíàëüíîñòè òåòðàäû eia

eaie
j
a = Æ j

i ; eaie
i
b = Æab (7.11)

è ñîîòíîøåíèé (7.7)�(7.10) ñëåäóþò óñëîâèÿ îðòîãîíàëüíîñòè äëÿ ñïèíîð-
íîãî �-áàçèñà

�A
_B

i �j
A _B

= Æ j
i ; (7.12)

�A
_B

i �i
C _E

= ÆACÆ
_B
_E
: (7.13)

Äëÿ ñïèíîðíîãî �-áàçèñà èìåþòñÿ ñëåäóþùèå óñëîâèÿ îðòîãîíàëüíîñòè
[31]

�
� _�
i �

j

� _�
= Æ

j
i ; (7.14)

�
� _�
i �i� _� = Æ��Æ

_�
_� : (7.15)

Îòñþäà ñ ó÷åòîì ñîîòíîøåíèé (7.6), (7.12), (7.13) ñëåäóþò óñëîâèÿ îð-
òîãîíàëüíîñòè äëÿ ñïèíîðíîé äèàäû

�o��
�
1 = 1;

��o �
o
� = ��o���o = 0;

��1 �
1
� = 0:

(7.16)

Êðîìå òîãî, èìåþò ìåñòî ñîîòíîøåíèÿ [31]

�o��
�
o � �1���o = Æ�� ;

�o��
1
� � �

1
��

o
� = "�� ;

(7.17)

ãäå

"�� = "�� = " _
 _Æ = " _

_Æ =

�
0 1

�1 0

�
(7.18)

� ôóíäàìåíòàëüíûé ñïèíîð [30], óäîâëåòâîðÿþùèé ñëåäóþùèì ñîîòíîøå-
íèÿì:

"��"
�� = "�� = �"�� ; (7.19)

"��"
�� = Æ��Æ

�
� � Æ

�
�Æ

�
� ; (7.20)

"�� = 2; (7.21)

"�[�"�Æ] = 0; (7.22)

"�� =

�
1 0

0 1

�
: (7.23)

Ôóíäàìåíòàëüíûé ñïèíîð "�� ïîäíèìàåò è îïóñêàåò èíäåêñû ó ñïèí-
òåíçîðîâ, îòíåñåííûõ ê �-áàçèñó, ïîäîáíî ìåòðè÷åñêîìó òåíçîðó gik â âåê-
òîðíîì áàçèñå. Â ñïèíîðíîì �-áàçèñå îí èìååò âèä

"AB = "�� �
�
A�

�
B ; (7.24)

55



ïðè÷åì

"AB = "AB = "
_C _D = " _C _D

=

�
0 1

�1 0

�
: (7.25)

Ôóíäàìåíòàëüíûé ñïèíîð "AB ïîäíèìàåò è îïóñêàåò èíäåêñû ó ñïèí-
òåíçîðîâ, îòíåñåííûõ ê �-áàçèñó. Òàê, íàïðèìåð, ìû èìååì

�:::A:::::: ::: "AB = �::: ::::::B:::; "AB�::: ::::::B::: = �:::A:::::: ::: ;

':::
_A:::

::: ::: " _A _B
= '::: :::

::: _B:::
; "

_A _B'::: :::
::: _B:::

= ':::
_A:::

::: ::: :
(7.26)

Åñëè ñïèíîð àíòèñèììåòðè÷åí ïî äâóì èíäåêñàì

�:::A:::B::: = ��:::B:::A:::; (7.27)

òî ñ ïîìîùüþ ôóíäàìåíòàëüíîãî ñïèíîðà "AB åãî ìîæíî ïðåäñòàâèòü êàê
[30]

�:::A:::B::: =
1

2
"AB�

::: :::C:::
:::C::: : (7.28)

Ýòè æå ñâîéñòâà èìåþò ìåñòî â ñïèíîðíîì �-áàçèñå äëÿ ôóíäàìåíòàëü-
íîãî ñïèíîðà "�� .

7.2 Ñïèíîðíîå ïðåäñòàâëåíèå ñòðóêòóðíûõ

óðàâíåíèé Êàðòàíà ãåîìåòðèè A4

Ñîîòíîøåíèå (7.28) ïîçâîëÿåò ñâîäèòü ñïèíîðû, íåñèììåòðè÷íûå ïî
øòðèõîâàííûì è íåøòðèõîâàííûì èíäåêñàì, ê ñïèíîðàì, ïîëíîñòüþ (èëè
÷àñòè÷íî) ñèììåòðè÷íûì ïî øòðèõîâàííûì è íåøòðèõîâàííûì èíäåêñàì.
Â ïðîñòðàíñòâå ñïèíîðîâ äàííîãî òèïà ðåàëèçóþòñÿ íåïðèâîäèìûå ïðåä-
ñòàâëåíèÿ ãðóïïû SL(2:C) [30], çàìåíÿþùåé SO(3:1) ïðè ïåðåõîäå ê ñïè-
íîðíîìó áàçèñó.

Îïðåäåëåíèå. Ìû áóäåì ãîâîðèòü, ÷òî êîì-

ïîíåíòû ñïèíîðà ñ r ñèììåòðè÷íûìè íèæíèìè

øòðèõîâàííûìè èíäåêñàìè è ñ s ñèììåòðè÷íû-

ìè íèæíèìè øòðèõîâàííûìè èíäåêñàìè ïðåîáðà-

çóþòñÿ ïî D(r=2; s=2) íåïðèâîäèìîìó ïðåäñòàâëå-

íèþ ãðóïïû SL(2:C).

Íàïðèìåð, ñïèíîð

FAB = FBA

ïðåîáðàçóåòñÿ ïî D(1:0), à ñïèíîð

F _C _D
= F _D _C

� ïî D(0:1) íåïðèâîäèìîìó ïðåäñòàâëåíèþ ãðóïïû SL(2:C).
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Çàïèøåì îñíîâíûå ñîîòíîøåíèÿ ãåîìåòðèè A4 â ñïèíîðíîì �-áàçèñå.
Ýòî ìîæíî ñäåëàòü, èñïîëüçóÿ ñïèíîðíîå ïðåäñòàâëåíèå ïðîèçâîëüíîãî òåí-
çîðà T :::i::::::

::: :::j::: â �-áàçèñå

T :::A _B::: :::

::::::C _E:::
= �A

_B
i T :::i::: :::

::::::j:::�
j

C _E
(7.29)

èëè ïðîñòî çàìåíÿÿ ìàòðè÷íûå èíäåêñû íà äâà ñïèíîðíûõ ïî ïðàâèëó:

eai $ �A
_B

i ; (7.30)

T a
bm$ TA _B

C _Dm; (7.31)

Ra
bkm $ RA _B

C _Dkm ; (7.32)

�ab$ �A _BC _D = "AC" _B _D
(7.33)

è ò.ä.

Â ñïèíîðíîì �-áàçèñå ìåòðè÷åñêèé òåíçîð gij ãåîìåò-
ðèè A4 èìååò âèä

gij = "AC" _B _D
�A

_B
i �C

_D
j : (7.34)

Äîêàçàòåëüñòâî. Ïîäñòàâëÿÿ â ðàâåíñòâî

gij = �abe
a
ie
b
j

ñîîòíîøåíèÿ (7.7), (7.8), çàïèñàííûå â âèäå

eai = �A
_B

i �aA _B ; ebj = �C
_D
j�

b
C _D ; (7.35)

èìååì
gij = �ab�

A _B
i �a

A _B
�C

_D
j �b

C _D
: (7.36)

Ó÷èòûâàÿ ñîîòíîøåíèÿ (7.9), (7.10), (7.25) è îïðåäåëåíèå

�ab = �ab = diag(1 � 1 � 1 � 1);

íàõîäèì ñëåäóþùåå ðàâåíñòâî

�ab�
a
A _B

�b
C _D

= "AC " _B _D
:

Ïîäñòàâëÿÿ ýòî ñîîòíîøåíèå â ðàâåíñòâî (7.36), ïîëó÷èì ôîðìóëó (7.34).
Çàïèøåì ñòðóêòóðíûå óðàâíåíèÿ Êàðòàíà â ìàòðè÷íîì âèäå

r[ke
a
m] � e

b
[kT

a
jbjm] = 0; (A)

Ra
bkm + 2r[kT

a
jbjm]+ 2T a

c[kT
c
jbjm] = 0: (B)

Èñïîëüçóÿ ïðàâèëà (7.30)�(7.32), çàïèøåì ýòè óðàâíåíèÿ â ñïèíîðíîì
�-áàçèñå

r[k�
A _B
m] � �

C _D
[k TA _B

jC _Djm]
= 0; (7.37)
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RA _B
C _Dkm + 2r[kT

A _B
jC _Djm] + 2TA _B

E _F [kT
E _F

jC _Djm] = 0: (7.38)

Ñîîòâåòñòâåííî âòîðîå òîæäåñòâî Áèàíêè ãåîìåòðèè A4

r[nR
a
jbjkm] + Rc

b[kmT
a
jcjn]� T

c
b[nR

a
jcjkm] = 0 (D)

â ñïèíîðíîì �-áàçèñå ïðèíèìàåò âèä

r[nR
A _B
jC _Djkm]

+ RE _F
C _D[km

TA _B
jC _Djn]

� TE _F
C _D[n

RA _E
jE _F jkm]

= 0: (7.39)

Åñëè Fij = �Fji � âåùåñòâåííûé àíòèñèììåòðè÷íûé
òåíçîð, òî ñîîòâåòñòâóþùèé åìó ñïèíîð

FA _BC _D = Fij�
i
A _B
�
j

C _D
(7.40)

ìîæåò áûòü ïðåäñòàâëåí â âèäå

FA _BC _D =
1

2
(" _B _D

FAC + "ACF _B _D
); (7.41)

ãäå ñïèíîð
FAC = FCA (7.42)

ïðåîáðàçóåòñÿ ïî D(1:0) íåïðèâîäèìîìó ïðåäñòàâëåíèþ ãðóïïû
SL(2:C), à ñïèíîð

FBD = F _B _D
= F _D _B

(7.43)

� ïî D(0:1) íåïðèâîäèìîìó ïðåäñòàâëåíèþ ýòîé æå ãðóïïû.
Äîêàçàòåëüñòâî. Èç àíòèñèììåòðèè òåíçîðà Fij è ðàâåíñòâà (7.40) èìååì

FA _BC _D = �FC _DA _B : (7.44)

Ïåðåïèøåì ýòî ñîîòíîøåíèå â âèäå

FA _BC _D =
1

2
(FA _BC _D � FC _DA _B =

1

2
(FA _BC _D � FC _DA _B + FC _DA _B �

�FC _DA _B): (7.45)

Èñïîëüçóÿ ôóíäàìåíòàëüíûé ñïèíîð (7.25), ìîæíî çàïèñàòü (7.45) ñëå-
äóþùèì îáðàçîì

FA _BC _D =
1

2
("ACFF _B

F
_D
+ " _B _D

FA _EC

_E): (7.46)

Îáîçíà÷àÿ FAC = (1=2)FA _EC

_E è ó÷èòûâàÿ (7.44), èìååì

FAC =
1

2
FA _EC

_E = �
1

2
FA

_E
C _E = FCA: (7.47)

Äàëåå, ââîäÿ îáîçíà÷åíèå F _B _D
= 1

2
FF _B

F
_D
è ó÷èòûâàÿ âåùåñòâåííîñòü

Fij, íàõîäèì

F _B _D
=

1

2
FF _B

F
_D
=

1

2
F _FB

_F
D = FBD: (7.48)
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Ïîäñòàâëÿÿ ñîîòíîøåíèÿ (7.47) è (7.48) â ðàâåíñòâî (7.46), ïîëó÷èì ñîîò-
íîøåíèå (7.41). Ïî îïðåäåëåíèþ ñïèíîð FAC = FCA ïðèíàäëåæèò ê D(1:0)
íåïðèâîäèìîìó ïðåäñòàâëåíèþ ãðóïïû SL(2:C), à ñïèíîð F _B _D

= F _D _B
� ê

D(0:1) íåïðèâîäèìîìó ïðåäñòàâëåíèþ ýòîé ãðóïïû.
Ïîñêîëüêó âåëè÷èíû TA _BC _Dm è RA _BC _Dkn â óðàâíåíèÿõ (7.37) è (7.38)

àíòèñèììåòðè÷íû ïî ïàðå ñïèíîðíûõ ìàòðè÷íûõ èíäåêñîâ A _B è C _D, òî,
èñïîëüçóÿ ôîðìóëû (7.27) è (7.28), èõ ìîæíî ïðåäñòàâèòü â âèäå

TA _BC _Dk =
1

2
(" _B _D

TACk + "ACT
+
_B _Dk

); (7.49)

RA _BC _Dkn =
1

2
(" _B _D

RACkn + "ACR
+
_B _Dkn

); (7.50)

ãäå

TACk =
1

2
"

_B _DTA _BC _Dk ; T+
_B _Dk

=
1

2
"ACTA _BC _Dk ; (7.51)

RACkn =
1

2
"

_B _DRA _BC _Dkn; R+
_B _Dkn

=
1

2
"ACRA _BC _Dkn: (7.52)

Â ýòèõ ñîîòíîøåíèÿõ çíàê ¾ïëþñ¿ ó ñïèíîðíûõ ìàòðèö îçíà÷àåò ýðìè-
òîâî ñîïðÿæåíèå.

7.3 Ðàñùåïëåíèå ñòðóêòóðíûõ óðàâíåíèé

Êàðòàíà ïî íåïðèâîäèìûì

ïðåäñòàâëåíèÿì ãðóïïû SL(2:C)

Ïî ñïèíîðíûì èíäåêñàì ìàòðèöû (7.51) è (7.52) èìåþò ñëåäóþùèå
çàêîíû ïðåîáðàçîâàíèÿ:

TA0

C0k = SA
0

A TA
CkS

C
C0 + SA

0

A SAC0 ;k; (7.53)

T+ _B0

_D0k
= S+ _B0

_B
T+ _B

_Dk
S+ _D

_D0

+ S+ _B0

_B
S

_B
_D0 ;k

; (7.54)

RA0

C0kn = SA
0

A RA
CknS

C
C0 ; (7.55)

R+ _B0

_D0kn = S+ _B0

_B
R+ _B

_Dkn
S+ _D

_D0

: (7.56)

Ìàòðèöû SA
0

A è S+B
_B

îáðàçóþò ãðóïïó SL(2:C), ïðè÷åì ìàòðèöû

SA
0

A (7.57)

ïðèíàäëåæàò ïîäãðóïïå
SL+(2:C) (7.58)

ãðóïïû SL(2:C). Ïî (7.58) ïðåîáðàçóþòñÿ ñïèíîðû, ïðèíàäëåæàùèå íåïðè-
âîäèìîìó ïðåäñòàâëåíèþ D(r=2;0).

Ñ äðóãîé ñòîðîíû, ìàòðèöû

S+ _B0

_B
(7.59)
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ïðèíàäëåæàò ïîäãðóïïå
SL�(2:C) (7.60)

ãðóïïû SL(2:C). Ïî (7.60) ïðåîáðàçóþòñÿ ñïèíîðû, ïðèíàäëåæàùèå íåïðè-
âîäèìîìó ïðåäñòàâëåíèþ D(0; s=2). Ýòè ñâîéñòâà ñïèíîðîâ ïîçâîëÿþò ðàñ-
ùåïèòü ñòðóêòóðíûå óðàâíåíèÿ Êàðòàíà íà óðàâíåíèÿ, â êîòîðûå âõîäÿò
ñïèíîðû, ïðåîáðàçóþùèåñÿ ïî D(r=2;0) èëè D(0; s=2) íåïðèâîäèìûì ïðåä-
ñòàâëåíèÿì ãðóïïû SL(2:C).

Âòîðûå ñòðóêòóðíûå óðàâíåíèÿ Êàðòàíà (B) â ñïèíîð-
íîì �-áàçèñå ðàñùåïëÿþòñÿ íà óðàâíåíèÿ âèäà

RACkn + 2r[kTjACjn]+ 2TAE[kT
E
jCjn] = 0; (7.61)

R+
_B _Dkn

+ 2r[kT
+

j _B _Djn]
+ 2T+

_B _F [k
T+ _F

j _Djn]
= 0: (7.62)

Äîêàçàòåëüñòâî. Çàïèøåì âòîðûå ñòðóêòóðíûå óðàâíåíèÿ Êàðòàíà (7.38)
â âèäå

BA _BC _Dkn = RA _BC _Dkm + 2r[kTjA _BC _Djm] + 2TA _BE _F [kT
E _F

jC _Djm]
= 0: (7.63)

Èñïîëüçóÿ ñâîéñòâî àíòèñèììåòðèè ñïèíîðà BA _BC _Dkn ïî ïàðå ñïèíîð-

íûõ èíäåêñîâ A _B è _CD, ïðåäñòàâèì åãî êàê

BA _BC _Dkn =
1

2
(" _B _D

BACkn + "ACB
+
_B _Dkn

) = 0; (7.64)

ãäå

BACkn =
1

2
"

_B _DBA _BC _Dkn = 0; (7.65)

B+
_B _Dkn

=
1

2
"ACBA _BC _Dkn = 0: (7.66)

Ïîäñòàâëÿÿ â óðàâíåíèÿ (7.65) è (7.66) ñîîòíîøåíèå (7.63) è èñïîëüçóÿ
ìàòðèöû (7.51) è (7.52), ïîëó÷èì ñòðóêòóðíûå óðàâíåíèÿ (7.61) è (7.62) â
ðàñùåïëåííîì âèäå. Ïðè âûâîäå íàìè áûëè èñïîëüçîâàíû ñâîéñòâà (7.19)�
(7.23) ôóíäàìåíòàëüíîãî ñïèíîðà "AB .

Ìàòðèöû TACk è T+
_B _Dk

â äèàäíîì áàçèñå ��C èìåþò
ñëåäóþùèé âèä:

TACk = ��Crk�
�
A = TACk ; (7.67)

T+
_B _Dk

= � _� _D
rk�

_�
_B = T+

_B _Dk
: (7.68)

Äîêàçàòåëüñòâî. Çàïèøåì ìàòðèöû

Tabk = eibrkeai

â ñïèíîðíîì áàçèñå, èñïîëüçóÿ ïðàâèëà (7.30) è (7.31)

TA _BC _Dk = �i
C _D
rk�A _Bi: (7.69)
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Ïîäñòàâëÿÿ ýòî âûðàæåíèå â ïåðâîå èç ñîîòíîøåíèé (7.51), ïîëó÷èì

TACk =
1

2
"

_B _D�i
C _D
rk�A _Bi: (7.70)

Èñïîëüçóÿ ôîðìóëó (7.6), çàïèøåì �A _Bi êàê

�A _Bi = �� _�i�
�
A�

_�
_B : (7.71)

Ïîäñòàâëÿÿ ñîîòíîøåíèå (7.71) â ðàâåíñòâî (7.70), íàõîäèì

TACk =
1

2
"

_B _D�i
C _D
rk(�� _�i�

�
A�

_�
_B) =

=
1

2
"

_B _D�i
C _D

�� _�irk(�
�
A�

_�
_B); (7.72)

ïîñêîëüêó rk(�� _�i
) = 0.

Äàëåå, ó÷èòûâàÿ, ÷òî

�i
C _D

�� _�i = �� _

i��C�

_

_D�� _�i =

= Æ��Æ _
 _��
�
C �

_

_D = �C�� _D _�;

çàïèøåì ðàâåíñòâî (7.72) êàê

TACk =
1

2
"

_B _D�C�� _D _�
(�

_�
_Brk�

�
A + ��Ark�

_�
_B): (7.73)

Â äèàäíîì áàçèñå ñïðàâåäëèâû ðàâåíñòâà

" _B _D
= � _D _��

_�
_B ; "

_B _D� _D _�rk�
_�
_B = 0;

ñîïðÿæåííûå ñîîòíîøåíèÿì (7.3) è (7.24). Èñïîëüçóÿ ýòè ðàâåíñòâà, ëåãêî
ïîëó÷èòü ñîîòíîøåíèå (7.67). Äåéñòâóÿ ïîäîáíûì îáðàçîì äëÿ ñîïðÿæåí-
íîé ìàòðèöû T+

_B _Dk , ïîëó÷èì ðàâåíñòâî (7.68).

Â ñïèíîðíîì �-áàçèñå ïåðâûå ñòðóêòóðíûå óðàâíåíèÿ
Êàðòàíà (A) ãåîìåòðèè A4 èìåþò âèä

r[k�
i]

C _D
� T[kjCE�E _D

ji]� �[i
jC _F j

T+

k] _D

_F = 0 (7.74)

èëè, îïóñêàÿ ìàòðè÷íûå èíäåêñû,

r[k�
i] � T[k�i] � �[iT+

k]
= 0: (7.75)

Äîêàçàòåëüñòâî. Âû÷èñëèì ïðîèçâîäíóþ rk�
i
C _D

rk�
i
C _D

= rk(�
i
� _�
��C�

_�
_D) = �i

� _�
(�

_�
_Drk�

�
C + ��Crk�

_�
_D):

Èñïîëüçóÿ ôîðìóëû (7.67) è (7.68), çàïèøåì ýòî ñîîòíîøåíèå êàê

rk�
i
C _D

= �i
� _�

(TCEk�
�E�

_�
_D + T+

_D _Fk
��C�

_� _F
): (7.76)

Çäåñü áûëè èñïîëüçîâàíû óñëîâèÿ íîðìèðîâêè
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��E�
�E = 1; � _� _F

�
_� _F

= 1:

Ïåðåìíîæàÿ ÷ëåíû â ïðàâîé ÷àñòè (7.76) è ó÷èòûâàÿ ñîîòíîøåíèå (7.71),
èìååì

rk�
i
C _D
� TCEk�iE_D � �

i _F
C T+

_D _F k
= 0; (7.77)

èëè
rk�

i
C _D
� TkCE�Ei_D � �

i
C _F
T+ _F

k _D
: (7.78)

Àëüòåðíèðóÿ ýòî ñîîòíîøåíèå ïî èíäåêñàì k è i, ïîëó÷èì óðàâíåíèÿ
(7.74).

Âòîðûå òîæäåñòâà Áèàíêè (D) ãåîìåòðèè A4 â ñïèíîð-
íîì �-áàçèñå ðàñùåïëÿþòñÿ íà ñëåäóþùèå óðàâíåíèÿ:

rn
�

RACkn �
�

RECkn T
E
A
n+

�

REAkn T
E
C
n = 0; (7.79)

rn
�

R
+
_B _Dkn
�

�

R
+
_F _Dkn

T+ _Fn
_B

+
�

R
+
_F _Bkn

T+ _Fn
_D

= 0: (7.80)

Äîêàçàòåëüñòâî. Ïîäíèìàÿ è îïóñêàÿ ñ ïîìîùüþ ìåòðè÷åñêèõ òåíçîðîâ
�ab è gik òåíçîðíûå èíäåêñû â òîæäåñòâàõ (6.128), çàïèøåì èõ â âèäå

rn
�

Rabkn �
�

Rcbkn T
c
a
n+

�

Rackn T
c
b
n = 0: (7.81)

Ïåðåõîäÿ â ýòîì ðàâåíñòâå ê ñïèíîðíûì èíäåêñàì ñ ïîìîùüþ ñîîòíî-
øåíèé (7.31) è (7.32), èìååì

rn
�

RA _BC _Dkn �
�

RE _FC _Dkn T
_EF

A _B
n+

�

RE _FA _Bkn T
_EF

C _D
n = 0: (7.82)

Çàïèøåì ýòî ñîîòíîøåíèå â âèäå

Dn

A _BC _Dkn
= 0; (7.83)

ãäå ÷åðåç Dn
A _BC _Dkn

îáîçíà÷åíî âñå, ÷òî ñòîèò â ëåâîé ÷àñòè ðàâåíñòâà (7.82).

Èñïîëüçóÿ àíòèñèììåòðèþ ñîîòíîøåíèÿ (7.83) ïî ïàðå èíäåêñîâ A _B è C _D,
çàïèøåì åãî â âèäå

Dn
A _BC _Dkn

=
1

2
(" _B _D

Dn
ACkn + "ACD

+n
_B _Dkn

) = 0; (7.84)

ãäå

Dn
ACkn =

1

2
"

_B _DDn
A _BC _Dkn

= 0;

D+n
_B _Dkn

=
1

2
"ACDn

A _BC _Dkn
= 0:

Ïîäñòàâëÿÿ ñþäà ñîîòíîøåíèå (7.82), ïîëó÷èì ðàâåíñòâà (7.79) è (7.80).
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Ñ ôèçè÷åñêîé òî÷êè çðåíèÿ ñïèíîðíîå ðàñùåïëåíèå ñòðóêòóðíûõ óðàâ-
íåíèé Êàðòàíà (A) è (B) îçíà÷àåò ðàñùåïëåíèå íà óðàâíåíèÿ ¾ìàòåðèè¿ è
¾àíòèìàòåðèè¿, ïîäîáíî òîìó êàê ýòî áûëî ñäåëàíî Ï.Äèðàêîì ïðè âûâîäå
óðàâíåíèé äëÿ ýëåêòðîíà è ïîçèòðîíà. Òåïåðü ìû ìîæåì çàïèñàòü óðàâíå-
íèÿ, êîòîðûå ïðåîáðàçóþòñÿ ïî ãðóïïå SL+(2:C) â âèäå

r[k�
i]

C _D
� T[kjCE�E_D j

i]� �[ijC _F jT
+

k] _D

_F = 0; (As)

RACkn + 2r[kTjACjn] + 2TAE[kT
E
jCjn] = 0; (Bs+)

à ïî ãðóïïå SL�(2:C) � êàê

r[k�
i]
C _D � T[kjCE�

E
_D
ji]� �[ijC _F jT

+

k] _D

_F = 0; (As)

R+
_B _Dkn

+ 2r[kT
+

j _B _Djn]
+ 2T+

_B _F [k
T+ _F

j _Djn]
= 0: (Bs�)

Â áóêâåííûõ îáîçíà÷åíèÿõ ýòèõ ôîðìóë èíäåêñ s óêàçûâàåò íà ïðåîá-
ðàçîâàíèå ïî ñïèíîðíîé ãðóïïå. Îïóñêàÿ ìàòðè÷íûå èíäåêñû, çàïèøåì ýòè
ñîîòíîøåíèÿ â âèäå

r[k�
i] � T[k�

i] � �[iT+
k] = 0; (As)

Rkn + 2r[kTn]� [Tk; Tn] = 0; (Bs+)

r[k�
i] � T[k�i] � �[iT+

k]
= 0; (As)

R+
kn + 2r[kT

+
n]
� [T+

k ; T
+
n ] = 0: (Bs�)

Ñîîòâåòñòâåííî îïóñêàÿ ìàòðè÷íûå èíäåêñû â óðàâíåíèÿõ (7.79) è (7.80),
íàõîäèì

rn
�

Rkn +[
�

Rkn; T
n] = 0; (Ds+)

rn
�

R
+
kn + [

�

R
+
kn; T

+n] = 0: (Ds�)
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7.4 Ìàòðèöû Êàðìåëè. Çàïèñü ñòðóêòóðíûõ

óðàâíåíèé Êàðòàíà ãåîìåòðèè A4 â

ìàòðèöàõ Êàðìåëè

Ðàâåíñòâà (7.67) è (7.68) ìîãóò áûòü çàïèñàíû â ìàòðè÷íîé ôîðìå

Tk = �rk�; (7.85)

T+
k = �+rk�

+; (7.86)

ãäå Tk è � ÿâëÿþòñÿ 2�2 êîìïëåêñíûìè ìàòðèöàìè ñ ýëåìåíòàìè TA
Bk è �

a
A

ñîîòâåòñòâåííî. Ïóòåì óìíîæåíèÿ Tk íà �kA _B ìîæíî ââåñòè áåññëåäîâûå
2 � 2 ìàòðèöû Êàðìåëè [49-51]

T
A _B

= �k
A _B
Tk; (7.87)

A;C : : : = 0; 1; _B; _D : : : = _0; _1

ñ êîìïîíåíòàìè

T0 _0 =

�
" ��
� �"

�
; T0 _1 =

�
� ��
� ��

�
;

T1 _0 =

�
� ��
� ��

�
; T1 _1 =

�

 ��
� �


�
:

(7.88)

Ñ ïîìîùüþ ìàòðèö (7.87) ìîæíî îïðåäåëèòü ìàòðè÷íûå ýëåìåíòû

(TA _B)C
D =

CD

A _B 00 01 10 11

0_0 " �� � �"
0_1 � �� � ��
1_0 � �� � ��
1_1 
 �� � �


; (7.89)

ãäå (TA _B)C
D ÿâëÿåòñÿ CD � ýëåìåíòîì ìàòðèöû TA _B. Ñîîòâåòñòâåííî äëÿ

êîìïëåêñíî ñîïðÿæåííûõ ìàòðèö T+
_AB

èìååì

(T+
_AB
)
_D
_C
=

_C _D

_AB _0_0 _0_1 _1_0 _1_1
_00 " �� � �"
_01 � �� � ��
_10 � �� � ��
_11 
 �� � �


: (7.90)

Â ìàòðèöàõ Êàðìåëè ïåðâûå ñòðóêòóðíûå óðàâíåíèÿ
Êàðòàíà (A) ãåîìåòðèè A4 èìåþò âèä

@C _D�
i
A _B
� @A _B�

i
C _D

= (TC _D)A
P �i

P _B
+ �i

A _R
(T+

_DC
)
_R
_B
�

�(TA _B)C
P �i

P _D
� �i

C _R
(T+

_BA
)
_R
_D
: (7.91)
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Äîêàçàòåëüñòâî. Çàïèøåì óðàâíåíèÿ (7.75) â âèäå

rk�
i
C _D
�rk�

i
A _B

= TC
E
k�

i
_DE

+ �i
C _F

T+
_D

_F
k �

�TACk�iC _B
� �i

A _E
T+

_B

_E
k : (7.92)

Ëåãêî çàìåòèòü, ÷òî óðàâíåíèÿ (7.92) ïðåäñòàâëÿþò ñîáîé ðàçíîñòü äâóõ
ñîîòíîøåíèé:

rk�
i
C _D

= TC
E
k�

i
_DE

+ �i
C _F
T+

_D

_F
k ; (7.93)

rk�
i
A _B

= TA
C
k�

i
C _B

+ �i
A _E
T+

_B

_E
k: (7.94)

Óìíîæàÿ (7.93) íà �kA _B , à ñîîòíîøåíèå (7.94) íà �
k
C _D , èìååì

rk�
i
C _D

�k
A _B

= TC
E
k�

i
_DE
�k
A _B

+ �i
C _F
T+

_D

_F
k�

k
A _B
; (7.95)

rk�
i
A _B
�k
C _D

= TA
P
k�

i
P _B
�k
C _D

+ �i
A _E
T+

_B

_E
k�

k
C _D

: (7.96)

Ââîäÿ îáîçíà÷åíèÿ
(TA _B)C

E = TC
E
k�

k
A _B

(7.97)

è
@A _B = �k

A _B
rk ; (7.98)

ïåðåïèøåì ñîîòíîøåíèÿ (7.95) è (7.96) â âèäå

@C _D�
i
A _B

= (TC _D)A
P�i

P _B
+ �i

A _R
(T+

_DC
)
_R
_B
; (7.99)

@A _B�
i
C _D

= (TA _B)C
P�i

P _D
+ �i

C _R
(T+

_BA
)
_R
_D
: (7.100)

Âû÷èòàÿ èç (7.99) ðàâåíñòâî (7.100), ïîëó÷èì ïåðâûå ñòðóêòóðíûå óðàâ-
íåíèÿ Êàðòàíà (7.91) ãåîìåòðèè A4, çàïèñàííûå â ìàòðèöàõ Êàðìåëè.

Ðàññìîòðèì òåïåðü âòîðûå ñòðóêòóðíûå óðàâíåíèÿ Êàðòàíà
(Bs+), çàïèñàííûå â ìàòðè÷íîì âèäå

Rkn + 2r[kTn]� [Tk; Tn] = 0: (7.101)

Óìíîæàÿ âåëè÷èíó Rkn íà �kA _B è �nC _D , ââåäåì áåññëåäîâóþ ìàòðèöó
Êàðìåëè

RA _BC _D = Rkn�
k
A _B
�n
C _D

(7.102)

ñ êîìïîíåíòàìè [44-46]:

R0 _10 _0 =

�
	1 �	0

	2 + 2� �	1

�
; R1 _00 _0 =

�
�10 ��00

�20 ��10

�
;

R1 _11 _0 =

�
	3 �	2 � 2�

	4 �	3

�
; R1 _10 _1 =

�
�12 ��02

�22 ��12

�
;

R1 _10 _0 =

�
	2 + �11 � � �	1 � �01

	3 + �21 �	2 � �11 + �

�
;

R1 _00 _1 =

�
�	2 + �11 + � 	1 � �01

�	3 + �21 	2 � �11 � �

�
:

(7.103)
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Â ñïèíîðíûõ ìàòðèöàõ Êàðìåëè (7.87) è (7.102) âòîðûå
ñòðóêòóðíûå óðàâíåíèÿ Êàðòàíà (Bs+) ãåîìåòðèè A4 çàïèøóòñÿ êàê

RA _BC _D = @C _DTA _B � @A _BTC _D � (TC _D)A
FTF _B �

�(T+
_DC

)
_F
_B
TA _F + (TA _B)C

FTF _D +

+(T+
_BA
)
_F
_D
TC _F + `[TA _B; TC _D]: (7.104)

Äîêàçàòåëüñòâî. Çàïèøåì óðàâíåíèÿ (7.101) â âèäå

Rkn = 2r[nTk] + [Tk; Tn]; (7.105)

èëè
Rkn = rnTk � rkTn + TkTn� TnTk: (7.106)

Óìíîæàÿ ýòî ðàâåíñòâî íà �kA _B�
n
C _D , ïîëó÷èì

RA _BC _D = @C _DTk�
k
A _B
� @A _BTn�

n
C _D

+ TA _BTC _D � TC _DTA _B =

= @C _DTA _B � @ABTC _D � (@C _D�A _B
k � @A _B�C _D

k)Tk +

+[TA _B; TC _D ]: (7.107)

Çäåñü ìû èñïîëüçîâàëè óñëîâèå

�k
A _B�k

C _E
= ÆAC Æ

_B
_E

(7.108)

è îáîçíà÷åíèå
@A _B = �k

A _B
rk: (7.109)

Åñëè òåïåðü ó÷åñòü â ðàâåíñòâå (7.107) ñîîòíîøåíèÿ (7.99) è (7.100), òî
ìû ïîëó÷èì óðàâíåíèÿ (7.103).

Çàïèøåì âòîðûå òîæäåñòâà Áèàíêè (Ds+) ãåîìåòðèè A4 â ìàòðè÷íîì
âèäå

rn
�

Rkn +[
�

Rkn ; T
n] = 0: (7.110)

Óìíîæàÿ ýòè óðàâíåíèÿ íà �nE _F , ïîëó÷èì èõ çàïèñü ÷åðåç ìàòðèöû
Êàðìåëè â ñëåäóþùåì âèäå:

@C
_D
�

RE _FC _D +�n_EF (r
C _D�A

_B
n )

�

RA _BC _D +

+(rk�
kC _D)

�

RE _FC _D �[T
C _D;

�

RE _FC _D ] = 0: (7.111)

Èñïîëüçóÿ ñîîòíîøåíèå (7.99), ìîæíî ïåðåïèñàòü òîæäåñòâà
(7.111) êàê

@C
_D
�

RE _FC _D �(T
C _D)AE

�

RA _FC _D �

�(T+ _DC) _F

_B
�

RE _BC _D +(TP
_D)CP

�

RE _FC _D +

+(T+C
_Q

)
_Q _D

�

RE _FC _D +[TC _D;
�

RE _FC _D ] = 0: (7.112)
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7.5 Ïîêîìïîíåíòíàÿ çàïèñü ñòðóêòóðíûõ

óðàâíåíèé Êàðòàíà ãåîìåòðèè A4

Ðàñïèøåì òåïåðü óðàâíåíèÿ (7.91) ïîêîìïîíåíòíî. Äëÿ óäîáñòâà ââå-
äåì ñëåäóþùåå îáîçíà÷åíèå:

Ai
C _DA _B

= @C _D�
i
A _B
� @A _B�

i
C _D

= (TC _D)A
P�i

P _B
+

+�i
A _R

(T+
_DC

)
_R
_B
� (TA _B)C

P�i
P _D
� �i

C _R
(T+

_BA
)
_R
_D
: (7.113)

Êðîìå òîãî, êîìïîíåíòû ñïèíîðíîé ïðîèçâîäíîé îáîçíà÷èì êàê

@A _B =

_B

A _0 _1

0 D Æ

1 Æ �

; (7.114)

à êîìïîíåíòû ñïèíîðíîãî �-áàçèñà â âèäå

�i
A _B

=

_B

A _0 _1

0 li = (Y 0; V; Y 2; Y 3) mi = (�0; !; �2; �3)

1 mi = (�
0
; !; �

2
; �

3
) ni = (Xo;U;X2;X3)

: (7.115)

Äëÿ ñïèíîðíîé êîìïîíåíòû Ai
0 _00 _1 èç ðàâåíñòâà (7.113) ñëåäóåò

Ai
0 _00 _1

= @0 _0�
i
0 _1
� @0 _1�

i
0 _0

= (T0 _0)0
P�i

P _1
+ �i

0 _R
(T+

_00
)
_R
_1 �

�(T0 _1)0
P�i

P _0
� �i

0 _R
(T+

_10
)
_R
_0 (7.116)

èëè

Ai
0 _00 _1

= @0 _0�
i
0 _1
� @0 _1�

i
0 _0

=
�
(T0 _0)0

0�i
0 _1

+ (T0 _0)0
1�i

1 _1

�
+

+
�
�i
0 _0
(T+

_00
)
_0
_1 + �i

0 _1
(T+

_00
)
_1
_1

�
�
�
(T0 _1)0

0�i
0 _0

+ (T0 _1)0
1�i

1 _0

�
�

�
�
�i
0 _0
(T+

_10
)
_0
_0 + �i

0 _1
(T+

_10
)
_1
_0

�
: (7.117)

Èñïîëüçóÿ îáîçíà÷åíèÿ (7.89), (7.90), (7.114) è (7.115) äëÿ êîìïîíåíò

(TC _D)A
P ; (T+

_BA
)
_R
_D
; @A _B è �i

A _B
, ïîëó÷èì èç óðàâíåíèé (7.117)

Dmi � Æli =
�
"mi + (��)ni

�
+
�
li� +mi(�")

�
�

�
�
�li + (��)mi

�
�
�
li�+mi(��)

�
=

= �(�+ � � �)li � �ni + �mi + (� + " � ")mi: (7.118)

Ïîñêîëüêó âåêòîðà mi è li èìåþò ñëåäóþùèå êîìïîíåíòû:

li = (Y 0; V; Y 2; Y 3); mi = (�0; !; �2; �3);

67



òî èç óðàâíåíèé (7.118) âûòåêàåò

ÆV � D! = (�+ � � �)V + �U � �! � (�+ " � ")!; (7.119)

ÆY� � D�� = (�+ � � �)Y � + �X� � ��
�
� (� + " � ")��; (7.120)

� = 0;2;3:

Äåéñòâóÿ ïîäîáíûì îáðàçîì, íàõîäèì ñëåäóþùóþ ïîêîìïîíåíòíóþ çà-
ïèñü ïåðâûõ ñòðóêòóðíûõ óðàâíåíèé Êàðòàíà ãåîìåòðèè A4

ÆV � D! = (�+ � � �)V + �U � �! � (� + " � ")!; (A:1)

ÆY � � D�� = (�+ � � �)Y � + �X� � ��� � (� + "� ")��; (A:2)

�Y � � DX� = (
 + 
)Y� + ("+ ")X� � (� + �)�� � (� + �)!; (A:3)

�V � DV = (
 + 
)V + ("+ ")U � (� + �)! � (� + �)!; (A:4)

ÆU ��! = ��V + (� � �� �)U + �! + (� � 
 + 
)!; (A:5)

ÆX����� = ��Y � + (� � �� �)X� + ��
�
+ (�� 
 + 
)��; (A:6)

Æ! � Æ! = (�� �)V + (�� �)U � (�� �)! � (� � �)!; (A:7)

Æ�� � Æ�� = (�� �)Y � + (�� �)X� � (�� �)�� � (� � �)��; (A:8)

� = 0;2;3;

ïëþñ êîìïëåêñíî ñîïðÿæåííûå óðàâíåíèÿ (A:1)� (A:8) (âñåãî 24 íåçàâèñè-
ìûõ óðàâíåíèÿ).

Îáðàòèìñÿ òåïåðü ê óðàâíåíèÿì (7.107) è çàïèøåì èõ ïîêîìïîíåíòíî.
Âû÷èñëèì, íàïðèìåð, R0 _10 _0 êîìïîíåíòó ýòèõ óðàâíåíèé

R0 _10 _0 = @0 _0T0 _1 � @0 _1T0 _0 � (T0 _0)0
0T0 _1 � (T0 _0)0

1T1 _1 +

+(T+

0_0
)
_0
_1T0 _0 � (T+

0_0
)
_1
_1T0 _1+ (T0 _1)0

0T0 _0 + (T0 _1)0
1T1 _0 +

+(T+

1_0
)
_0
_0T0 _0 + (T+

1_0
)
_1
_0T0 _1+ T0 _1T0 _0 � T0 _0T1 _0: (7.121)

Èñïîëüçóÿ ìàòðèöû (7.89), (7.90), (7.103) è ñïèíîðíóþ ïðîèçâîäíóþ (7.114),
ìîæíî ïðåäñòàâèòü (7.121) â âèäå�

	1 �	0

	2 + 2� �	1

�
= D

�
� ��
� ��

�
�Æ

�
" ��
� �"

�
�

� "
�
� ��
� ��

�
+�

�

 ��
� �


�
��

�
" ��
� �"

�
+

+ "

�
� ��
� ��

�
+�

�
" ��
� �"

�
��

�
� ��
� ��

�
+

+ �

�
" ��
� �"

�
� �

�
� ��
� ��

�
+

(7.122)

+

�
� ��
� ��

��
" ��
� �"

�
�
�
" ��
� �"

��
� ��
� ��

�
:
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Ýòè ìàòðè÷íûå óðàâíåíèÿ ðàñïàäàþòñÿ íà ñëåäóþùèå òðè íåçàâèñèìûõ
óðàâíåíèÿ:

(D � � + ")� � (Æ � �+ �)" � (�+ �)� + (�+ 
)� � 	1 = 0;

(D � � � �� 3" + ")� � (Æ � � + � � �� 3�)� � 	0 = 0;

(D � �+ " + ")�� (Æ + � � � + �)� � ��+ �� � 2�� 	2 = 0:

Äåéñòâóÿ ïîäîáíûì îáðàçîì, ïîëó÷èì ñëåäóþùèå íåçàâèñèìûå óðàâíå-
íèÿ (Bs+)

(D � � � "� ")� � (Æ � 3�� � + �)��

��� + �� � �00 = 0; (Bs+ :1)

(D � � � �� 3" + ")� � (Æ � � + � � �� 3�)��

�	0 = 0; (Bs+ :2)

(D � � � "+ ")� � (�� 3
 � 
)�� �� � �� � ���

�	1 � �10 = 0; (Bs+ :3)

(D � �� " + 2")�� (Æ � � + �)" � �� + ��+ �
�

��� � �10 = 0; (Bs+ :4)

(D + "+ ")
 � (�� 
 � 
)" � (� + �)�� (� + �)��

��� + �� + �� 	2 � �11 = 0; (Bs+ :5)

(D � �+ 3" � ")�� (Æ + � + �� �)� � �� + �� � �20 = 0; (Bs+ :6)

(D � � + ")� � (Æ � �+ �)" � (�+ �)� + (�+ 
)��

�	1 = 0; (Bs+ :7)

(D � � + " + ")�� (Æ + � � �+ �)� � ��+ ���

�2� � 	2 = 0; (Bs+ :8)

(D + 3" + ")� � (�+ �+ 
 � 
)� � �� � (� + �)��

�	3 � �21 = 0; (Bs+ :9)

(�+ � + �+ 3
 � 
)�� (Æ + 3�+ � + � � �)� + 	4 = 0; (Bs+ :10)

(Æ � �� � � �)�� (Æ � 3�+ �)� + �� � (�� �)�+

+	1 � �01 = 0; (Bs+ :11)

(Æ � �+ 2�)�� (Æ + �)� � ��+ ��� (� � �)
�

�(�� �)" � �+ 	2 � �11 = 0; (Bs+ :12)

(Æ� � + 3�)� � (Æ + � + �+ �)�� (� � �)�+

+�� + 	3 � �21 = 0; (Bs+ :13)
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(Æ� � + �+ �)
 � (�� 
 + 
 + �)� � �� + ��+

+"� � ��� �12 = 0; (Bs+ :14)

(Æ� � + 3� + �)� � (�+ �+ 
 + 
)�� ��+

+�� � �22 = 0; (Bs+ :15)

(Æ � � � � + �)� � (�+ �� 3
 + 
)� � ��+

+�� � �02 = 0; (Bs+ :16)

(�+ �� 
 � 
)�� (Æ + � � � � �)� + ���

��� + 2�+ 	2 = 0; (Bs+ :17)

(�� 
 + �)�� (Æ + � � �)
 � (� + ")�+

+(� + �)�+ 	3 = 0: (Bs+ :18)

Êðîìå ýòèõ óðàâíåíèé, âòîðûå ñòðóêòóðíûå óðàâíåíèÿ Êàðòàíà (B)
âêëþ÷àþò â ñåáÿ êîìïëåêñíî ñîïðÿæåííûå óðàâíåíèÿ

R+
kn + 2r[kT

+
n]
� [T+

k ; T
+
n ] = 0: (Bs�)

Ïîêîìïîíåíòíóþ çàïèñü ýòèõ óðàâíåíèé ìîæíî ïîëó÷èòü ïóòåì çàìåíû
óðàâíåíèé (Bs+:1)�(Bs+:18) íà êîìïëåêñíî ñîïðÿæåííûå óðàâíåíèÿ.

7.6 Ñâÿçü ñòðóêòóðíûõ óðàâíåíèé Êàðòàíà

ãåîìåòðèè A4 ñ ôîðìàëèçìîì

Íüþìåíà�Ïåíðîóçà

Â 1962 ã. Ý. Íüþìåí è P.Ïåíðîóç [30] ïðåäëîæèëè ñèñòåìó íåëèíåéíûõ
ñïèíîðíûõ óðàâíåíèé, êîòîðàÿ îêàçàëàñü î÷åíü óäîáíîé äëÿ ïîèñêà íîâûõ
ðåøåíèé óðàâíåíèé Ýéíøòåéíà. Â ðàáîòå àâòîðà [52] áûëî ïîêàçàíî, ÷òî
óðàâíåíèÿ ôîðìàëèçìà Íüþìåíà�Ïåíðîóçà ñîâïàäàþò ñî ñòðóêòóðíûìè
óðàâíåíèÿìè Êàðòàíà ãåîìåòðèè àáñîëþòíîãî ïàðàëëåëèçìà. Äåéñòâèòåëü-
íî, ñî ñïèíîðíûìè ìàòðèöàìè Êàðìåëè TC _D ìîæíî ñâÿçàòü ñïèí-òåíçîð
TFAC _D ñ ïîìîùüþ ñîîòíîøåíèÿ

(TC _D)A
P = TA

P
k�

k
C _D = TP

AC _D = �"PF TFAC _D: (7.123)

Èñïîëüçóÿ ìàòðè÷íûå ýëåìåíòû (7.162) ìàòðèö Êàðìåëè è ôóíäàìåí-
òàëüíûé ñïèíîð

"AB = "AB =

�
0 1

�1 0

�
;

ïîëó÷èì ñëåäóþùèå îáîçíà÷åíèÿ äëÿ êîìïîíåíò ñïèí-òåíçîðà TABC _D

TABC _D =

C _D

AB 0_0 0_1 1_0 1_1

00 � � � �

(01) " � � 

11 � � � �

: (7.124)
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Ïåðâûå ñòðóêòóðíûå óðàâíåíèÿ Êàðòàíà ãåîìåòðèè A4

ñîâïàäàþò ñ ¾êîîðäèíàòíûìè óðàâíåíèÿìè¿ [30]

@A _B�
i
C _D
� @C _D�

i
A _B

= "PQ(TPAC _D�
i
QB � TPCA _B�

i
QD) +

+"
_R _S(T _R _B _DC

�i
A _S
� T _R _D _BA

�i
C _S

) (7.125)

â ôîðìàëèçìå Íüþìåíà�Ïåíðîóçà.
Äîêàçàòåëüñòâî. Çàïèøåì ñòðóêòóðíûå óðàâíåíèÿ Êàðòàíà (A) ãåîìåò-

ðèè àáñîëþòíîãî ïàðàëëåëèçìà â âèäå

@C _D�
i

A _B
� @A _B�

i

C _D
= (TC _D)A

P�i
P _B

+ �i
A _R

(T+
_DC

)_R _B
�

�(TA _B)C
P�i

P _D
� �i

C _R
(T+

_BA
)
_R
_D
: (7.126)

Èñïîëüçóÿ ñîîòíîøåíèå (7.123), ïðåäñòàâèì óðàâíåíèÿ (7.126) â âèäå

@C _D�
i
A _B
� @A _B�

i
C _D

= �
�
"PQ(TPAC _D�

i
QB � TPCA _B�

i
QD)+

+ "
_R _S(T _R _B _DC�

i
A _S
� T _R _D _BA

�i
C _S

)
�
:

Ëåãêî çàìåòèòü, ÷òî ýòè óðàâíåíèÿ ýêâèâàëåíòíû óðàâíåíèÿì (7.125).
Çàïèøåì èçâåñòíîå ðàçëîæåíèå òåíçîðà Ðèìàíà Rijkm íà íåïðèâîäèìûå

ïðåäñòàâëåíèÿ

Rijkm = Cijkm � 2g[i[kRm]j]�
1

3
Rgi[mgk]j; (7.127)

ãäå Cijkm � òåíçîð Âåéëÿ (10 íåçàâèñèìûõ êîìïîíåíò), Rij � òåíçîð Ðè÷-
÷è (äåâÿòü íåçàâèñèìûõ êîìïîíåíò), R � ñêàëÿðíàÿ êðèâèçíà. Ñïèíîðíîå
ïðåäñòàâëåíèå ýòèõ âåëè÷èí èìååò âèä [53]

Cijkm $ 	ABCD" _A _B
" _C _D

+ "AB"CD	 _A _B _C _D
; (7.128)

Rij $ 2�
AB _A _B

+ 6"AB" _A _B
; (7.129)

R = 24�; (7.130)

ãäå ñïèíîðû 	ABCD è �AB _A _B óäîâëåòâîðÿþò ñëåäóþùèì ñâîéñòâàì ñèì-
ìåòðèè:

	ABCD = 	(ABCD) ; �AB _A _B = �(AB) _A _B : (7.131)

Ïî îïðåäåëåíèþ ñïèíîðû 	ABCD è �AB _A _B ïðåîáðàçóþòñÿ ñîîòâåò-
ñòâåííî ïîD(2:0) èD(1:1) íåïðèâîäèìîìó ïðåäñòàâëåíèþ ãðóïïû SL+(2:C).

Åñëè òåïåðü ñîïîñòàâèòü ñ òåíçîðîì Ðèìàíà Rijkm ñïèí-òåíçîð ïî ïðà-
âèëó

Rijkm$ RA _AB _BC _CD _D ;
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òî ÷åðåç ñïèíîðû (7.128)�(7.130) åãî ìîæíî çàïèñàòü êàê

RA _AB _BC _CD _D = 	ABCD " _A _B
" _C _D

+ "AB"CD	 _A _B _C _D
+

+�AB _C _D"CD" _A _B
+ �CD _A _B"AB" _C _D

+

+2�("AC "BD" _A _D
" _C _D

+

+"AB"CD" _A _D
" _B _C

): (7.132)

Èñïîëüçóÿ àíòèñèììåòðèþ ýòîãî ñïèí-òåíçîðà ïî ïàðå èíäåêñîâ A _A è
B _B , çàïèøåì åãî â âèäå

RA _EC _BD _PF _Q =
1

2
(" _E _B

RACD _P F _Q + "ACR _E _BD _PF _Q); (7.133)

ãäå

RACD _P F _Q =
1

2
"
_E _BRA _EC _BD _PF _Q; (7.134)

R _E _BD _PF _Q =
1

2
"ACRA _EC _BD _PF _Q: (7.135)

Ïîäñòàâëÿÿ â ýòè ñîîòíîøåíèÿ ðàâåíñòâî (7.132), ïîëó÷èì

RACD _P F _Q = 	ACDF " _P _Q
+ �AC _Q _P "FD + �" _P _Q

("CD"AF + "AD"CF ); (7.136)

R _E _BD _BPQ = "DP	 _E _B _P _Q
+ � _B _EPD

" _Q _P
+ �"DP (" _B _P

" _E _Q
+ " _E _P

" _B _Q
): (7.137)

Âòîðûå ñòðóêòóðíûå óðàâíåíèÿ Êàðòàíà
(Bs+) ýêâèâàëåíòíû óðàâíåíèÿì [30]

	ACDF " _E _B
+ �AC _B _E"FD + �" _E _B

("CD"AF +

+"AD"CF )� @D _BTACF _E + @F _ETACD _B +

+"PQ(TAPD _BTQCF _E + TACP _BTQDF _E � TAPF _ETQCD _B �
�TACP _ETQFD _B) +

+"
_R _S(TACD _RT _S _B _EF

� TACF _RT _S _E _BD
) = 0 (7.138)

ôîðìàëèçìà Íüþìåíà�Ïåíðîóçà.
Äîêàçàòåëüñòâî. Çàïèøåì óðàâíåíèÿ (Bs+) â ìàòðèöàõ Êàðìåëè

RF _ED _B = @D _BTF _E � @F _ETD _B � (TD _B)F
STS _B �

�(T+
_ED

)
_F
_B
TF _F + (TF _E)D

STS _B +

+(T+
_EF
)
_F
_B
TD _F + [TF _E; TD _B ]: (7.139)

Èñïîëüçóÿ ñîîòíîøåíèå (7.123), ïðåäñòàâèì óðàâíåíèÿ (7.139) â âèäå

RACF _ED _B � @D _BTACE _F + @E _FTACD _B + TS
FD _BTACS _E +

+T
_F
_E _BD

TACF _F � T
S
DF _ETACS _B � T

_F
_B _EF

TACD _F +

+"PQ(TAPD _BTQCF _E � TAPF _ETQCD _B) = 0 ;
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èëè êàê

RACF _ED _B � @D _BTACE _F + @E _FTACD _B + "PQ(TAPD _BTQCF _E+

+TACP _BTQDF _E � TAPF _ETQCD _B � TACP _ETQFD _B)+

+"
_R _S(TACD _RT _S _B _EF

� TACF _RT _S _E _BD
) = 0;

(7.140)

ãäå ìû ââåëè ñïèíîðíûå èíäåêñû ó ìàòðèö RA _BC _D è TA _B ïî ïðàâèëó

R
A _BC _D

! R
EFA _BC _D

= REFkn�
k
A _B
�n
C _D

;

TA _B ! TCDA _B = TCDk�
k
A _B
:

(7.141)

Ïîäñòàâëÿÿ â ðàâåíñòâî (7.140) ñîîòíîøåíèå (7.136), ïîëó÷èì
óðàâíåíèÿ (7.138).

Ñïèí-òåíçîðû 	ABCE è �AB _C _E èìåþò ñëåäóþùèå îáîçíà÷åíèÿ äëÿ ñâî-
èõ êîìïîíåíò [29]

	ABCE =

CE

AB 00 01 11

00 	0 	1 	2

01 � � 	3

11 � � 	4

; (7.142)

�AB _C _E =

_C _E

AB _0_0 _0_1 _1_1

00 �00 �01 �02

01 �10 �11 �12

11 �20 �21 �22

; (7.143)

� = �: (7.144)

Èñïîëüçóÿ ñîîòíîøåíèÿ (7.114), (7.115), (7.124), ìîæíî ðàñïèñàòü óðàâ-
íåíèÿ (7.126) ôîðìàëèçìà Íüþìåíà�Ïåíðîóçà ïîêîìïîíåíòíî, ïðè ýòîì ìû
ïîëó÷èì óðàâíåíèÿ (A:1)� (A:8) ïëþñ êîìïëåêñíî ñîïðÿæåííûå èì óðàâ-
íåíèÿ. Ñ ïîìîùüþ ñîîòíîøåíèé (7.142)� (7.144), (7.114) ìîæíî òàêæå ðàñ-
ïèñàòü ïîêîìïîíåíòíî óðàâíåíèÿ (7.138) ôîðìàëèçìà Íüþìåíà�Ïåíðîóçà.
Â ðåçóëüòàòå ïîëó÷àþòñÿ óðàâíåíèÿ (Bs+:1)�(Bs+:18).

Ñïèíîðíûé àíàëîã äóàëüíîãî òåíçîðà Ðèìàíà

�

Rijkm=
1

2
"km

spRijsp (7.145)

çàïèøåòñÿ êàê
�

RA _AB _BC _CD _D= i
�
"AB"CD	 _A _B _C _D

� 	ABCD" _A _B
" _C _D
�

��CD _A _B"AB" _C _D
+ �AB _C _D"CD" _A _B

+

+2�("AC "BD" _A _B
" _D _C

+ "AB"CD" _A _C
" _B _D

)) : (7.146)

Èç ýòîãî ñîîòíîøåíèÿ ñëåäóåò

�

RA _BC _DEF=
1

2
"

_P _QRA _BC _DE _PF _Q = �i (�" _B _D
	 _ACEF

+

+"EF�AC _B _D + �" _B _D
("AE"CF + "CE"AF )) ; (7.147)
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à òàêæå

�

RA _BC _D _P _Q=
1

2
"EFRA _BC _DE _PF _Q = i

�
" _A _C

	 _B _D _P _Q
�

�" _P _Q
�AC _B _D + �"AC (" _D _P

" _B _Q
+ " _B _P

" _D _Q
)
�
: (7.148)

Äóàëüíîìó òåíçîðó Âåéëÿ
�

Cijkm ñîîòâåòñòâóåò ñïèí-òåíçîð âèäà

�

C ijkm$
�

CA _AB _BC _CD _D= i("AB"CD	 _A _B _C _D
� 	ABCD" _A _B

" _C _D
):

Äëÿ ñàìîäóàëüíîãî ñïèí-òåíçîðà RA _BC _DEF ñïðàâåäëèâî ñîîòíîøåíèå

RA _BC _DEF = i
�

RA _BC _DEF= 	ACEF " _B _D
; (7.149)

â òî âðåìÿ êàê äëÿ àíòèñàìîäóàëüíîãî èìååì

RA _BC _D _P _Q = i
�

RA _BC _D _P _Q= "AC	 _E _B _P _Q
: (7.150)

Âòîðûå òîæäåñòâà Áèàíêè (Ds+) ãåîìåòðèè A4 â ñïè-
íîðíîì �-áàçèñå ìîæíî ïðåäñòàâèòü êàê

1

2i
"C _D

F _EG _HR _X@P _XRABG _HF _E � 	ABCRT
R
F
F

_D
�

�3	RPB(ATC)
RP

_D
+ �RB _D _XTA

R
C

_X +

+�AB _X _ET
_X

_D

_E
C + �AB _D _XT

_X
_E

_E
C = 0; (7.151)

ãäå

"C
_DF _EG _HR _X = �i("CG "RF " _D _E"

_H _X � "CF "GR" _D _H"
_E _X): (7.152)

Äîêàçàòåëüñòâî. Çàïèøåì óðàâíåíèÿ (7.79) â âèäå

rn
�

RACkn �
�

REAkn TC
En�

�

RAEkn TC
En = 0: (7.153)

Óìíîæàÿ ýòè óðàâíåíèÿ íà �k
C _D

, èìååì

@F
_E
�

RBAC _DF _E +
�

RBAC _DF _E r
n�n

F _E +

+
�

RBAR _SF _E �k
C _D

@F
_E�k

R _S �

�
�

RBPC _DF _E TA
PF _E�

�

RPAC _DF _E TB
PF _E = 0: (7.154)

Çäåñü áûëè èñïîëüçîâàíû ñîîòíîøåíèÿ (7.94) è (7.133). Ïîäñòàâëÿÿ â
óðàâíåíèÿ (7.154) ñîîòíîøåíèå (7.148), ïîëó÷èì

iDABC _D + AF _EP _R
i
�
�iC _DRBA

P _RF _E � 2�i
P _RRBAC _D

F _E
�
= 0;
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ãäå ÷åðåç AF _EP _R
i îáîçíà÷åíû óðàâíåíèÿ (7.125), ïåðåïèñàííûå â âèäå

AA _BC _D
i = @A _B�

i
C _D � @C _D�

i
A _B
�

�"PQ
�
TPAC _D�

i
Q _B
� TPCA _B�

i
Q _D

�
�

�" _R _S
�
T _R _B _DC

�i
A _S
� T _R _D _BA

�i
C _S

�
= 0; (7.155)

à âåëè÷èíà DABC _D = 0 îïðåäåëÿåò óðàâíåíèÿ (7.151)

DABC _D =
1

2i
"C _D

F _EG _HR _X@R _XRABG _HF _E �

�	ABCRT
R
F
F

_D
� 3	RPB(ATC)

RP
_D
+ �RB _D _XTA

R
C

_X +

+�
AB _X _E

T
_X
_D

_E
C + �

AB _D _X
T

_X
_E

_E
C = 0;

÷òî è äîêàçûâàåò âûäâèíóòîå ïðåäëîæåíèå.

Âòîðûå òîæäåñòâà Áèàíêè (7.151) ãåîìåòðèè A4 ñîâ-
ïàäàþò ñ òîæäåñòâàìè Áèàíêè

@P_D	ABPC � @X (C�AB) _D _X � 3	PR(ABTC)
PR

_D
�

�	ABCP T
P
R
R

_D
+ 2TP

(AB
_X�C)P _X _D �

�T _X _D _V (A�BC)
_X _V � T _X

_V
_V (A�BC)

_X
_D
= 0; (7.156)

3@A _B�+ @P
_X�AP _B _X � "

_V _W
�
�AP

_X
_W
T _B _X _V

P+

+�AP _B

_XT _X _W _V
P
�
+ �PR _B

_XTA
PR

_X
+

+�AP _B

_XTP
R
R

_X
= 0 (7.157)

èç ðàáîòû Íüþìåíà�Ïåíðîóçà [30].
Äîêàçàòåëüñòâî. Èñïîëüçóÿ ñîîòíîøåíèå (7.147) è ðàâåíñòâî

�

RABC _D
R _X =

1

2
"C _D

F _EG _HR _XRABG _HF _E;

â óðàâíåíèÿõ (7.151) ïîëó÷àåì

1

2i
"C _D

F _EG _HR _X@P _XRABG _HF _E = @P _XRABC _D
R _X =

= @P _X

�
" _D

_X	ABC
R � "AB�CR

_D

_X � �" _D

_X("CA"B
R + "BA"C

R)
�
:

Ïîäñòàâëÿÿ ýòî ñîîòíîøåíèå â óðàâíåíèÿ (7.151), èìååì

@P _D
	ABPC � @C

_X�AB _D _X + 2"C(A@B) _D�� 	ABCRT
R
F
F

_D
�

�3	RPB(ATC)
RP

_D
+ �RB _D _XTA

R
C

_X + �AB _X _ET
_X
_D

_E
C +

+�AB _D _XT
_X

_E

_E
C = 0: (7.158)
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Ñèììåòðè÷íàÿ ïî èíäåêñàì C è B ÷àñòü ðàâåíñòâà (7.158) çàïèñûâàåòñÿ
â âèäå óðàâíåíèé (7.156), à àíòèñèììåòðè÷íàÿ ÷àñòü èìååò âèä óðàâíåíèé
(7.157).

Çàïèñûâàÿ âòîðûå òîæäåñòâà Áèàíêè (Ds+) ãåîìåòðèè A4 ïîêîìïîíåíò-
íî, èìååì [30]

(D � 4�� 2")	1 � (Æ � 4�+ �)	0 + 3�	2 + (Æ� 2� � 2�+ �)�00�

�(D � 2� � 2")�01 � 2��11 + 2��10 � ��02 = 0; (Ds+ :1)

(D � 3�)	2 � (Æ + 2� � 2�)	1 + 2�	3 + �	0 + (Æ � 2�+ �)�10�

�(D � 2�)�11 � ��21 � ��12 � ��00 + ��01 + ��20 �D� = 0; (Ds+ :2)

(D � 2� + 2")	3 � (Æ + 3�)	2 + 2�	1 + �	4 + (Æ � 2�+ 2� + �)�20�

�(D � 2� + 2")�21 � 2��10 + 2��11 � ��22 � 2Æ�= 0; (Ds+ :3)

(Æ � 4� � 2�)	1 � (�� 4
 + �)	0 + 3�	2 + (Æ� 2� + 2�)�01 � (D � 2"+ 2"�

��)�02 � 2��12 + 2��11 � ��00 = 0; (Ds+ :4)

(Æ � 3�)	2 � (�+ 2�� 2
)	1 + 2�	3 + �	0 + (Æ + 2�)�11 � (D + 2"�

��)�12 � ��22 � ��01 + ��02 + ��21 � ��10 � Æ� = 0; (Ds+ :5)

(Æ+ 2� � 2�)	3 � (�+ 3�)	2 + 2�	1 + �	4 + (Æ + 2� + 2�)�21�

�(D + 2"+ 2" � �)�22 � 2��11 + 2��12 � ��20 � 2�� = 0; (Ds+ :6)

(D + 4" � �)	4 � (Æ+ 4� + 2�)	3 + 3�	2 + (�+ 2
 � 2
 + �)�20�

�(Æ + 2� � 2�)�21 � 2��10 + 2��11 � ��22 = 0; (Ds+ :7)

(Æ + 4� � �)	4 � (�+ 2
 + 4�)	3 + 3�	2 + (�+ 2
 + 2�)�21 � (Æ + 2�+

+2� � �)�22 � 2��11 + 2��12 � ��20 = 0; (Ds+ :8)

(D � 2� � 2�)�11 � (Æ� 2� � 2� + �)�10 � (Æ � 2� � 2�+ �)�01+

+(�+2
 �2
 +�+�)�00 +��12+��21 ���02 ���20 +3D� = 0; (Ds+ :9)

(D� 2�+ 2"� �)�12 � (Æ+ 2� �2�)�11 � (Æ+ 2� �2�� � + �)�02+ (�+ 2��
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�2
 + �)�01 + ��22 � ��00 � ��10 � ��21 + 3Æ�= 0; (Ds+ :10)

(D+2"+2"����)�22�(Æ+2�+2�� �)�21�(Æ+2� +2��� )�12+(�+2�+

+2�)�11 � ��10 � ��01 + ��20 + ��02 + 3�� = 0: (Ds+ :11)

×òîáû ïîëó÷èòü ïîëíóþ ñèñòåìó âòîðûõ òîæäåñòâ Áèàíêè (D) ãåîìåò-
ðèè A4, íåîáõîäèìî äîáàâèòü ê ýòèì óðàâíåíèÿì êîìïëåêñíî ñîïðÿæåííûå
óðàâíåíèÿ (Ds�).

7.7 Âàðèàöèîííûé ïðèíöèï äëÿ âûâîäà

ñòðóêòóðíûõ óðàâíåíèé Êàðòàíà è

âòîðûõ òîæäåñòâ Áèàíêè ãåîìåòðèè A4

Ðàññìîòðèì ñíà÷àëà âûâîä ñòðóêòóðíûõ óðàâíåíèé (B) è âòîðûõ òî-
æäåñòâ Áèàíêè (D) äëÿ ñàìîäóàëüíûõ è àíòèñàìîäóàëüíûõ ïîëåé ðèìàíî-
âîé êðèâèçíû, ìàòðèöû Êàðìåëè êîòîðûõ óäîâëåòâîðÿþò óñëîâèÿì:

Rkn = �i
�

Rkn ;

R+
kn = �i

�

Rkn ;

ãäå
Rkn + 2r[kTn]� [Tk; Tn] = 0;

R+
kn + 2r[kT

+
n]
� [T+

k ; T
+
n ] = 0

è
�

Rkn=
1

2
"knpsRps;

�

R
+
kn =

1

2
"knpsR+

ps:

Âûáåðåì ôóíêöèþ Ëàãðàíæà â âèäå

L1 = �
1

4
(�g)1=2Tr(RknR

kn) + ê. ñ. ÷àñòü: (7.159)

Âàðüèðóÿ ýòî âûðàæåíèå ïî Tk è T
+
k , ïîëó÷èì óðàâíåíèÿ (D)

rn
�

Rkn +[
�

Rkn; T
n] = 0; (7.160)

rn
�

R
+
kn + [

�

R
+
kn; T

+n] = 0: (7.161)

Äëÿ ïðîèçâîëüíûõ ïîëåé ðèìàíîâîé êðèâèçíû ôóíêöèÿ Ëàãðàíæà èìå-
åò ñëåäóþùèé âèä:

L2 = �
1

2
(�g)1=2Tr

�
�

R
kn(�

1

2
Rkn � 2r[kTn]+ [Tk; Tn])

�
+ ê.ñ. ÷àñòü:

(7.162)
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Âàðèàöèÿ ýòîãî ëàãðàíæèàíà ïî
�

Rkn è
�

R+
kn ïðèâîäèò ê âòîðûì òîæäå-

ñòâàì Áèàíêè (D)

rn
�

Rkn +[
�

Rkn ; T
n] = 0; (Ds+)

rn
�

R+
kn +[

�

R
+
kn; T

+n] = 0: (Ds�)

Ñ äðóãîé ñòîðîíû, âàðèàöèÿ ëàãðàíæèàíà (7.162) ïî Tk è T
+
k äàåò âòî-

ðûå ñòðóêòóðíûå óðàâíåíèÿ Êàðòàíà (B) ãåîìåòðèè A4

Rkn + 2r[kTn] � [Tk; Tn] = 0; (Bs+)

R+
kn + 2r[kT

+
n]
� [T+

k ; T
+
n ] = 0 (Bs�)

è
�

Rkn=
1

2
"knpsRps;

�

R
+
kn =

1

2
"knpsR+

ps:

Ëàãðàíæèàí (7.162) ñîäåðæèò â êà÷åñòâå íåçàâèñèìûõ ïåðåìåííûõ âåëè-
÷èíû Rkn, R

+
kn, Tk è T

+
k . ×òîáû ïîëó÷èòü èç íèõ ñ ïîìîùüþ âàðèàöèîííîãî

ïðèíöèïà ïåðâûå ñòðóêòóðíûå óðàâíåíèÿ Êàðòàíà (A) ãåîìåòðèè A4

r[k�
i] � T[k�i] � �[iT+

k]
= 0; (As)

íåîáõîäèìî ââåñòè â ëàãðàíæèàí (7.162) â êà÷åñòâå íåçàâèñèìûõ ïåðåìåí-
íûõ ìàòðèöû �i. Ñäåëàòü ýòî ìîæíî ïóòåì ìîäèôèêàöèè ëàãðàíæèàíà
(7.162) òàêèì îáðàçîì, êàê ýòî ñäåëàíî â ðàáîòå [54].

Çàïèøåì óðàâíåíèÿ (A); (B) è (D) â ñïèíîðíîé ôîðìå ñëåäóþùèì îá-
ðàçîì:

(A) Ai
A _BC _D = 0; (7.163)

(B) BF _EACD _B = 0+ ê.ñ. óðàâíåíèÿ; (7.164)

(D) DABC _D = 0+ ê.ñ. óðàâíåíèÿ; (7.165)

ãäå

Ai
A _BC _D

= @A _B�
i
C _D
� @C _D�

i
A _B
� "PQ(TPAC _D�

i
QB �

�TPCA _B�
i
QD)� "

_R _S(T _R _B _DC�
i
A _S
�

�T _R _D _BA
�i
C _S

) = 0; (7.166)

BACF _ED _B = RACF _ED _B � @D _BTACE _F + @E _FTACD _B +

+"PQ(TAPD _BTQCF _E +

+TACP _BTQDF _E � TAPF _ETQCD _B � TACP _ETQFD _B) +

+"
_R _S(TACD _RT _S _B _EF

� TACF _RT _S _E _BD
) = 0; (7.167)
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DABC _D =
1

2i
"C _D

F _EG _HR _X@R _XRABG _HF _E �

�	ABCRT
R
F
F

_D
� 3	RPB(ATC)

RP
_D
+

+�RB _D _XTA
R
C

_X + �AB _X _ET
_X
_D

_E
C + �AB _D _XT

_X
_E

_E
C = 0; (7.168)

è ðàññìîòðèì ëàãðàíæèàí

L3 =
�

R
B

_Q
A _Qkn

�
(2rnTABk + 2TPAnTB

P
k)�

1

4
RBPA

P
nk

�
+ ê.ñ. ÷àñòü:

(7.169)

Çäåñü
�

R B
_Q
A _Qkn = "nkjmRB

_Q
A _Q

jm è "nkjm � ïîëíîñòüþ àíòèñèììåòðè÷íûé
ñèìâîë Ëåâè�×èâèòà.

Ðàññìàòðèâàÿ RB
_Q
A _Qkn è TPAn êàê íåçàâèñèìûå ïåðåìåííûå è ïðèìå-

íÿÿ îáû÷íóþ âàðèàöèîííóþ ïðîöåäóðó, ïîëó÷èì ñëåäóþùèå óðàâíåíèÿ:

(Bs+)
1

2
RB _PA

_P
kn � 2r[kTjABjn]+ 2TPA[kT

P
jBjn] = 0; (7.170)

(Bs�) ê.ñ. óðàâíåíèÿ; (7.171)

(Ds+) rk
�

RB _QA

_Q
nk � 2

�

RP _Q(A

_Q
jnkjT

Pk
B) = 0; (7.172)

(Ds�) ê.ñ. óðàâíåíèÿ: (7.173)

Óìíîæàÿ óðàâíåíèÿ (7.170) íà �C _D
n�F _E

n, ïîëó÷èì

@F _ETABC _D � @C _DTABF _E + TPAF _ET
P
BA _D

� TPAC _DT
P
BF _E

�

�
1

2
RB _QA

P
F _EC _D + TABn(@C _D�F _E

n � @F _E�C _D
n) = 0: (7.174)

Èñïîëüçóÿ îáîçíà÷åíèÿ (7.166) è (7.167), çàïèøåì ðàâåíñòâî (7.174) â
âèäå

BACF _ED _B + An
CDF _ETABn = 0: (7.175)

Óìíîæèì òåïåðü óðàâíåíèÿ (7.172) íà �
C _D

k . Â ðåçóëüòàòå ïîëó÷àåì ñî-
îòíîøåíèå

@F
_E
�

R B _QA

_Q
C _DE _F+

�

RB _QA

_Q
C _DE _Fr

k�k
F _E +

+
�

RB _QA

_Q
R _SE _F�

n
C _D@

F _E�R
_S
n �

�
�

RB _QP

_Q
C _DE _FTA

PF _E�
�

RP _QA

_Q
C _DE _FTB

PF _E = 0; (7.176)

èëè, ó÷èòûâàÿ ðàâåíñòâà (7.166) è (7.167),

iDABC _D +AF _EP _R
n

�
1

2
�nC _D

�

RB _QA

_QP _RE _F � �nP
_R
�

RB _QA

_Q
C _D

E _F

�
= 0:

(7.177)
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Çäåñü áûëî èñïîëüçîâàíî òàêæå ñîîòíîøåíèå

�

RB _QA

_Q
C _DE _F = i (2	BACF "D _E � 2"CF�AB _D _E + 2�" _D _E

("BF "AC+

+"BC "AF )) :

Î÷åâèäíî, ÷òî èç ëàãðàíæèàíà (7.169) íåâîçìîæíî ïîëó÷èòü ïåðâûå
ñòðóêòóðíûå óðàâíåíèÿ Êàðòàíà (A) ãåîìåòðèè A4, ïîñêîëüêó îí íå ñî-
äåðæèò ïåðåìåííûõ �C _D

n.
Äîáàâèì ê ëàãðàíæèàíó (7.169) ÷ëåí

�A
_BC _D

j A
j

A _BC _D
; (7.178)

â êîòîðîì âåëè÷èíû �A
_BC _D èãðàþò ðîëü ìíîæèòåëåé Ëàãðàíæà

L4 = L3 + �A
_BC _D

j A
j

A _BC _D
+ ê.ñ. ÷àñòü: (7.179)

Âåëè÷èíû �A
_BC _D

j , òàê æå êàê è Aj

A _BC _D
, ÿâëÿþòñÿ ýðìèòîâûìè ìàòðè-

öàìè, àíòèñèììåòðè÷íûìè ïî ïàðå èíäåêñîâ A _B è C _D . Âàðèàöèîííàÿ ïðî-
öåäóðà ñ ïëîòíîñòüþ Ëàãðàíæà (7.179) ïðè âàðèàöèè ïî ïåðåìåííûì �C _D

n

äàåò óðàâíåíèÿ [54]
Aj

A _BC _D
= 0 (7.180)

è
DABC _D = �P

_R
k �

_X
nB(�

n
A _XP _R

� �
n

A _XP _R)�
k
C _D

= 0: (7.181)

Ïîñêîëüêó �n
A _XP _R

� ýðìèòîâû ìàòðèöû, òî èç ðàâåíñòâà (7.181) ñëåäóþò

óðàâíåíèÿ (Ds+)
DABC _D = 0: (7.182)

Ñîîòâåòñòâåííî ïðè âàðüèðîâàíèè êîìïëåêñíî ñîïðÿæåííîé ÷àñòè ëà-
ãðàíæèàíà (7.179) èìååì

D _A _B _CD
= 0: (7.183)

Âàðèàöèÿ ëàãðàíæèàíà (7.179) ïî RB
_QA

_Qkn äàåò

BACF _ED _B + An
CDF _ETABn = 0; (7.184)

èëè, ó÷èòûâàÿ ñîîòíîøåíèå (7.180),

BACF _ED _B = 0: (7.185)

Ïðè âàðüèðîâàíèè êîìïëåêñíî ñîïðÿæåííîé ÷àñòè ïî R
_B
Q

_AQkn, ïîëó-
÷èì

BACF _ED _B = 0: (7.186)

Òàêèì îáðàçîì, áûëî ïîêàçàíî, ÷òî èç ëàãðàíæèàíà (7.179) ñëåäóþò ïåð-
âûå è âòîðûå ñòðóêòóðíûå óðàâíåíèÿ Êàðòàíà ãåîìåòðèè A4 (7.180), (7.185)
è (7.186), à òàêæå âòîðûå òîæäåñòâà Áèàíêè (7.182) è (7.183).
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7.8 Ðàçëîæåíèå ñïèíîðíûõ ïîëåé ãåîìåòðèè A4

íà íåïðèâîäèìûå ÷àñòè

Òåíçîð êðó÷åíèÿ 
::ijk ïðîñòðàíñòâà A4 èìååò 24 íåçàâèñèìûõ êîìïîíåíòû
è ðàçëàãàåòñÿ íà ñóììó òðåõ íåïðèâîäèìûõ ÷àñòåé ñëåäóþùèì îáðàçîì:


i:jk =
2

3
Æi[k
j] +

1

3
"njks
̂

s + 

i

:jk; (7.187)

ãäå

i:jk = gimgks


::s
mj ; (7.188)

à âåêòîð 
j, ïñåâäîâåêòîð 
̂j è áåññëåäîâàÿ ÷àñòü êðó÷åíèÿ 

i

:jk îïðåäåëÿ-
þòñÿ êàê


j = 
i:ji; (7.189)


̂j =
1

2
"jins


ins; (7.190)



s

:js = 0; 
ijs+ 
jsi+ 
sij = 0: (7.191)

Ïðè ïåðåõîäå ê ñïèíîðíîìó áàçèñó ñïèíîðíîå ïðåäñòàâëåíèå êîýôôèöè-
åíòîâ âðàùåíèÿ Ðè÷÷è TABC _C èìååò âèä [30]

TABC _C =
1

2

�
AABC _C +

1

3
("AC�B _C + "BC�A _C)

�
; (7.192)

ãäå ñïèíîð AABC _C ïîëíîñòüþ ñèììåòðè÷åí ïî íåøòðèõîâàííûì èíäåêñàì

AABC _C = A(ABC) _C ; (7.193)

à ñïèíîð �B _C îïðåäåëÿåòñÿ êàê

�A _C = AAB
B

_C
: (7.194)

Â ñâîþ î÷åðåäü, ñïèíîð �A _C ìîæåò áûòü ðàçëîæåí íà ýðìèòîâó è àíòè-
ýðìèòîâó ÷àñòè:

�A _C = �A _C � i�A _C ; (7.195)

ãäå

�A _C =
1

2
(�A _C + � _AC

); �A _C =
1

2
i(�A _C � � _AC

) (7.196)

è
�A _C = � _AC

= �C _A ; �A _C = �A _C = �C _A : (7.197)

Ìåæäó íåïðèâîäèìûìè ÷àñòÿìè êðó÷åíèÿ (7.189)�(7.191) è ñïèíîðàìè
(7.193)�(7.197) èìååò ìåñòî ñëåäóþùåå ñîîòâåòñòâèå:


j  ! �A _C ; (7.198)


̂j  ! �A _C ; (7.199)
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k

:js ! AABC _C : (7.200)

Ïîñêîëüêó

ijk = gsk


::s
ij ; (7.201)

òî èìåþò ìåñòî ñîîòíîøåíèÿ


A _AB _BC _C  ! 
ijk; (7.202)


A _AB _BC _C =
1

2
(
ABC _C " _A _B

+ 
 _A _B _CC
"AB); (7.203)



ABC _C

= A
C(AB) _C

+ � _C(A
"B)C : (7.204)

Ïî îïðåäåëåíèþ ñïèíîð AABC _C ïðåîáðàçóåòñÿ ïî D(3=2:1=2) íåïðèâî-
äèìîìó ïðåäñòàâëåíèþ ãðóïïû SL(2:C). Ñîîòâåòñòâåííî, ñïèíîðû �A _C è
�A _C ïðåîáðàçóþòñÿ ïî D(1=2:1=2) íåïðèâîäèìûì ïðåäñòàâëåíèÿì ãðóïïû
SL(2:C). Èñïîëüçóÿ ñîîòíîøåíèå (7.124), ìîæíî îïðåäåëèòü êîìïîíåíòû
ñïèíîðîâ �A _C è �A _C [55]:

�A _C = 1=2

�
(�+ �)� ("+ ") (� + �) + (�� �)
(� � �) + (�� �) (
 + 
)� (�+ �)

�
; (7.205)

�A _C = i=2

�
(�� �)� (" � ") (� � �)� (�� �)
�(� � �) + (�� �) (
 � 
)� (�� �)

�
: (7.206)

Ðàçëîæåíèå òåíçîðà Ðèìàíà íà íåïðèâîäèìûå ÷àñòè èìååò âèä

Rijkm = Cijkm + gi[kRm]j + gj[kRm]i +
1

3
Rgi[mgk]j: (7.207)

Â ñïèíîðíîì áàçèñå ýòî ðàçëîæåíèå çàïèøåòñÿ êàê [30]

RA _AB _BC _CD _D = 	ABCD" _A _B
" _C _D

+

+"AB "CD	 _A _B _C _D
+ �AB _C _D"CD" _A _B

+

+�CD _A _B"AB" _C _D
+ 2�("AC"BD" _A _B

" _C _D
+

+"AB"CD" _A _D
" _B _C

): (7.208)

Ïðè ýòîì èìååò ìåñòî ñîîòâåòñòâèå

Cijkm  ! 	ABCD" _A _B
" _C _D

+ "AB"CD	 _A _B _C _D
;

Rij  ! 2�AB _C _D + 6"AB" _C _D
; (7.209)

R ! 24�;

ãäå ñïèíîðû 	ABCD ,�AB _C _D è � óäîâëåòâîðÿþò ñëåäóþùèì ñâîéñòâàì ñèì-
ìåòðèè:

	ABCD = 	(ABCD) ; �AB _C _D = �(AB)( _C _D); � = �

è ïðèíàäëåæàò ê D(2:0), D(1:1) è D(0:0) íåïðèâîäèìûì ïðåäñòàâëåíèÿì
ãðóïïû SL(2:C) ñîîòâåòñòâåííî.
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7.9 Ñïèíîðíîå ïðåäñòàâëåíèå óðàâíåíèé

Ýéíøòåéíà�ßíãà�Ìèëëñà

Â ïåðâîé ÷àñòè ðàáîòû áûëî ïîêàçàíî, ÷òî ñòðóêòóðíûå óðàâíå-
íèÿ Êàðòàíà ãåîìåòðèè àáñîëþòíîãî ïàðàëëåëèçìà (A) è (B) ìîãóò áûòü
ïðåäñòàâëåíû â âèäå ðàñøèðåííîé ãåîìåòðèçèðîâàííîé ñèñòåìû óðàâíåíèé
Ýéíøòåéíà�ßíãà�Ìèëëñà

r[ke
a
j]+ T i

[kj]
eai = 0; (A)

Rjm � 1
2
gjmR = �Tjm; (B:1)

Ci
jkm + 2r[kT

i
jjjm]+ 2T i

s[kT
s
jjjm] = ��J ijkm: (B:2)

(7.210)

Çàïèøåì ýòó ñèñòåìó óðàâíåíèé â ñïèíîðíîì áàçèñå. Äëÿ ýòîãî ìû èñ-
ïîëüçóåì ìàòðèöû Êàðìåëè è ñïèíîðíûé ôîðìàëèçì Íüþìåíà� Ïåíðîóçà.
Ïóñòü ìû èìååì ïðàâóþ ñïèíîâóþ ãåîìåòðèþ A4, òîãäà åå óðàâíåíèÿ (A) è
(B) çàïèøóòñÿ êàê

@C _D�
i
A _B
� @A _B�

i
C _D

= (TC _D)
P
A�

i
P _B

+ �i
A _R

(T+
_DC

)
_R
_B
�

�(TA _B)
P
C�

i
P _D
� �i

C _R
(T+

_BA
)
_R
_D
; (As)

R
A _BC _D

= @
C _D

T
A _B
� @

A _B
T
C _D
� (T

C _D
)FATF _B

� (T+
_DC

)
_F
_B
T
A _F

+

+(TA _B)
F
CTF _D + (T+

_BA
)
_F
_D
TC _F + [TA _B; TC _D ]; (Bs+)

ãäå êîìïîíåíòû ìàòðèö �i
A _B

, TA _B è RA _BC _D îïðåäåëÿþòñÿ ñîãëàñíî ñîîòíî-
øåíèÿì (7.115), (7.88) è (7.103) ñîîòâåòñòâåííî.

Óðàâíåíèÿ (B:1) â ñïèíîðíîì áàçèñå èìåþò âèä

2�AB _C _D + �"AB" _C _D
= �TA _CB _D: (7.211)

Äîêàçàòåëüñòâî.×åðåç íåïðèâîäèìûå ñïèíîðû (7.209)P�Q êîìïîíåíòû
ñïèíîðíîé ìàòðèöû RA _BC _D âûðàæàþòñÿ êàê [56]

(RA _BC _D)P
Q = " _D _B

�
	CAP

Q � �("PCÆ
Q
A + "PAÆ

Q
C )
�
+

+"CA�P
Q

_D _B
; (7.212)

ãäå
(CA _BC _D)P

Q = " _D _B
	CAP

Q (7.213)

� P � Q êîìïîíåíòû ñïèíîðíûõ ìàòðèöà òåíçîðà Âåéëÿ ñ êîìïîíåíòàìè:

C0 _10 _0 =

�
	1 �	0

	2 �	1

�
; C1 _11 _0 =

�
	3 �	2

	4 �	3

�
;

C1 _10 _0 =

�
	2 �	1

	3 �	2

�
; C1 _00 _1 =

�
�	2 	1

�	3 	2

�
; (7.214)

83



à ñî ñïèíîðàìè �" _D _B
("PC Æ

A
Q + "PAÆC

Q) è "CA�P
Q

_D _B
ñâÿçàíû ñëåä è áåñ-

ñëåäîâàÿ ÷àñòè òåíçîðà Ðè÷÷è

�"AB" _C _D
= �

1

4
�kA _C�

n
B _DRgkn; (7.215)

�AB _C _D =
1

2
�kA _C�

n
B _D

�
Rkn �

1

4
gknR

�
: (7.216)

Ïîäñòàâëÿÿ ñîîòíîøåíèÿ (7.215) è (7.216) â óðàâíåíèÿ (7.211) è óìíîæàÿ

ïîëó÷åííîå âûðàæåíèå íà �A
_C
k�

B _D
n, ïîëó÷èì óðàâíåíèÿ (B:1).

Ïðåäñòàâèì ìàòðèöó RA _BC _D â âèäå ñóììû

RA _BC _D = CA _BC _D + �JA _BC _D ; (7.217)

ãäå ìàòðè÷íûé òîê JA _BC _D èìååò ñëåäóþùèå êîìïîíåíòû [57]:

J0 _10 _0 =
1

2

�
0 0

T=6 0

�
; J1 _11 _0 =

1

2

�
0 �T=6
0 0

�
;

J1 _00 _0 =
1

2

�
T1 _00 _0 �T0 _00 _0
T1 _01 _0 �T1 _00 _0

�
;

J1 _10 _1 =
1

2

�
T0 _11 _1 �T0 _10 _1
T1 _11 _1 �T0 _11 _1

�
; (7.218)

J1 _10 _0 =
1

2

�
T1 _10 _0 �T0 _10 _0
T1 _01 _1 �T1 _10 _0

�
�

1

2

�
T=6 0
0 �T=6

�
;

J1 _00 _1 =
1

2

�
T1 _10 _0 �T0 _10 _0
T1 _01 _1 �T1 _10 _0

�
+

1

2

�
�T=6 0
0 T=6

�
:

Çäåñü

TA _BC _D = �kA _C�
n
B _DTkn ; (7.219)

T = gjmTjm; (7.220)

à òåíçîð ýíåðãèè-èìïóëüñà Tkn îïðåäåëÿåòñÿ ÷åðåç êîýôôèöèåíòû âðàùå-
íèÿ Ðè÷÷è ñîãëàñíî ñîîòíîøåíèþ

Tjm = �
2

�
f(r[iT

i
jjjm]+ T i

s[iT
s
jjjm])�

�
1

2
gjmg

pn(r[iT
i
jpjn]+ T i

s[iT
s
jpjn])g: (7.221)

Â ÷àñòíîì ñëó÷àå, êîãäà ïîëå T i
jk àíòèñèììåòðè÷íî ïî âñåì òðåì èí-

äåêñàì, òåíçîð (7.219) [40]

Tjm =
1

�

�

̂j
̂m �

1

2
gjm
̂

i
̂i

�
: (7.222)
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Óìíîæàÿ ýòî ñîîòíîøåíèå íà �jA _C�
m
B _D è èñïîëüçóÿ ñîîòâåòñòâèå (7.199),

èìååì

TA _BC _D =
1

�

�
�A _B�C _D �

1

2
"AC " _B _D

�P _Q�
P _Q

�
: (7.223)

Êðîìå òîãî, íàõîäèì

T = gjmTjm = �
1

�

̂j
̂

j = �
1

�
�P _Q�

P _Q; (7.224)

îòêóäà ñëåäóåò ¾ïëîòíîñòü ñïèíîðíîé ìàòåðèè¿ ñëåäóþùåãî âèäà:

� = �
1

�c2
�P _Q�

P _Q: (7.225)

Ïîäñòàâèâ ðàâåíñòâî (7:217) â ñïèíîðíûå óðàâíåíèÿ (Bs+), çàïèøåì èõ
â âèäå

2�AB _C _D + �"AB" _C _D
= �TA _CB _D; (Bs+ :1)

CA _BC _D � @C _DTA _B + @A _BTC _D + (TC _D)
F
ATF _B + (T+

_DC
)F_BTA _F�

�(T
A _B

)FCTF _D
� (T+

_BA
)
_F
_D
T
C _F
� [T

A _B
; T

C _D
] = ��J

A _BC _D
: (Bs+ :2)

Ïîäâîäÿ èòîãè, çàïèøåì ðàñøèðåííóþ ñïèíîðíóþ ñèñòåìó óðàâíåíèé
Ýéíøòåéíà�ßíãà�Ìèëëñà â âèäå

@C _D�
i
A _B
� @A _B�

i
C _D

= (TC _D)
P
A�

i
P _B

+ �i
A _R

(T+
_DC

)
_R
_B
�

�(TA _B)
P
C�

i
P _D
� �i

C _R
(T+

_BA
)
_R
_D
; (As)

2�AB _C _D + �"AB" _C _D
= �TA _CB _D; (Bs+ :1)

CA _BC _D � @C _DTA _B + @A _BTC _D + (TC _D)
F
ATF _B + (T+

_DC
)
_F
_B
TA _F�

�(TA _B)
F
CTF _D � (T+

_BA
)
_F
_D
TC _F � [TA _B; TC _D] = ��JA _BC _D : (Bs+ :2)

Çäåñü ñïèíîðíûå èíäåêñû ïðîáåãàþò çíà÷åíèÿ A;B;D : : : = 0;1,
_A; _B; _D : : : = _0; _1.

7.10 Ôîðìàëèçì äâóõêîìïîíåíòíûõ ñïèíîðîâ

Ââåäåì äâóõêîìïîíåíòíûå ñïèíîðû o� è i� [58], ñâÿçàííûå ñ êîìïîíåí-
òàìè ñïèíîðíîé äèàäû ��� ñëåäóþùèì îáðàçîì:

��0 = o�; ��1 = ��; �
_�
_0 = o _�;

�
_�
_1 = � _� ; (7.226)

�;� : : := 0;1; _�; _� : : : = _0; _1:
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Èç óñëîâèé îðòîãîíàëüíîñòè ñïèíîðíîé äèàäû

�0��
�
1 = 1;

��0 �
0
� = ��0��

�
0 = 0; (7.227)

��1 �
1
� = 0:

�0��
�
0 � �

1
��

�
0 = Æ��;

�0��
1
� � �

1
��

0
� = "�� ; (7.228)

ãäå

"�� = "�� = " _
 _Æ = " _

_Æ =

�
0 1
�1 0

�
; (7.229)

ñëåäóåò óñëîâèå íîðìèðîâêè äëÿ äâóõêîìïîíåíòíûõ ñïèíîðîâ:

o��
� = ���o� = 1;

o�o� = �o�o� = 0; ���� = 0; (7.230)

à òàêæå ñîîòíîøåíèÿ

"�� = o��� � ��o� ; "�� = o��� � o��� ; "�� = o��
� � ��o� :

Ñïèíîðû o� è i� îïðåäåëÿþò êîìïîíåíòû ñèìâîëîâ Íüþìåíà�Ïåíðîóçà
(7.6)

�i
A _B

= �i
� _�
��A�

_�
_B (7.231)

ñëåäóþùèì îáðàçîì:

�i
0 _0

= �i
� _�
o�o

_� = li; �i
1 _1

= �i
� _�
���

_� = ni;

�i
0 _1

= �i
� _�
o��

_� = mi ; �i
1 _0

= �i
� _�
��o

_� = mi:
(7.232)

Âåêòîðà li, ni, mi è mi îáðàçóþò èçîòðîïíóþ òåòðàäó. Îáû÷íàÿ òåòðà-
äà eia ìîæåò áûòü ïîëó÷åíà èç âåêòîðîâ èçîòðîïíîé òåòðàäû ïîñðåäñòâîì
ñîîòíîøåíèé:

ei0 = (2)�1=2(li + ni) = (2)�1=2�i
� _�

(o�o
_� + ���

_�);

ei1 = (2)�1=2(mi +mi) = (2)�1=2�i
� _�

(o��
_� + ��o

_�);

ei2 = (2)�1=2i(mi �mi) = (2)�1=2�i
� _�

(o��
_� � ��o _�);

ei3 = (2)�1=2(li � ni) = (2)�1=2�i
� _�

(o�o
_� � ��� _�): (7.233)

Èñïîëüçóÿ ñîîòíîøåíèÿ

TACk =
1

2
"

_B _D�i
C _D
rk�A _Bi; (7.234)
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r� _� = �i
� _�
ri; (7.235)

íàõîäèì ñëåäóþùèå âûðàæåíèÿ äëÿ êîìïîíåíò ìàòðèö Êàðìåëè [31]:

�� = o�o
_�o
r� _�o
 ; �� = ��o

_��
r� _��
 ;

�� = ��o
_�o
r� _�o
 ; �� = o�o

_��
r� _��
 ;

�� = o��
_�o
r� _�o
 ; �" = o�o

_��
r� _�o
;

�� = ���
_�o
r

� _�
o
 ; �� = o��

_��
r
� _�
o
 ;

�� = ���
_��
r� _��
 ; �
 = ���

_�o
r� _��
 ;

�� = o��
_��
r� _��
 ; �� = ��o

_�o
r� _��
 ;

(7.236)

	0 = 	���Æo
�o�o�oÆ; 	1 = 	���Æo

�o�o��Æ ;

	2 = 	���Æo
�o����Æ ; 	3 = 	���Æo

������Æ ;
(7.237)

	4 = 	���Æ�
������Æ;

�00 = �00 = ��� _� _Æo
�o�o _�o

_Æ ; �01 = �10 = ��� _� _Æo
�o�o _��

_Æ ;

�02 = �2 = ��� _� _Æo
�o�� _��

_Æ ; �11 = �11 = ��� _� _Æo
���o _��

_Æ ;

�12 = �21 = ��� _� _Æo
���� _��

_Æ ; �22 = �22 = ��� _� _Æ�
���� _��

_Æ :

(7.238)

Èç ñîîòíîøåíèé (7.236) ñëåäóåò

r� _�o� = 
o�o�o _� � �o�o�� _� � �o���o _� + "o���� _��
����o�o _� + ���o�� _� + �����o _� � ������ _�;

(7.239)

r� _��� = �o�o�o _� � �o�o�� _� � �o���o _� + �o���� _��
�
��o�o _� + ���o�� _� + �����o _� � "����� _�:

(7.240)

Êîìïîíåíòû ñïèíîðíîé ïðîèçâîäíîé (7.114) ÷åðåç äâóõêîìïîíåíòíûå
ñïèíîðû ïðåäñòàâëÿþòñÿ êàê

D = �o�o _�r
� _�
; � = ���� _�r

� _�
;

Æ = �o�� _�r� _� ; Æ = ���o _�r� _� :
(7.241)

Â ôîðìàëèçìå äâóõêîìïîíåíòíûõ ñïèíîðîâ ñóùåñòâóåò òàê íàçûâàåìûé
ìîäèôèöèðîâàííûé ôîðìàëèçì [58], êîòîðûé ó÷èòûâàåò ¾øòðèõîâàííóþ¿
ñèììåòðèþ ñïèíîðíûõ âåëè÷èí. Ýòà ñèììåòðèÿ ïîçâîëÿåò ïðîèçâîäèòü çà-
ìåíó

o�! i��; �� ! io�;

o _� !�i� _�; � _� ! �io _�;
(7.242)
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ïðè êîòîðîé íåøòðèõîâàííûå âåëè÷èíû çàìåíÿþòñÿ íà øòðèõîâàííûå ïî
ïðàâèëó

(li)0 = ni; (mi)0 = mi; (mi)0 = mi ; (ni)0 = li; (7.243)

� = ��0 ; � = �o0; � = ��0;
� = �� 0; � = ��0; 
 = �"0 : (7.244)

Áëàãîäàpÿ óêàçàííîìó ñâîéñòâó ñèììåòðèè ìîæíî çàìåíèòü â ñîîòíî-
øåíèÿõ (7.236) íåøòðèõîâàííûå âåëè÷èíû íà øòðèõîâàííûå

�� = o _�o�o
r� _�o
 ; �0 = � _�o��
r� _��
 ;

�� = ��o
_�o
r� _�o
 ; � 0 = o�o

_��
r� _��
 ;

�� = o��
_�o
r

� _�
o
 ; �" = o�o

_��
r
� _�
o
 ;

�� = ���
_�o
r� _�o
 ; �� = o��

_��
r� _�o
 ;

�0 = ���
_��
r� _��
 ; "0 = ���

_�o
r� _��
 ;

�0 = o��
_��
r� _��
 ; �0 = ��o

_�o
r� _��
 ;

(7.245)

ðàññìàòðèâàÿ âìåñòî 12 ñïèíîðíûõ êîýôôèöèåíòîâ òîëüêî 6.
Íàèáîëåå îáùåå ïðåîáðàçîâàíèå, ñîõðàíÿþùåå ñïèíîðû o�, i� è óñëîâèÿ

(7.230), çàäàåòñÿ â âèäå

o�! Co�; �� ! C�1�� ; (7.246)

ãäå C � êîìïëåêñíîå, îáðàçóþùåå ïîäãðóïïó áóñòîâ è òðåõìåðíûõ âðàùå-
íèé. Êîìïîíåíòû èçîòðîïíîé òåòðàäû (7.232) èçìåíÿþòñÿ ïðè ýòèõ ïðåîá-
ðàçîâàíèÿõ òàê:

li! A�1li; ni! Ani; mi! ei�mi;

A = CC; ei� = CC
�1
: (7.247)

Îïðåäåëèì ñêàëÿðíóþ âåëè÷èíó ñî ñëåäóþùèìè ñâîéñòâàìè ïðåîáðàçî-
âàíèÿ:

�! CPC
�q
�: (7.248)

Ýòó âåëè÷èíó íàçûâàþò ñïèíîâûì è áóñòîâûì âåñîâûì ñêàëÿðîì òèïà
(p; q) [58]. Èç ñîîòíîøåíèé (7.246) ñëåäóåò, ÷òî êîìïîíåíòû ñïèíîðîâ o� è i�

ÿâëÿþòñÿ ñêàëÿðàìè ñîîòâåòñòâåííî òèïîâ (1;0) è (�1;0). Äëÿ êîìïîíåíò
èçîòðîïíîé òåòðàäû èìååì

li : (1;1); ni : (�1;�1);mi : (1;�1); mi : (�1;1): (7.249)

Îòíîñèòåëüíî ïðåîáðàçîâàíèé (7.247) âñå ñïèíîâûå êîýôôèöèåíòû (7.236)
ðàçáèâàþòñÿ íà äâà êëàññà:

à) âåëè÷èíû, èìåþùèå îäíîðîäíûå çàêîíû ïðåîáðàçîâàíèÿ, íàïðèìåð

� ! (Co�)(C
�1
� _�)(Co�)r� _�(Co�) = C3C

�1
�; (7.250)

88



á) âåëè÷èíû ñ íåîäíîðîäíûì çàêîíîì ïðåîáðàçîâàíèÿ, ñîäåðæàùèì ïðî-
èçâîäíûå îò C, íàïðèìåð

� ! (Co�)(C
�1
� _�)(C�1��)r� _�(Co�) =

= CC
�1
� + C

�1
o�� _�r� _�C: (7.251)

Ó÷èòûâàÿ ¾øòðèõîâàííóþ¿ ñèììåòðèþ, à òàêæå ñïèíîâûå è áóñòîâûå
âåñà, èìååì äëÿ îñíîâíûõ ñïèíîðíûõ âåëè÷èí

� : (3;1); � : (3;�1); � : (1;1); � : (1;�1);
�0 : (�3;�1); �0 : (�3;1); �0 : (�1;�1); � 0 : (�1;1);

	0 = 	04 : (4;0); 	1 = 	03 : (2;0);

	2 = 	02 : (0;0); 	3 = 	01 : (�2;0);

	4 = 	00 : (�4;0); (7.252)

�00 = �00 = �022 : (2;2); �01 = �10 = �021 : (2;0);

�02 = �20 = �020 : (2;�2); �10 = �01 = �012 : (0;2);

�11 = �11 = �011 : (0;0); �12 = �21 = �010 : (0;�2);
�20 = �02 = �002 : (�2;+2); �21 = �12 = �001 : (�2;0);

�22 = �22 = �000 : (�2;�2);

� = � = �0 = R=24 : (0;0):

Äëÿ âçâåøåííûõ âåëè÷èí ââîäÿòñÿ íîâûå äèôôåðåíöèàëüíûå îïåðàòî-
ðû, äåéñòâèå êîòîðûõ íà ñêàëÿð � òèïà fp; qg îïðåäåëÿåòñÿ êàê

P� = (D � p" � q")�; P 0� = (�+ p"0 + q"0)�;

@� = (Æ� p� + q�
0
)�; @0� = (Æ + p� � q�)�:

(7.253)

Îïåðàòîðû (7.253) èìåþò ñëåäóþùèå ñïèíîâûå âåñà:

P : (1;1); @ : (1;�1);
P 0 : (�1;�1); @0 : (�1;1): (7.254)
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Ðèñ. 7.1: Áóñòîâûå è ñïèíîâûå âåñà îñíîâíûõ ñïèíîðîâ, âõîäÿùèõ â óðàâ-
íåíèÿ ôèçè÷åñêîãî âàêóóìà

Cïèíîðíûå óðàâíåíèÿ (As) è (Bs+) ìîæíî çàïèñàòü â áîëåå ïðîñòîì
âèäå [31], åñëè èñïîëüçîâàòü âåëè÷èíû (7.252) è äèôôåðåíöèàëüíûå îïåðà-
òîðû (7.253). Íà ðèñ.7.1 ñõåìàòè÷åñêè ïîêàçàíû áóñòîâûå è ñïèíîâûå âåñà
îñíîâíûõ ñïèíîðîâ ãåîìåòðèè A4.
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Ãëàâà 8

Êîíñòðóèðîâàíèå ðåøåíèé

ñòðóêòóðíûõ óðàâíåíèé

Êàðòàíà ãåîìåòðèè

àáñîëþòíîãî ïàðàëëåëèçìà

8.1 Âûáîð ñèñòåìû êîîðäèíàò è

ñïåöèàëèçàöèÿ ñèìâîëîâ

Íüþìåíà�Ïåíðîóçà

Ñòðóêòóðíûå óðàâíåíèÿ Êàðòàíà ëþáîé ãåîìåòðèè îïèñûâàþò îáùóþ
ñâÿçü ìåæäó îñíîâíûìè ãåîìåòðè÷åñêèìè õàðàêòåðèñòèêàìè äàííîé ãåî-
ìåòðèè. ×àñòíîå ðåøåíèå ñòðóêòóðíûõ óðàâíåíèé îïðåäåëÿåò êîíêðåòíûå
ãåîìåòðè÷åñêèå âåëè÷èíû, òàêèå, êàê êðèâèçíà, ñâÿçíîñòü, ìåòðèêà è ò.ä.,
õàðàêòåðíûå äëÿ äàííîãî êîíêðåòíîãî ðåøåíèÿ [59]. Äëÿ ïðîñòîòû èññëå-
äóåì ñòðóêòóðíûå óðàâíåíèÿ Êàðòàíà ãåîìåòðèè A4

r[ke
a
m] � eb [kT a

jbjm] = 0; (à)

Ra
bkm + 2r[kT

a
jbjm]+ 2T a

c[kT
c
jbjm] = 0; (á)

çàïèñàííûå â âåêòîðíîì áàçèñå, íà ïðåäìåò ñîâìåñòíîñòè. Ýòè óðàâíåíèÿ
ïðåäñòàâëÿþò ñîáîé ñèñòåìó, ñîñòîÿùóþ â îáùåì ñëó÷àå èç 44 íåëèíåéíûõ
äèôôåðåíöèàëüíûõ óðàâíåíèé (24 (A) è 20 (B)) â ÷àñòíûõ ïðîèçâîäíûõ
ïåðâîãî ïîðÿäêà, â êîòîðóþ â êà÷åñòâå íåèçâåñòíûõ ôóíêöèé âõîäÿò:

à) 6 êîìïîíåíò íåãîëîíîìíîé òåòðàäû

eia = rax
i; (8.1)
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á) 24 êîìïîíåíòû êîýôôèöèåíòîâ âðàùåíèÿ Ðè÷÷è

T a
bk = ejbrke

a
j ; (8.2)

â) 20 êîìïîíåíò òåíçîðà Ðèìàíà

Ra
bkm : (8.3)

Òàêèì îáðàçîì, â îáùåì ñëó÷àå ó íàñ èìååòñÿ 44 óðàâíåíèÿ äëÿ 50 íåèç-
âåñòíûõ ôóíêöèé. Ýòî îáåñïå÷èâàåò ñâîáîäó âûáîðà ñèñòåìû êîîðäèíàò xi,
òåòðàäû eia, à òàêæå âåëè÷èí T a

bk è Ra
bkm . Ïîýòîìó ïîèñê êîíêðåòíûõ

ðåøåíèé ñèñòåìû óðàâíåíèé (A) è (B) ïðàâèëüíåå áûëî áû íàçâàòü ¾êîí-
ñòðóèðîâàíèåì ðåøåíèé¿.

Äëÿ êîíñòðóèðîâàíèÿ ðåøåíèé óäîáíî ïðåäñòàâèòü ñòðóêòóðíûå óðàâ-
íåíèÿ Êàðòàíà ãåîìåòðèè àáñîëþòíîãî ïàðàëëåëèçìà â ñïèíîðíîì �-áàçèñå
÷åðåç ìàòðèöû Êàðìåëè:

@C _D�
i
A _B
� @A _B�

i
C _D

= (TC _D)A
P �i

P _B
+ �i

A _B
(T+

_DC
)
_R
_B
�

�(TA _B)C
P�i

P _D
� �i

C _R
(T+

_BA
)
_R
_D
; (As)

R
F _ED _B

= @
D _B

T
F _E
� @

F _E
T
D _B
� (T

D _B
)F

ST
S _B
� (T+

_ED
)
_F
_B
T
F _F

+

+(TF _E)D
STS _B + (T+

_EF
)
_F
_B
TD _F + [TF _E; TD _B]; (Bs+)

ãäå êîìïîíåíòû áåññëåäîâûõ 2� 2 ìàòðèö RF _ED _B è TF _E îïðåäåëÿþòñÿ ñî-
ãëàñíî ñîîòíîøåíèÿì (7:88) è (7:103).Îïðåäåëèì òåïåðü ñèìâîëû Íüþìåíà-
�Ïåíðîóçà ÷åðåç ñïèíîðíîå ïðåäñòàâëåíèå èíâàðèàíòíîé ïðîèçâîäíîé Õà-
ÿøè [39]

�A _B
i = rA _Bx

i = @A _Bx
i; (8.4)

ãäå êîìïîíåíòû ñïèíîðíîé ïðîèçâîäíîé @A _B îáîçíà÷åíû êàê

@A _B =

_B

A _0 _1

0 D Æ

1 Æ �

: (8.5)

Ó÷èòûâàÿ ñîîòíîøåíèÿ (8.4), (8.5) è

�iA _B =

_B

A _0 _1

0 li = (Y 0; V; Y 2; Y 3) mi = (�0; !; �2; �3)

1 mi = (�
0
; !; �

2
; �

3
) ni = (X0;U;X2;X3)

; (8.6)

íàõîäèì

li = Dxi; ni = �xi; mi = Æxi; mi� = Æxi; (8.7)
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à òàêæå
Y 0 = Dx0 ;X0 = �x0; �0 = Æx0; �

0
= Æx0 ;

V = Dx1;U = �x1; ! = Æx1; ! = Æx1;

Y 2 = Dx2 ;X2 = �x2; �2 = Æx2; �
2
= Æx2 ;

Y 3 = Dx3 ;X3 = �x3; �3 = Æx3; �
3
= Æx3 :

(8.8)

Èç ðàâåíñòâà
@A _B = �A _B

iri (8.9)

è ñîîòíîøåíèé (8.5), (8.6) ñëåäóåò

D = liri; � = niri; Æ = miri; Æ = miri; (8.10)

èëè

D = V
@

@x1
+ Y � @

@x�
;

� = V
@

@x1
+X� @

@x�
;

Æ = w
@

@x1
+ ��

@

@x�
;

Æ = w
@

@x1
+ �

� @

@x�
; (8.11)

� = 0;2;3:

Èñïîëüçóÿ ýòè ñîîòíîøåíèÿ, çàïèøåì âåêòîðà, ñîñòàâëÿþùèå ìàòðèöó
(8.6), â âèäå

li = V Æi1 + Y �Æi�;

ni = UÆi1 +X�Æi�;

mi = !Æi1 + ��Æi�;

mi = !Æi1 + �
�
Æi�: (8.12)

Èç óñëîâèé îðòîãîíàëüíîñòè äëÿ ñèìâîëîâ Íüþìåíà�Ïåíðîóçà

�A
_B

i �j
A _B

= Æi
j; (8.13)

�A
_B

i �i
C _E

= ÆAC Æ
_B
_E

(8.14)

ñëåäóþò óñëîâèÿ îðòîãîíàëüíîñòè äëÿ âåêòîðîâ (8.12):

lil
i = mim

i = mim
i = nin

i = 0;

lin
i = �mim

i = 1;

lim
i = lim

i = nim
i = nim

i = 0; (8.15)

ïðè÷åì èç ôîðìóë

gij = "AC" _B _D
�A

_B
i �C

_D
j ; (8.16)
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"00 = "11 = 0; "01 = �1; "10 = 1

íàõîäèì
gij = linj + ljni �mimj �mjmi: (8.17)

Âåêòîðà, óäîâëåòâîðÿþùèå óñëîâèÿì îðòîãîíàëüíîñòè (8.15), ÿâëÿþòñÿ
íóëåâûìè âåêòîðàìè è â ôèçèêå îáû÷íî ñâÿçûâàþòñÿ ñ ðàñïðîñòðàíåíèåì
èçëó÷åíèÿ (ñ ìàòåðèåé, íå èìåþùåé ìàññû ïîêîÿ), êîãäà âîçíèêàþò ïîíÿòèÿ
âîëíîâûõ ôðîíòîâ, âîëí, ëó÷åé è ò.ä. Ïðè ýòîì â ïðîñòðàíñòâå ââîäÿòñÿ
ñåìåéñòâà íóëåâûõ ãèïåðïîâåðõíîñòåé u(xi) = const.

Âûáåðåì âåêòîð li îðòîãîíàëüíûì ê ýòèì ãèïåðïîâåðõíîñòÿì

li = u;i: (8.18)

Äàëåå âûáåðåì êîîðäèíàòû òàê, ÷òîáû [60]

x0 = u;

x1 = r; ãäå r � àôôèííûé ïàðàìåòð âäîëü íóëåâûõ
ãåîäåçè÷åñêèõ,

x2 ;

x3 ; ïðè÷åì x2;3 íóìåðóþò ëó÷è íà êàæäîé
ãèïåðïîâåðõíîñòè è ïîñòîÿííû âäîëü ëó÷åé.

(8.19)

Ïðè òàêîì âûáîðå êîîðäèíàò âåêòîðà li è li èìåþò ñëåäóþùèé âèä:

li = u;i = x0;i = Æ0i ; (8.20)

li =
dxi

dx1
=
dxi

dr
= Æ1

i; (8.21)

èëè
li = (0;1;0;0); li = (1;0;0;0): (8.22)

Èç óñëîâèé îðòîãîíàëüíîñòè

lin
i = 1; lim

i = 0

ñëåäóåò

ni = (1;U;X2;X3);

mi = (0; !; �2; �3); (8.23)

è ñîîòíîøåíèÿ (8.11) ïðèíèìàþò âèä

D = V
@

@x1
=

@

@r
;

� = U
@

@x1
+

@

@x0
+X� @

@x�
=

@

@u
+ U

@

@r
+X� @

@x�
;

Æ = !
@

@x1
+ ��

@

@x�
= !

@

@r
+ ��

@

@x�
;

Æ = !
@

@x1
+ �

� @

@x�
= !

@

@r
+ �

� @

@x�
; (8.24)
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� = 2;3:

Êðîìå òîãî, äëÿ âåêòîðîâ (8.12) ïîëó÷èì ñîîòíîøåíèÿ:

li = Æ1
i;

ni = Æ0
i + UÆi1 +X�Æi�;

mi = !Æ1
i + ��Æi�;

mi = !Æi1 + �
�
Æi� ; (8.25)

� = 2;3:

Ïîñêîëüêó
li = giklk = gikÆ0k = gio = Æi1;

òî ìåòðè÷åñêèé òåíçîð èìååò ñëåäóþùóþ ñòðóêòóðó [61]:

gik =

0
BB@

0 1 0 0

1 g11 g12 g13

0 g12 g22 g23

0 g13 g23 g33

1
CCA : (8.26)

Èñïîëüçóÿ ñîîòíîøåíèÿ (8.17) è (8.25), íàõîäèì

g22 = 2(U � !!);

g2� = X� � (��! + �
�
!); (8.27)

g
Æ = �(�
�
Æ
+ �



�Æ);


; Æ; � = 2;3:

Êàê âèäíî èç ïðåäûäóùèõ ðàññóæäåíèé, âûáðàííûå êîîðäèíàòû (8.19) è
ñïåöèàëèçàöèÿ ñèìâîëîâ Íüþìåíà�Ïåíðîóçà ñ ïîìîùüþ ñîîòíîøåíèÿ (8.18)
ïîçâîëèëè íàì îïðåäåëèòü çàâèñèìîñòü (8.27) è îáùèé âèä (8.26) ìåòðè÷å-
ñêîãî òåíçîðà gik ãåîìåòðèè A4.

8.2 Ñïåöèàëèçàöèÿ ñïèíîðíûõ êîìïîíåíò

êîýôôèöèåíòîâ âðàùåíèÿ Ðè÷÷è

Ñïèíîðíûå ñòðóêòóðíûå óðàâíåíèÿ Êàðòàíà (As) è (Bs) ãåîìåòðèè
A4 ìîæíî ðàññìàòðèâàòü êàê ìàòðèöó âîçìîæíûõ ãåîìåòðèé àáñîëþòíî-
ãî ïàðàëëåëèçìà, ðàçëè÷àþùèõñÿ êîíêðåòíûì íàáîðîì ñïèíîðíûõ ãåîìåò-
ðè÷åñêèõ õàðàêòåðèñòèê. Ïîýòîìó ïîä ðåøåíèåì ñïèíîðíûõ ñòðóêòóðíûõ
óðàâíåíèé (As) è (Bs) (â äàííîé ñèñòåìå êîîðäèíàò) ìû áóäåì ïîíèìàòü
íàáîð ïåðåìåííûõ, ñîñòîÿùèé â îáùåì ñëó÷àå èç:

à) 6 íåçàâèñèìûõ êîìïîíåíò ñèìâîëîâ Íüþìåíà�Ïåíðîóçà

�i
A _B

; (8.28)
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á) 24 íåçàâèñèìûõ ñïèíîðíûõ êîìïîíåíò êîýôôèöèåíòîâ âðàùåíèÿ Ðè÷-
÷è

T
A _B
; T+

_BA
; (8.29)

â) 20 íåçàâèñèìûõ ñïèíîðíûõ êîìïîíåíò òåíçîðà Ðèìàíà

RA _BC _D ; R+
_BA _DC

; (8.30)

ïðåâðàùàþùèõ óðàâíåíèÿ (As) è (Bs) â òîæäåñòâà ïîñëå ïîäñòàíîâêè èõ â
ýòè óðàâíåíèÿ.

Ïðè ïîèñêå òåõ èëè èíûõ ðåøåíèé ñòðóêòóðíûõ óðàâíåíèé (As) è (Bs)
ìû áóäåì ðóêîâîäñòâîâàòüñÿ óñëîâèÿìè ñèììåòðèè, à òàêæå ñîîáðàæåíè-
ÿìè ôèçè÷åñêîãî õàðàêòåðà, íàïðèìåð íàëàãàÿ íà òåíçîð Ðèìàíà óñëîâèÿ
ýéíøòåéíîâñêîãî âàêóóìà

Rij = 0; (8.31)

êîòîðîå â ìàòðèöàõ Êàðìåëè (7:103), (7:214) è (7:217) çàïèøåòñÿ êàê

RA _BC _D = CA _BC _D = 0:

Ðàññìîòðèì òåïåðü îãðàíè÷åíèÿ, êîòîðûå ìîæíî íàëîæèòü íà êîìïî-
íåíòû ìàòðèö (7:88), èñïîëüçóÿ ôèçè÷åñêèå ïðåäñòàâëåíèÿ. Äëÿ ýòîãî îáðà-
òèìñÿ ê ñîîòíîøåíèþ

rk�
i
C _D

=
�
(TA _B)

P
C�

i
P _D

+ �i
C _R

(T+
_BA
)
_R
_D

�
�A

_B
k (8.32)

èëè
(TA _B)

P
C�

i
P _D

+ �i
C _R

(T+
_BA
)
_R
_D
= rk�

i
C _D

�k
A _B
: (8.33)

Ñ ïîìîùüþ ñîîòíîøåíèé (8.6) è ìàòðèö (7:88) íàõîäèì èç (8.33)

(8.34)

lkrkl
i = ("+ ")li � �mi � �mi; (à)

nkrkl
i = (
 + 
)i � �mi � �mi; (á)

mkrk l
i = (�+ �)li � �mi � �mi; (â)

mkrk l
i = (�+ �)li � �mi � �mi ; (ã)

(8.35)

lkrkn
i = �(" + ")ni + �mi + �mi; (a)

nkrkn
i = �(
 + 
)ni + �mi + �mi; (b)

mkrkn
i = �(�+ �)ni + �mi + �mi; (c)

mkrkn
i = �(�+ �)ni+ �mi + �mi; (d)

(8.36)

lkrkm
i = ("� ")mi + �li � �ni; (a)
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nkrkm
i = (
 � 
)mi + �li � �ni; (b)

mkrkm
i = (� � �)mi + �li � �ni; (c)

mkrkm
i = (�� �)mi + �li � �ni; (d)

(8.37)

lkrkm
i = (" � ")mi + �li � �ni; (a)

nkrkm
i = (
 � 
)mi + �li � �ni; (á)

mkrkm
i = (�� �)mi + �li � �ni; (c)

mkrkm
i = (� � �)mi + �li � �ni: (d)

Îòñþäà, èñïîëüçóÿ óñëîâèÿ îðòîãîíàëüíîñòè (8.15), èìååì

� = rk lim
ilk ; � = rknim

ink ; � = rklim
imk ;

� = �rknim
imk ; � = rklim

imk ; � = �rknim
imk;

� = rklim
ink ; � = �rknim

ilk ;

� =
1

2
(rk lin

imk � rkmim
imk); (8.38)

� =
1

2
(rklin

imk � rkmim
imk);


 =
1

2
(rklin

ink � rkmim
ink);

" =
1

2
(rklin

ink �rkmim
ilk):

Ñ äðóãîé ñòîðîíû, ñîîòíîøåíèÿ (8.32) ìîæíî çàïèñàòü êàê

(8.39)

rk lj = (
 + 
)lklj�
��lkmj � �lkmj + (" + ")nklj � �nkmj�
��nkmj � (�+ �)mk lj + �mkmj+

+�mkmj � (�+ �)mklj+

+�mkmj + �mkmj;

(a)

rknj = �(
 + 
)lknj + �lkmj+
+�lkmj � ("+ ")nknj + �nkmj+

+�nkmj + (�+ �)mknj�
��mkmj � �mkmj + (�+ �)mknj�
��mkmj � �mkmj;

(b)

rkmj = (
 � 
)lkmj + �lk lj�
��lknj + (" � ")nkmj + �nk lj�
��nknj + (�� �)mkmj�
��mk lj + �mknj + (� � �)mkmj�
��mk lj + �mknj ;

(c)
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rkmj = (
 � 
)lkmj + �lklj � �lknj+
+(" � ")nkmj � �nk lj�
��nknj + (�� �)mkmj�
��mk lj + �mknj + (� � �)mkmj�
��mk lj + �mknj ;

(d)

Àëüòåðíèðóÿ ýòè ñîîòíîøåíèÿ ïî èíäåêñàì k è j, èìååì

(8.40)

r[klj] = �2<(")l[knj]� (� � �� �)l[kmj]� (a)

�(� � � � �)l[kmj] � �n[kmj] � �n[kmj] + 2i=(�)m[kmj];

r[knj] = �2<(
)l[knj] � (� � �� �)n[kmj]� (b)

�(� � � � �)n[kmj] + �l[kmj] � �l[kmj]+ 2i=(�)m[kmj];

r[kmj] = �(� + �)l[knj]+ (2i=(
) + �) l[kmj]+ (c)

+�l[kmj]+ (2i=(")� �)n[kmj] � �n[kmj] � (�� �)m[kmj];

r[kmj] = �(� + �)l[knj] + (�2i=(
) + �) l[kmj]+ (d)

+�l[kmj]+ (�2i=(") � �)n[kmj]� �n[kmj]� (�� �)m[kmj]:

Ñâåðòêà óðàâíåíèé (8.39) ïðèâîäèò ê ñëåäóþùèì ñîîòíîøåíèÿì:

(8.41)

rki
k = �(� + �) + " + "; (a)

rkn
k = �(
 + 
) + �+ �; (b)

rkm
k = �� + � � � + �; (c)

rkm
k = �� + � + � + �: (d)

Ñîîòíîøåíèÿ (8.34)�(8.41) îêàçûâàþòñÿ âåñüìà ïîëåçíûìè ïðè ñïåöèà-
ëèçàöèè ñïèíîðíûõ êîìïîíåíò êîýôôèöèåíòîâ âðàùåíèÿ Ðè÷÷è. Äåéñòâè-
òåëüíî, ïîòðåáóåì, íàïðèìåð, ÷òîáû èçîòðîïíûé âåêòîð li óäîâëåòâîðÿë
óðàâíåíèÿì ãåîäåçè÷åñêèõ ýéíøòåéíîâñêîé òåîðèè ãðàâèòàöèè

lkrk l
i = 0: (8.42)

Òîãäà èç ðàâåíñòâà (8.34à) ñëåäóåò

(" + ")li � �mi � �mi = 0: (8.43)

Î÷åâèäíî, ÷òî ñîîòíîøåíèå (8.43) âûïîëíÿåòñÿ, åñëè íà ñïèíîðíûå êîì-
ïîíåíòû òåíçîðà Ðè÷÷è íàêëàäûâàþòñÿ ñëåäóþùèå îãðàíè÷åíèÿ:

(" + ") = 0; � = � = 0: (8.44)
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Óñëîâèÿ ïàðàëëåëüíîãî ïåðåíîñà âåêòîðîâ mi, mi è ni â íàïðàâëåíèè lk

òåîðèè ãðàâèòàöèè Ýéíøòåéíà çàïèøóòñÿ êàê

lkrkm
i = 0; lkrkm

i = 0; lkrkn
i = 0:

Èç ðàâåíñòâ (8.35à), (8.36à) è (8.37à) ñëåäóåò, ÷òî ýòè ñîîòíîøåíèÿ âû-
ïîëíÿþòñÿ, åñëè

� = � = � = � = " = " = 0: (8.45)

Ñ èçîòðîïíûì âåêòîðîì li ñâÿçàíû òðè îïòè÷åñêèõ ïàðàìåòðà [30]:
à) ðàñòÿæåíèå

� = (�+ �)
1

2
= 0;5ril

i; (8.46)

á) âðàùåíèå

! = (�� �)(2)�1=2 =

�
1

2
r[kli]r

kli
�1=2

; (8.47)

â) ñäâèã

j�̂j = (j��j)1=2 =
�
1

2
r(k li)rk li � �2

�1=2

: (8.48)

Ïîñêîëüêó ìû âûáðàëè li ãðàäèåíòíûì âåêòîðîì (li = u;i), òî èç ñîîò-
íîøåíèÿ (8.47) ñëåäóåò, ÷òî

! = 0; � = �: (8.49)

Êðîìå òîãî, â ýòîì ñëó÷àå âûïîëíÿåòñÿ ñëåäóþùåå ðàâåíñòâî [53]:

� = �+ �: (8.50)

8.3 Ñïåöèàëèçàöèÿ ñïèíîðíûõ êîìïîíåíò

òåíçîðà Ðèìàíà

Äëÿ ïîèñêà êîíêðåòíûõ ðåøåíèé ñòðóêòóðíûõ óðàâíåíèé Êàðòàíà
ãåîìåòðèè A4, èìåþùèõ ôèçè÷åñêèé ñìûñë, ïîëåçíî âîñïîëüçîâàòüñÿ ïîë-
íîñòüþ ãåîìåòðèçèðîâàííûìè óðàâíåíèÿìè Ýéíøòåéíà

2�AB _C _D + �"AB" _C _D
= �TA _CB _D: (8.51)

Â ãë. 6 áûëî ïîêàçàíî, ÷òî

�A
_C
j�

B _D
m(2�AB _C _D + �"AB" _C _D

) = Rjm �
1

2
gjmR; (8.52)

�A
_C
j�

B _D
m�TA _CB _D = �Tjm; (8.53)

ãäå ãåîìåòðèçèðîâàííûé òåíçîð ýíåðãèè-èìïóëüñà ìàòåðèè Tjm îïðåäåëÿ-
åòñÿ ñîãëàñíî ñîîòíîøåíèþ (7:221). Ðàññìàòðèâàÿ ðàçëè÷íûå òèïû ãåîìåò-
ðèçèðîâàííûõ òåíçîðîâ (7:221), òàêèå, íàïðèìåð, êàê:
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à) òåíçîð ýíåðãèè-èìïóëüñà îäíîðîäíîãî ïðîñòðàíñòâà A4

T
(1)
jm = �~�gjm; ~� = const; (8.54)

á) âàêóóìíûé òåíçîð Ýéíøòåéíà

T
(2)
jm = 0; (8.55)

â) òåíçîð ýíåðãèè-èìïóëüñà èçîòðîïíîãî èçëó÷åíèÿ

T
(3)
jm = �lj lm; lili = 0 (8.56)

è ò.ä., ìû ïîëó÷àåì ðàçëè÷íûå îãðàíè÷åíèÿ íà ñïèíîðíûå êîìïîíåíòû ìà-
òðèöû RA _BC _D. Èç ñîîòíîøåíèé (8.51)�(8.53) äëÿ òåíçîðîâ òèïà (8.54) ïî-
ëó÷àåì ñëåäóþùèå îãðàíè÷åíèÿ íà êîìïîíåíòû ìàòðèö (7.103):

�00 = �22 = �02 = �20 = �11 = �01 = �10 = �12 = �21 = 0;

	0 6= 0; 	1 6= 0; 	2 6= 0; 	3 6= 0; 	4 6= 0; (8.57)

~� =
R

4
= 6�: (8.58)

Îäíîâðåìåííî óñëîâèå (8.54) ÷åðåç ñîîòíîøåíèå (7:221) íàêëàäûâàåò
îãðàíè÷åíèÿ íà êîìïîíåíòû ìàòðèö (7:88).

Â ñëó÷àå ýéíøòåéíîâñêîãî âàêóóìà óñëîâèå (8.55) íåîáõîäèìî ðàññìà-
òðèâàòü êàê óðàâíåíèÿ, íàêëàäûâàåìûå íà êîìïîíåíòû ìàòðèö (7:88). Ïðè
ýòîì â äîïîëíåíèå ê ðàâåíñòâàì (8.57) ìû ïîëó÷àåì ñîîòíîøåíèå

� = 0: (8.59)

Äëÿ òåíçîðîâ òèïà (8.56) èìååì

�00 = �02 = �20 = �11 = �01 = �10 = �12 = �21 = � = 0;

� = �22 =
��

2
; (8.60)

	0 6= 0; 	1 6= 0; 	2 6= 0; 	3 6= 0; 	4 6= 0:

×òîáû ïîíÿòü ôèçè÷åñêîå çíà÷åíèå êàæäîé èç ñïèíîðíûõ êîìïîíåíò
òåíçîðà Âåéëÿ	0 ,	1 ,	2, 	3 è 	4, ðàññìîòðèì ýòè ïÿòü ñëó÷àåâ (îñòàëüíûå
êîìïîíåíòû ðàâíû íóëþ). Â êàæäîì èç íèõ èìåþòñÿ ñëåäóþùèå àëãåáðàè-
÷åñêèå ñâîéñòâà äëÿ êîìïîíåíò òåíçîðà Âåéëÿ ïî êëàññèôèêàöèè Ïåòðîâà
ñ ñîîòâåòñòâóþùèì âåêòîðîì ðàñïðîñòðàíåíèÿ (ni èëè li):

à) òèï N (èëè {4}) [62, 63] � ni;
á) òèï III (èëè {31}) � ni;
â) òèï D (èëè {22}) � li è ni;
ã) òèï III (èëè {31}) � li;
ä) òèï N (èëè {4}) � li.
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Ïîä âåêòîðîì ðàñïðîñòðàíåíèÿ ïîäðàçóìåâàåòñÿ ãëàâíîå ñâåòîâîå íà-
ïðàâëåíèå [30]. Åñëè â ïðîñòðàíñòâå A4 âûïîëíÿåòñÿ óñëîâèå ýéíøòåéíîâ-
ñêîãî âàêóóìà Rjm = 0 è âåêòîð li óäîâëåòâîðÿåò óðàâíåíèþ

l[iRj]km[nls]l
k lm = 0; (8.61)

òî âåêòîð li ñîîòâåòñòâóåò îäíîìó èç ÷åòûðåõ ãëàâíûõ ñâåòîâûõ íàïðàâëå-
íèé òåíçîðà Ðèìàíà; ïðè ýòîì âûïîëíÿåòñÿ óñëîâèå

	0 = 0: (8.62)

Åñëè äâà èëè áîëåå ãëàâíûõ ñâåòîâûõ íàïðàâëåíèÿ ñîâïàäàþò ñ âåêòî-
ðîì ðàñïðîñòðàíåíèÿ li, òî âûïîëíÿåòñÿ ñîîòíîøåíèå

Rijk[mln]l
j lk = 0; (8.63)

èëè
	0 = 	1 = 0: (8.64)

Ñîãëàñíî òåîðåìå Ãîëüäáåðãà�Ñàêñà [64], èç óñëîâèÿ (8.64) ñëåäóåò

� = � = 0: (8.65)

Ïðîñòîå äîêàçàòåëüñòâî ýòîé òåîðåìû äàíî â ðàáîòå [30] ñ èñïîëüçîâà-

íèåì âòîðûõ òîæäåñòâ Áàíêè (Ds+).
Àíàëîãè÷íî ìîæíî ïîêàçàòü, ÷òî èç óñëîâèÿ [53]

	3 = 	4 = 0 (8.66)

ñëåäóåò
� = � = 0: (8.67)

8.4 Êîíñòðóèðîâàíèå àñèìïòîòè÷åñêîãî

ïîâåäåíèÿ ãåîìåòðèè îñòðîâíîãî òèïà

Ãåîìåòðèþ A4 áóäåì íàçûâàòü ãåîìåòðèåé îñòðîâíîãî òèïà, åñëè íà
áåñêîíå÷íîñòè åå îñíîâíûå õàðàêòåðèñòèêè (ìåòðèêà, ñâÿçíîñòü, êðèâèçíà)
ñîâïàäàþò ñ õàðàêòåðèñòèêàìè ïëîñêîãî ïðîñòðàíñòâà.

Áóäåì ïðåäïîëàãàòü òàêæå, ÷òî âûïîëíÿåòñÿ óñëîâèå ýéíøòåéíîâñêîãî
âàêóóìà (8.31) è ñîîòíîøåíèÿ (8.45), (8.49), (8.50). Ïðè ýòèõ ïðåäïîëîæå-

íèÿõ ñòðóêòóðíûå óðàâíåíèÿ Êàðòàíà ãåîìåòðèè A4 (As), (Bs+) è âòîðûå

òîæäåñòâà Áèàíêè (Ds+) óäîáíî ðàçáèòü íà òðè ãðóïïû óðàâíåíèé.
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8.4.1 Ðàäèàëüíûå óðàâíåíèÿ, ñîäåðæàùèå ïðîèçâîäíûå

ïî r

(8.68)

D�� = ��� + ��
�
; (a)

D! = �! + �! � (�+ �); (b)

DX� = (�+ �)�
�
+ (�+ �)�

�
; (c)

DU = (�+ �)! + (�+ �)! � (
 + 
); (d)

(8.69)

D� = �2 + ��; (a)

D� = 2�� + 	0; (b)

D� = �� + �� + 	1; (c)

D� = ��+ ��; (d)

D� = �� + �� + 	1 ; (e)

D
 = ��+ �� + 	2; (f)

D� = �� + ��; (g)

D� = �� + �� + 	2; (h)

D� = ��+ ��+ 	3 ; (i)

(8.70)

D	1 � Æ	0 = 4�	1 � 4�	0 ; (a)

D	2 � Æ	 = 3�	2 � 2�	1 � �	0; (b)

D	3 � Æ	2 = 2�	3 � 2�	1 ; (c)

D	4 � Æ	3 = �	4 + 2�	3 � 3�	2: (d)

8.4.2 Íåðàäèàëüíûå óðàâíåíèÿ

(8.71)

ÆX� ���� = (�+ 
 � 
)�
�
+ ���; (a)

Æ�
�
� Æ�� = (� � �)�� + (�� �)�

�
; (b)

Æ! � Æ! = (� � �)! + (�� �)! + (� � �); (c)

ÆU ��! = (�+ 
 � 
)! + �! � �; (d)
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(8.72)

��� Æ� = 2�� + (
 � 3
 � �� �)�� 	4; (a)

Æ� � Æ� = (� + �)�+ (� � 3�)� � 	1; (b)

Æ�� Æ� = �� � �� � 2�� + ��+ �� � 	2; (c)

Æ�� Æ� = (�+ �)�+ (�� 3�)�� 	3 ; (d)

Æ� ��� = �
 + 
�+ �2 � 2�� + ��; (e)

Æ
 ��� = ��+ (� � 
 + 
)� � �� + ��; (f)

Æ� ��� = 2�� + (
 + �� 3
)� + ��; (g)

�� � Æ� = (
 + 
 � �)�� 2�� � �� �	2 ; (h)

��� Æ
 = (
 � 
 � �)�+ �� � ��� �� � 	3: (i)

8.4.3 U-ïðîèçâîäíûå óðàâíåíèÿ

(8.73)

�	0 � Æ	1 = (4
 � �)	0 � (4� + 2�)	1 + 3�	2; (a)
�	1 � Æ	2 = �	0 + (2
 � 2�)	1 + 2�	3 � 3�	2 ; (b)

�	2 � Æ	3 = 2�	1 � 3�	2 + (�2� + 2�)	3 + �	4; (c)

�	3 � Æ	4 = 3�	2 � (2
 + 4�)	3 + (�� + 4�)	4 : (d)

Ïðåäïîëîæèì òåïåðü, ÷òî ñòðóêòóðíûå óðàâíåíèÿ Êàðòàíà ãåîìåòðèè
A4 îïèñûâàþò îñòðîâíóþ èçëó÷àþùóþñèñòåìó, ïðè ýòîì âåëè÷èíà 	0 âåäåò
ñåáÿ íà àñèìïòîòèêå ïî êîîðäèíàòå r êàê

	0 = o(r�5); (8.74)

ïðè÷åì
D	0 = o(r�6): (8.75)

Óñëîâèå (8.74) âûáðàíî èç ÷èñòî ôèçè÷åñêèõ ñîîáðàæåíèé òàêèì îáðà-
çîì, ÷òîáû âûïîëíÿëîñü ñîîòâåòñòâèå àñèìïòîòèêå êâàäðóïîëüíîãî èçëó÷å-
íèÿ â ëèíåéíîì ïðèáëèæåíèè òåîðèè ãðàâèòàöèè Ýéíøòåéíà. Ïîíÿòíî, ÷òî
ìû ìîãëè áû çàäàòü äðóãîé òèï àñèìïòîòèêè è ïîëó÷èòü äðóãèå àñèìïòî-
òè÷åñêèå ñâîéñòâà îñòðîâíîé ãåîìåòðèè A4. Â ýòîì è ñîñòîèò ñìûñë âûðà-
æåíèÿ ¾êîíñòðóèðîâàíèå ãåîìåòðèè¿.

Ïóñòü òåïåðü îäíîðîäíûå âîçìóùåíèÿ ïî êîîðäèíàòàì x2 è x3 íå ìåíÿþò
õàðàêòåðà àñèìïòîòèêè (8.74) è (8.75), ò.å.

d�	0 = o(r�5); : : : ; d�d�d
dÆ	0 = o(r�5);

d�D	0 = o(r�6); : : : ; d�d�d
dÆD	0 = o(r�6);
(8.76)

ãäå

d� =
@

@X�
; �; �; 
 : : := 2;3:

Èñïîëüçóÿ ñîîòíîøåíèÿ (8.74)�(8.76), ìîæíî îïðåäåëèòü àñèìïòîòè÷å-
ñêîå ïîâåäåíèå âñåõ äðóãèõ ñïèíîðíûõ âåëè÷èí, âõîäÿùèõ â óðàâíåíèÿ
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(8.68)�(8.73).Íàïðèìåð, ïîêàæåì, êàê îïðåäåëÿþòñÿ àñèìïòîòè÷åñêèå ñâîé-
ñòâà âåëè÷èí � è �. Ââåäåì ìàòðèöû [30]

P =

�
� �

� �

�
; Q =

�
0 	0

	0 0

�
:

Òîãäà óðàâíåíèÿ (8.69à), (8.69á) è êîìïëåêñíî ñîïðÿæåííûå óðàâíåíèÿ

D� = �2 + ��; D� = �2 + ��;

D� = 2�� + 	0; D� = 2�� + 	0
(8.77)

çàïèøóòñÿ êàê
DP = P 2+ Q: (8.78)

Ýòî óðàâíåíèå èìååò ðåøåíèå â âèäå

P = �(DY )�1; (8.79)

ãäå

Y =

�
y1 y2
y1 y2

�
(8.80)

åñòü íåñèíãóëÿðíîå ðåøåíèå (äëÿ äàííîãî P ) óðàâíåíèÿ

DY = �PY: (8.81)

Èç ñîîòíîøåíèé (8.79) è (8.81) âèäíî, ÷òî ìàòðèöà (8.80) óäîâëåòâîðÿåò
óðàâíåíèþ

D2Y = �QY: (8.82)

Àñèìïòîòè÷åñêîå ïîâåäåíèå ðåøåíèé óðàâíåíèÿ (8.82) â òîì ñëó÷àå, åñëèZ
rj	0jdr = o(1);

èìååò âèä [30]
DY = F + o(1); (8.83)

Y = rF + o(r); (8.84)

ãäå F � ïîñòîÿííàÿ ìàòðèöà. Ïîñêîëüêó â íàøåì ñëó÷àå Q = o(r�5), òî èç
ñîîòíîøåíèé (8.82) è (8.84) ìû ïîëó÷èì

D2Y = �rQF + o(r�4) = o(r4): (8.85)

Èíòåãðèðóÿ ýòî ñîîòíîøåíèå äâàæäû, èìååì

DY = F + o(r�3); (8.86)

Y = rF + E + o(r�2); (8.87)
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ãäå E � ïîñòîÿííàÿ ìàòðèöà. Ðåøåíèå (8.79) òåïåðü ìîæåò áûòü çàïèñàíî â
âèäå

P = �r�1I + r�2EF�1 + o(r�3): (8.88)

Çäåñü E � íåñèíãóëÿðíàÿ ìàòðèöà, à I � åäèíè÷íàÿ. Åñëè F = 0, òî èç
ñîîòíîøåíèÿ (8.88) ìû èìååì

� = �r�1 + o(r�2); � = o(r�2): (8.89)

Èñïîëüçóÿ äðóãèå óðàâíåíèÿ ñèñòåìû (8.68)�(8.73) è äåéñòâóÿ ïîäîáíûì
îáðàçîì, ìîæíî íàéòè ñëåäóþùèå àñèìïòîòè÷åñêèå ñâîéñòâà äëÿ âåëè÷èí,
âõîäÿùèõ â ýòè óðàâíåíèÿ [30]:

�� = o(r�1); �; �; �; �; � = o(r�1);

X�; ! = o(1); �; 
 = o(1);

U = o(r); 	1 = o(r�4);

(8.90)

	2 = o(r�3); 	3 = o(r�2); 	4 = o(r�1):

Äàëüíåéøåå óòî÷íåíèå àñèìïòîòè÷åñêèõ ñâîéñòâ âåëè÷èí (8.89) è (8.90)
ïðîèçâîäèòñÿ òàê [60]. Çàïèøåì ñîîòíîøåíèÿ (8.89) â âèäå

� = �r�1 + g(r);

� = h(r);
(8.91)

ãäå g;h = o(r�2).
Ïîäñòàâëÿÿ ñîîòíîøåíèÿ (8.91) â óðàâíåíèÿ (8.69à) è (8.69á), èìååì

Dg + 2r�1g = g2+ hh = o(r�4);

Dh + 2r�1h = 2gh+ 	0 = o(r�4):
(8.92)

Ðåøåíèå ýòèõ óðàâíåíèé áóäåì èñêàòü ñïåðâà ñ òî÷íîñòüþ äî ÷ëåíîâ
ïîðÿäêà o(r�3). Èíòåãðèðóÿ óðàâíåíèÿ, èìååì äëÿ g(r) [60]

g = e�
R

2dr=r
nR

e

R
2dr=ro(r�4)dr + �0

o
=

= r�2
�R

o(r�4)dr + �0
	
= �0r�2 + o(r�3)

(8.93)

è ïîäîáíîå æå ðåøåíèå äëÿ h(r). Â ðàâåíñòâå (8.93) èíäåêñ 0 ó êîíñòàíòû
èíòåãðèðîâàíèÿ � îçíà÷àåò íåçàâèñèìîñòü åå îò r. Ñëåäîâàòåëüíî,

� = �r�1 + �0r�2 + o(r�3); �0 = �0(u; x�);

� = �0r�2 + o(r�3); �0 = �0(u; x�);
(8.94)

� = 2;3:

Ñ ïîìîùüþ êîîðäèíàòíûõ ïðåîáðàçîâàíèé r0 = r � r0(u; x�) ÷ëåí �0=r02

ìîæåò áûòü èñêëþ÷åí, ïîýòîìó

� = �r�1 + o(r�3);
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� = �0r�2 + o(r�3):

Ñíîâà ïîëàãàÿ

� = �r�1 + g(r); � = �0r�2 + h(r);

ãäå
g(r);h(r) = o(r�3); (8.95)

è ãðóïïèðóÿ âñå ÷ëåíû â óðàâíåíèÿõ (8.69à) è (8.69á) âïëîòü äî âåëè÷èí
ïîðÿäêà o(r�5), èìååì

Dg+ 2r�1g = o(r�4) = �0�0r�4 + o(r�5);

Dh + 2r�1h = o(r�5):
(8.96)

Èíòåãðèðóÿ óðàâíåíèÿ (8.95), íàõîäèì

g = r�2

�Z
(�0�0r�4 + o(r�5))r2dr + C1

�
;

h = r�2

�Z
r2o(r�5) + C2

�
;

èëè
g = C1r

�2 � �0�0r�3 + o(r�4);

h = C2r
�2 + o(r�4):

Èç óñëîâèé (8.95) ñëåäóåò

C1 = C2 = 0;

ïîýòîìó
� = �r�1 � �0�0r�3 + o(r�4);

� = �0r�2 + o(r�4):
(8.97)

Ïîâòîðÿÿ ýòó ïðîöåäóðó, ìîæíî íàéòè

� = �r�1 � �0�0r�3 + o(r�5);

� = �0r�2 + (�0�0 � 0;5	0
0)r

�4 + o(r�5):
(8.98)

Ýòèì æå ìåòîäîì ìîæåò áûòü îïðåäåëåíà àñèìïòîòè÷åñêàÿ çàâèñèìîñòü
îò r âñåõ äðóãèõ ïåðåìåííûõ. Ïðèâåäåì ðåçóëüòàòû âû÷èñëåíèé, ïîëó÷åí-
íûå â ðàáîòå [60]:

à) äëÿ ñïèíîðíûõ êîìïîíåíò òåíçîðà Ðèìàíà

(8.99)

	0 = 	0
0r
�5 + o(r�6); (à)

	1 = 	0
1r
�4 + (4�0	0

0 � �
0�
	0

0;�)r
�5 + o(r�6); (á)

	2 = 	0
2r
�3 + (2�0	0

1 � �
0�
	0

1;�)r
�4 + o(r�5); (â)
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	3 = 	0
3r
�2 � �

0�
	0

2;�r
�3 + o(r�4); (ã)

	4 = 	0
4r
�3 + (2�0	0

3 + �
0�
	0

3;�)r
�2 + o(r�3); (ä)

� = 2;3;

á) äëÿ ñïèíîðíûõ êîìïîíåíò êîýôôèöèåíòîâ âðàùåíèÿ Ðè÷÷è

(8.100)

� = �r�1 � �0�0r�3 + o(r�5); (à)

� = �0r�2 + (�0�0 � 0;5	0
0)r

�4 + o(r�5); (á)

� = �0r�1 + �0�0r�2 + �0�0r�3�0 + o(r�4); (â)

� = ��0r�1 + �0�0r�2 � (�0�0�0 + 0;5	0
1)r

�3 + o(r�4); (ã)

� = �0;5r�3	0
1 +

1

6
r�4(2�

0�
	0

0;� � 8�0	0
0 + �0	

0

1) + o(r�5); (ä)

� = �0r�1 � �0�0r2 + (0;5	0
1 + �0�0�0)r�3 + o(r�4); (å)

� = �0r�1 � (�0�0 + 	0
2)r

�2 + (�0�0�0 � �0	0
1+

+0;5�
0�
	0

1;�)r
�3 + o(r�4); (æ)


 = 
0 � 0;5	0
2r
�2 + (

1

3
�
0

1;� �
1

6
�0	0

1 � 0;5�0	0
1) + o(r�4); (ç)

� = �0 � 	0
3r
�1 + 0;5�

0�
	0

2;�r
�2 + o(r�3); (è)

� = 2;3;

â) äëÿ êîìïîíåíò ñèìâîëîâ Íüþìåíà�Ïåíðîóçà

(8.101)

U = �(
0 + 
0)r + U0 � 0;5(	0
2 + 	

0

2)r
�1 +

1

6
r�2(�

0�
	0

1;�+

+�0�	
0

1;�)� 2(�0	0
1 + �0

1) + o(r�4); (à)

X� =
1

6
r�3(	0

1�
0�

+	
0

1�
0�) + o(r�4); (á)

�� = ��0r�1 � �0�
0�
r�2 + �0�0��0r�3 + o(r�4); (â)

! = !0r�1 � r�2(�0!0 + 0;5	0
1) + o(r�3); (ã)

� = 2;3:

Äëÿ óïðîùåíèÿ îñòàâøèõñÿ âû÷èñëåíèé èñïîëüçóþòñÿ ñëåäóþùèå êîîð-
äèíàòíûå ïðåîáðàçîâàíèÿ:

r0 = r + R(0;2;3) òðàíñëÿöèÿ íà÷àëà r;

u0 = u; x�
0

= x� ; � = 2;3;
(8.102)
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r0 = r= _
; u0 = 
(u); ïåðåîáîçíà÷åíèå

x�
0

= x� ãèïåðïîâåðõíîñòåé;
(8.103)

r0 = r; u0 = u; ïåðåîáîçíà÷åíèå

x�
0

= x�(0;2;3) ãåîäåçè÷åñêèõ:
(8.104)

Èç óðàâíåíèé (8.27à) è (8.27á) èìååì

g�� = �(���
�
+ �

�
��) = �(�0��

0�
+ �

0�
�0�)r�2 + : : : ;

�; � = 2;3: (8.105)

Ñ ïîìîùüþ êîîðäèíàòíûõ ïðåîáðàçîâàíèé (8.102)�(8.104) ìåòðèêà (8.105)
ìîæåò áûòü ñâåäåíà ê êîíôîðìíî-ïëîñêîé ìåòðèêå [33, 65], ïðè ýòîì ñ òî÷-
íîñòüþ äî ÷ëåíîâ ïîðÿäêà o(r�3) âûïîëíÿþòñÿ ðàâåíñòâà

g22 = g33; g23 = g32 = 0: (8.106)

Ïîñêîëüêó

g22 = �2�02�
02
r�2 + o(r�3);

g23 = �(�02�
03

+ �
02
�03)r�2 + o(r�3);

g33 = �2�03�03r�2 + o(r�3);

òî èç óñëîâèé (8.106) ñëåäóåò

�02 = �i�03 = P (u; x�): (8.107)

Îñòàâøèåñÿ êîîðäèíàòíûå ïðåîáðàçîâàíèÿ äëÿ ïåðåìåííûõ x2 è x3 èìå-
þò âèä [33]

x2
0

+ ix3
0

= f(x2 + ix3 ; u): (8.108)

Ñëåäóþùèé øàã ñîñòîèò â ðåøåíèè ñèñòåìû íåðàäèàëüíûõ óðàâíåíèé
(8.71)�(8.72) è èìååò ñâîåé öåëüþ âûðàçèòü ¾êîíñòàíòû¿ èíòåãðèðîâàíèÿ,
ïîëó÷åííûå ïðè ðåøåíèè ðàäèàëüíûõ óðàâíåíèé, âñåãî ëèøü ÷åðåç äâå
ôóíêöèè �0 è P .

Â êà÷åñòâå ïðèìåðà ðàññìîòðèì íåðàäèàëüíîå óðàâíåíèå (8.72ç)

��� Æ� = (
 + 
 � �)�� 2�� � �� � 	2 :

Ó÷èòûâàÿ îïðåäåëåíèÿ (8.24) äëÿ ñïèíîðíûõ ïðîèçâîäíûõ, çàïèøåì ýòî
óðàâíåíèå â âèäå

�;0 + U�;1 +X��;� � !�;1�

��
�
�;� � (
 + 
 � �)�+
+2�� + �� + 	2 = 0: (8.109)
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Ïîäñòàâëÿÿ ñþäà íåîáõîäèìûå âûðàæåíèÿ èç ðåøåíèé (8.99)�(8.101) è
ïðîèçâåäÿ äèôôåðåíöèðîâàíèå ïî r, ïðèðàâíÿåì êîýôôèöèåíòû ïðè ðàç-
íûõ ñòåïåíÿõ 1=r ê íóëþ1. Â ðåçóëüòàòå èç óðàâíåíèÿ (8.101) ïîëó÷èì çíà-
÷åíèÿ êîýôôèöèåíòîâ:

1) ïåðåä 1=r òîæäåñòâåííî ðàâåí íóëþ;
2) ïåðåä 1=r2 ðàâåí (U0 � �0), îòêóäà

U0 = �0;

3) ïåðåä 1=r3 èìååì

(�0�0);0 + 2�0�0(
0 + 
0)� (�0�0 + �0�
0
) = 0;

ïðè÷åì ýòî ñîîòíîøåíèå îïðåäåëÿåò 
0 è �0, åñëè îñòàëüíûå èçâåñòíû;
4) ïåðåä 1=r4 òîæäåñòâåííî ðàâåí íóëþ.
Ââåäåì îáîçíà÷åíèå

r =
@

@x2
+ i

@

@x3
; (8.110)

òîãäà îêîí÷àòåëüíûå âûðàæåíèÿ äëÿ ¾êîíñòàíò¿ �0; 
0; �0; : : : ÷åðåç äâå
îñíîâíûå ôóíêöèè P è � ïðèìóò âèä:

1Íàïðèìåð, åñëè äàíî àñèìïòîòè÷åñêîå âûðàæåíèå Ar�1+Br�2+Cr�3++o(r�4) = 0

(A;B;C íå çàâèñÿò îò r), òî, óìíîæàÿ ýòî âûðàæåíèå íà r è ïîëàãàÿ r ! 1, ïîëó÷èì
A = 0. Äàëåå, óìíîæàÿ íà r2 è óñòðåìëÿÿ r!1, ïîëó÷èì B = 0 è ò.ä.
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(8.111)


0 = �0;5(lnP);0; (a)

�0 = 0;5Pr(lnP );0; (b)

�0 = �0;5Pr(lnPP);0; (c)

!0 = P
�
r�0 � 2�0r(lnP )

�
; (d)

�0 = �0
h
ln(�0P 1=2P

�3=2
)
i
;0
; (e)

�0 = U0 = �0;5PPrr ln(PP); (f)

	0
2 � 	0

2 = (Pr!0 + 2�0!0 + �0�
0
)� (Pr!0 + 2�0!0 + �0�0); (g)

	0
3 = Pr�0 � Pr�0 + 4�0�

0
; (h)

	0
4 = Pr�0 + 2�0�0 � �0;0� 4
0�0: (i)

Ôóíêöèè 	0
2 + 	0

2, 	
0
0 è 	0

1 âìåñòå ñ �0 è P ÿâëÿþòñÿ áàçîâûìè äëÿ
ñèñòåì îñòðîâíîãî òèïà.

Ðàñïðîñòðàíåíèå ôóíêöèé 	0
2 ;	

0
0 è 	0

1 â u-íàïðàâëåíèè îïðåäåëÿåòñÿ
ãðóïïîé óðàâíåíèé (8.73). Íàïðèìåð, óðàâíåíèå (8.73à) ñ òî÷íîñòüþ äî ÷ëå-
íîâ ïîðÿäêà o(r�6) ïðèíèìàåò âèä

	0
0;0r

�5 + 5(
0 + 
0)	0
0r
�5 �

�Pr	0
1r
�5 � 
0	0

0r
�5 �

�2�0	0
1r
�5 � 3�0	0

2r
�5 + o(r�6) = 0;

îòêóäà

	0
0;0 + 5(
0 + 
0)	0

0 �

�Pr	0
1 � 4
0	0

0 �
�2�0	0

1 � 3�0	0
2 = 0: (8.112)

Ñëåäóþùèå äâà óðàâíåíèÿ ãðóïïû (8.73)�(8.73 á,â) äàþò

	0
1;0 + 2(
0 + 2
0)	0

1 � Pr	
0
2 � 2�0	0

3 = 0; (8.113)

	0
2;0 + 3(
0 + 
0)	0

2 � Pr	
0
3 � 2�0	0

3 � 2�0	0
4 = 0: (8.114)

Ïîñëåäíåå óðàâíåíèå ãðóïïû (8.73) óäîâëåòâîðÿåòñÿ òîæäåñòâåííî. Ôóíê-
öèþ P ìîæíî âûáðàòü òàê, ÷òîáû

P;0 = 0;

ò.å.
P = P (x2; x3); � = 2;3: (8.115)

Ïðè ýòîì óñëîâèè óðàâíåíèÿ (8.111) çíà÷èòåëüíî óïðîùàþòñÿ, ïðèíèìàÿ
âèä


0 = 0; �0 = 0;5rP; � = 0;
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!0 = P 3r(�0=P 2); �0 = �0;0;

�0 = �P 2rr lnP ; (8.116)

(	0
2 � 	0

2) =

= P 2
�
r(!0=P )� r(!0=P )

�
+

+�0�0;0 � �
0�0;0;

	0
3 = �Pr(P 2rr lnP )�

�P 3(�0;0=P
2);

	0
4 = ��0;00: (8.117)

Óðàâíåíèÿ ãðóïïû (8.73) ïîñëå ïðåîáðàçîâàíèé çàïèøóòñÿ êàê

	0
0;0 � r(P	0

1)� 3�0	0
2 = 0;

	0
1;0 � Pr	0

1 � 2�0	0
3 = 0;

	0
2;0 � P 2r(	0

3=P )�
��0�0;00 = 0:

(8.118)

Òåïåðü ìû ìîæåì çàïèñàòü îêîí÷àòåëüíûé âèä ðèìàíîâîé ìåòðèêè ñè-
ñòåìû îñòðîâíîãî òèïà:

gik =

0
BB@

0 1 0 0

1 g11 g12 g13

0 g12 g22 g23

0 g13 g23 g33

1
CCA ; (8.119)

ãäå

g11 = �2P 2

�
@2

@x22
+

@2

@x32

�
lnP � (	0

2 + 	0
2)r

�1 +

+
1

3
P 2

"
r

(
	

0

1

P

)
+r

�
	0

1

P

�
�

� 6P 4r
�
�0

P 2

�
r
�
�0

P 2

��
r�2 + o(r�3);

g12 = �r�2<(f) + r�3<(h) + o(r�4);

g13 = �r�2=(f) + r�3=(h) + o(r�4);

P = P (x2; x3);

f = 2P 4r(�0=P 2);

h = 4P
�
1
3
	0

1 + P 3�0r(�0=P 2)
�
;

(8.120)

g22 = �2P 2r�2 + 2P (�0+ �0)r�3 �
�6�0�0P 2r�4 + o(r�5);

g23 = �2iP 2(�0 � �0)r�3 + o(r�5);

g33 = �2P 2r�2 � 2P (�0+ �0)r�3 �
�6�0�0P 2r�4 + o(r�5):
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Â ìàòðèöå (8.119) êîìïîíåíòà g11 ìîæåò áûòü ðàññ÷èòàíà ñ òî÷íîñòüþ
äî ÷ëåíîâ ïîðÿäêà o(r�4), à ÷ëåíû g�� (�;� = 2;3) ñ òî÷íîñòüþ äî o(r�5).

Åñëè òåïåðü çàäàòü íà÷àëüíûå çíà÷åíèÿ 	0
2 + 	0

2 , 	
0
0, 	

0
1 , �

0 è P íà
áåñêîíå÷íîñòè, òî ïðîáëåìà ñ íèìè áóäåò ïîëíîñòüþ ðåøåíà.

Íóëåâàÿ ïîâåðõíîñòü íà÷àëüíûõ çíà÷åíèé u0 îïðåäåëÿåòñÿ óñëîâèåì

	0
0 = lim

r!1
(	0r

5) <1:

Íà÷àëüíîå çíà÷åíèå �0 îïðåäåëåíî íà ìèðîâîé òðóáêå íà ïðîñòðàíñòâåí-
íîé áåñêîíå÷íîñòè. Íà ýòîé òðóáêå âûáèðàåòñÿ

�0 = lim
r!1

(�r2)

êàê íåçàâèñèìàÿ ôóíêöèÿ ïåðåìåííûõ u, x2 è x3. Îñòàëüíûå íà÷àëüíûå
äàííûå âçÿòû íà äâóìåðíîé ïîâåðõíîñòè íà áåñêîíå÷íîñòè, îïðåäåëÿåìîé
ïåðåñå÷åíèåì íóëåâîé ïîâåðõíîñòè u0 è ìèðîâîé òðóáêè. Íà ýòîé äâóìåðíîé
ïîâåðõíîñòè çàäàþòñÿ

	0
1 = lim

r!1
(	1r

4); 	0
2 + 	0

2 = lim
r!1

r3(	2 + 	2)

è

P 2Æ�� = lim
r!1

(g��r2)

êàê ôóíêöèè x2 è x3.

8.5 Êëàññèôèêàöèÿ ðåøåíèé ñòðóêòóðíûõ

óðàâíåíèé Êàðòàíà ãåîìåòðèè A4 ïî

ãðóïïàì èçîìåòðèé

Â ãë. 6 áûëî ïîêàçàíî, ÷òî ñòðóêòóðíûå óðàâíåíèÿ Êàðòàíà ãåîìåòðèè
A4 ìîæíî ðàññìàòðèâàòü êàê êàëèáðîâî÷íûå óðàâíåíèÿ ñ êàëèáðîâî÷íûìè
ãðóïïàìè T4 è O(3:1). Çíàíèå ýòîãî ôàêòà íåäîñòàòî÷íî äëÿ òîãî, ÷òîáû
èìåòü âîçìîæíîñòü îòëè÷àòü äðóã îò äðóãà ðàçëè÷íûå êîíêðåòíûå ðåøåíèÿ
ñòðóêòóðíûõ óðàâíåíèé Êàðòàíà ïî ãðóïïîâûì ñâîéñòâàì. Ýòî ïîçâîëÿåò
òåõíèêà âëîæåíèÿ ãåîìåòðèé A4 â ïëîñêîå ïðîñòðàíñòâî Ep áîëüøåãî ÷èñëà
èçìåðåíèé (p > 4).

Cäåëàåì ñëåäóþùèå ïðåäïîëîæåíèÿ:

1) áóäåì ðàññìàòðèâàòü ïðîñòðàíñòâî A4 êàê íåïðåðûâíóþ äåôîðìàöèþ
ïðîñòðàíñòâà Ìèíêîâñêîãî E4(3.I);

2) äîïóñòèì, ÷òî ó A4 ñóùåñòâóåò ìèíèìàëüíîå ïëîñêîå ïðîñòðàíñòâî
âëîæåíèÿ Ep(r; s) ðàçìåðíîñòè p = r + s, ãäå ñèãíàòóðà r + s îçíà÷àåò r ïî-
ëîæèòåëüíûõ è s îòðèöàòåëüíûõ äèàãîíàëüíûõ ýëåìåíòîâ ó ìåòðè÷åñêîãî
òåíçîðà ��� (�; � = 1;2; : : : ; p) ïðîñòðàíñòâà Ep(r; s).
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Ïóñòü X� � äåêàðòîâû êîîðäèíàòû ïëîñêîãî ïðîñòðàíñòâà Ep(r; s), à x
�

� ãàóññîâû êîîðäèíàòû, îñíîâûâàþùèåñÿ íà A4, âëîæåííîì â Ep(r; s)
2.

Âî âëîæåíèè èìååò ìåñòî ïðåîáðàçîâàíèå êîîðäèíàò

X� = X�(x�); (8.121)

ïðè÷åì ïðåîáðàçîâàíèå òåíçîðîâ ìåæäó äâóìÿ ýòèìè ñèñòåìàìè êîîðäèíàò
îñóùåñòâëÿåòñÿ ñ ïîìîùüþ ìàòðèö

x
�
� = @x�

@X� ; x�� =
@x�

@X�
;

X�
� = @X�

@x�
; X

�
� =

@X�

@x�
:

(8.122)

Òàêèì îáðàçîì, åñëè ��� � äåêàðòîâû êîìïîíåíòû ìåòðè÷åñêîãî òåíçîðà
ïðîñòðàíñòâà Ep(r; s), òî åãî ãàóññîâû êîìïîíåíòû ñóòü

g�� = x
�
�x

�
��

��; g�� = X�
�X

�
����: (8.123)

Îáðàòíûå ñîîòíîøåíèÿ çàïèøóòñÿ êàê

��� = X�
�X

�
�g

����� = x
�
�x

�
�g�� : (8.124)

Åñëè ïðîñòðàíñòâî A4 èìååò ãðóïïó èçîìåòðèé, òî ýòà ãðóïïà ñîñòîèò
èç ïñåâäîâðàùåíèé è îòðàæåíèé O(r; s) ïðîñòðàíñòâà Ep(r; s).

Ïóñòü ìû èìååì ïðåîáðàçîâàíèå â äåêàðòîâûõ êîîðäèíàòàõ

X�0 = X� +U�; U� = "��X
�; (8.125)

ïðåäñòàâëÿþùåå ñîáîé îäíî èíôèíèòåçèìàëüíîå ïðåîáðàçîâàíèå
ãðóïïû O(r; s), ïðè÷åì p(p�1)=2 áåñêîíå÷íî ìàëûõ âåëè÷èí e�� ïîñòîÿííû
è óäîâëåòâîðÿþò óñëîâèþ e(��) = 0. Èçîìåòðè÷åñêèé õàðàêòåð ïðåîáðàçîâà-
íèÿ (8.125) âûðàæàåòñÿ â òîì, ÷òî ïðîèçâîäíàÿ Ëè ïî U� îò ��� îáðàùàåòñÿ
â íóëü

L��� = U (�;�) = 0: (8.126)

Ñ äðóãîé ñòîðîíû, ãàóññîâû êîîðäèíàòû ïðåîáðàçóþòñÿ êàê

x�
0

= x� + ��; (8.127)

ãäå �� = x
�
�U

� � ãåíåðàòîðû ãðóïïû.
Ñîîòíîøåíèå (8.127) ìîæíî ðàçáèòü íà äâå ÷àñòè

xi
0

= xi + �i; xA
0

= xA + �A;

i = 1;2;3;4; A = 5 : : :p:
(8.128)

2Â ýòîì ðàçäåëå îáîçíà÷åííûå ãðå÷åñêèìè áóêâàìè èíäåêñû ïðîáåãàþò çíà÷åíèÿ
1; : : : ; p. Êîîðäèíàòû òî÷êè â ïðîñòðàíñòâå A4 îáîçíà÷èì ÷åðåç xi, êîîðäèíàòû â íà-
ïðàâëåíèÿõ, îðòîãîíàëüíûõ ê A4, êàê xA. Èíäåêñû, îáîçíà÷åííûå ëàòèíñêèìè áóêâà-
ìè i; j;k; : : :, ïðîáåãàþò çíà÷åíèÿ 1; 2; 3; 4; à ïðîïèñíûå
A;B;C : : : � çíà÷åíèÿ 5 : : : p:
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Âëîæåííîå ïðîñòðàíñòâî A4 â ãàóññîâîé ñèñòåìå êîîðäèíàò òåïåðü îïðå-
äåëÿåòñÿ óñëîâèåì

xA = 0: (8.129)

Åñëè f(x�) � ëþáàÿ äåéñòâèòåëüíàÿ ôóíêöèÿ, îïðåäåëåííàÿ â Ep(r; s),
òî åå ïðîñòðàíñòâåííî-âðåìåííàÿ ÷àñòü åñòü

jf(x�) = f(x�)jA4 ïðè xA ! 0:

Ôóíêöèþ, îïðåäåëåííóþ òîëüêî íà âëîæåííîé ïîâåðõíîñòè A4, ìû áó-
äåì îáîçíà÷àòü êàê f(A4). Íàïðèìåð,

gij
���A4 = x

i
�x

j
��

��
���
A4

= gij jA4:

Óðàâíåíèÿ Êèëëèíãà äëÿ âåêòîðà �� èìåþò âèä

Lg�� =
�

r (���) = 0; (8.130)

ïðè÷åì
�

r (j�i) = 0;
�

r (A�i) = 0;
�

r (��A) = 0: (8.131)

Êîîðäèíàòíûì ïðåîáðàçîâàíèÿì (8.128) âî âëîæåííîì A4 ñîîòâåòñòâó-
þò ïðåîáðàçîâàíèÿ:

xi
0

= xi + �i jA4 = 0; xA
0

= xA + �A jA4 = 0; (8.132)

íà êîòîðûå íàëàãàþòñÿ óñëîâèÿ

�

r (j�i) jA4 = 0;
�

r (A�i) jA4 = 0;
�

r (��A) jA4 = 0: (8.133)

Êîâàðèàíòíàÿ ïðîèçâîäíàÿ âåêòîðà �� â ãàóññîâîé ñèñòåìå êîîðäèíàò
îòíîñèòåëüíî ñâÿçíîñòè � èìååò âèä

�

r� �� = ��;�+
Æ

�



���
 = 0: (8.134)

Îòñþäà âèäíî, ÷òî âûðàæåíèå äëÿ
�

r� �� íå ñîâïàäàåò ñ âûðàæåíèåì äëÿ
êîâàðèàíòíîé ïðîèçâîäíîé â ïðîñòðàíñòâå A4, åñëè òîëüêî íå âûïîëíÿåòñÿ
óñëîâèå

xAjA4 = 0: (8.135)

Ñìûñë óñëîâèÿ (8.135) ñîñòîèò â òîì, ÷òî ïðåîáðàçîâàíèÿ (8.127) íå ìå-
íÿþò îïðåäåëåíèÿ A4. Óñëîâèå (8.135) âûäåëÿåò ïîäãðóïïó ãðóïïû O(r; s),
êîòîðàÿ è îïðåäåëÿåò ñèììåòðèþ âëîæåííîãî ïðîñòðàíñòâà A4. Äîáàâëÿÿ
ê ãðóïïå O(r; s) îòðàæåíèÿ è óñëîâèå (8.135), ìû ïîëó÷àåì ãðóïïó èçîìåò-
ðèé ïðîñòðàíñòâà A4. Ïîñêîëüêó ìàêñèìàëüíàÿ ðàçìåðíîñòü ïðîñòðàíñòâà
âëîæåíèÿ äëÿ ðèìàíîâûõ ïðîñòðàíñòâ ðàçìåðíîñòè 4 ðàâíà 10, òî ïåðå÷èñ-
ëåíèå ïî ñèãíàòóðàì ïðîñòðàíñòâ âëîæåíèÿ äàåò âîçìîæíîñòü óñòàíîâèòü
22 èçîìåòðè÷åñêèå ãðóïïû [66].
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Òàáëèöà 8.1:

p Ep(r; s) Lp(r; s) Ñïèíîðíûå Âàæíåéøèå
ãðóïïû ïîäãðóïïû

4 E4(3.1) SO(3:1) SL(2:C)

4 E4(2:2) O(3:1) SU(1:1)� SU(1:1)
5 E5(4:1) SO(4:1) SL(4:C) SU(2)� SU(2)
5 E5(3:2) SO(3:2) SU(1:1:1:1) SU(1:1)� SU(1:1)
6 E6(5:1) O(5:1) SL(4:C)
6 E6(4:2) O(4:2) SU(2:2) SU(2)� SU(2)
6 E6(3:3) O(3:3) SL(4:C) SU(1:1)� SU(1:1)
7 E7(6:1) SO(6:1) SL(8:C) SU(4)

7 E7(5:2) SO(5:2) SU(2:2:2:2) SU(2:2)

7 E7(4:3) SO(4:3) SL(8:C) SU(2)� SU(2)
8 E8(7:1) O(7:1) SL(8:C) SU(4)

8 E8(6:2) O(6:2) SU(1:1)� SU(4:4) SU(4)

8 E8(5:3) O(5:3) SL(16:C) SU(2)� SU(2)
8 E8(4:4) O(4:4) SU(1:1)� SU(2:2:2:2) SU(2)� SU(2)
9 E9(8:1) SO(8:1) SL(16:C) SU(4)
9 E9(7:2) SO(7:2) SU(4:4:4:4) SU(4:4)

9 E9(6:3) SO(6:3) SL(16:C) SU(4)

9 E9(5:4) SO(5:4) SU(2:2:2:2:2:2:2:2) SU(2)� SU(2)
10 E10(9:1) O(9:1) SL(16:C)

10 E10(8:2) O(8:2) SU(8:8) SU(8)

10 E10(7:3) O(7:3) SL(16:C)

10 E10(6:4) O(6:4) SU(4:4:4:4) SU(4)

10 E10(5:5) O(5:5) SL(16:C)

Òàáëèöà 8.2:

Ep(r:s) Ìåòðèêà ïîãðóæåííîãî ïðîñòðàíñòâà
E5 (4.1) äå Ñèòòåðà�Ýéíøòåéíà
E6 (5.1) Êðóñêàëà
E6 (4.2) Øâàðöøèëüäà
E7 (5.2) Ïåòðîâà T2=C4=4 [63]
E7 (4.3) Ïåòðîâà TI=C4=5;6
E9 (6.3) Ðîáèíñîíà�Òðàóòìàíà C � 0

E9 (5.4) Ðîáèíñîíà�Òðàóòìàíà C � 0

E10 (6.4) àêñèàëüíî-ñèììåòðè÷íîå Âåéëÿ
E10 (5.5) Ãåäåëÿ
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Â òàáë. 8.1 ïðèâåäåíû èçîìåòðè÷åñêèå ãðóïïû Ëè ðàçëè÷íûõ êîíêðåò-
íûõ ïðîñòðàíñòâ A4, à òàêæå ïðåäñòàâëåíû âàæíåéøèå ñïèíîðíûå ïîäãðóï-
ïû. Äîñòàòî÷íî çàäàòü îäíó èç ãðóïï äëÿ òîãî, ÷òîáû èçîìåòðè÷åñêè îïðå-
äåëèòü ñîîòâåòñòâóþùóþ ãåîìåòðèþ A4. Ñ äðóãîé ñòîðîíû, êàæäîìó ðå-
øåíèþ ñòðóêòóðíûõ óðàâíåíèé Êàðòàíà ãåîìåòðèè A4 ñîîòâåòñòâóåò ñâîå
ïðîñòðàíñòâî âëîæåíèÿ.

Â òàáë.8.2 ïåðå÷èñëåíû íåêîòîðûå ìèíèìàëüíûå ïðîñòðàíñòâà âëîæåíèÿ
äëÿ ðÿäà ïðîñòðàíñòâ A4, îáëàäàþùèõ ðàçëè÷íûìè ðèìàíîâûìè ìåòðèêà-
ìè [66]. Âñå ýòè ïðîñòðàíñòâà ìîãóò áûòü ïîëó÷åíû êàê ðåøåíèÿ ñòðóê-
òóðíûõ óðàâíåíèé Êàðòàíà ãåîìåòðèè A4 (íàïðèìåð, ðèìàíîâà ìåòðèêà
ïðîñòðàíñòâà Ãåäåëÿ ïîëó÷åíà Îñâàòîì [55] ñ ïîìîùüþ ìåòîäà Íüþìåíà�
Ïåíðîóçà, ò.å. êàê ðåøåíèå ñòðóêòóðíûõ óðàâíåíèé.

8.6 Ãåîìåòðèÿ A4 ñ ìåòðèêîé òèïà ìåòðèêèØâàð-

öøèëüäà

×òîáû ñêîíñòðóèðîâàòü ãåîìåòðèþ A4, îáëàäàþùóþ òðàíñëÿöèîííîé ìåò-
ðèêîé Øâàðöøèëüäà, íåîáõîäèìî âûïîëíåíèå óñëîâèé (8.45), (8.49), (8.50),
(8.55), (8.59), (8.65), (8.66) è (8.67). Ôèçè÷åñêèé ñìûñë ýòèõ îãðàíè÷åíèé
ðàññìàòðèâàëñÿ ðàíåå. Â ðåçóëüòàòå ñòðóêòóðíûå óðàâíåíèÿ Êàðòàíà (8.69)�
(8.73) ïðèíèìàþò âèä:

1) ðàäèàëüíûå óðàâíåíèÿ, ñîäåðæàùèå ïðîèçâîäíóþ ïî r

(8.136)

D�� = ��� ; (a)

D! = �! � (�+ �); (b)

DX� = (�+ �)�
�
+ (�+ �)�

�
; (c)

DU = (�+ �)! + (�+ �)! � (
 + 
); (d)

(8.137)

D� = �2; (a)

0 = 0; (b)

D� = ��; (c)

D� = ��; (d)

D� = ��; (e)

D
 = ��+ �� + 	2; (f)
0 = 0; (g)

D� = ��+ 	2 ; (h)

0 = 0; (i)

(8.138)

0 = 0; (a)

D	2 = 3�	2 ; (b)

Æ	2 = 0; (c)
0 = 0; (d)
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2) íåðàäèàëüíûå óðàâíåíèÿ
(8.139)

ÆX����� = (� + 
 � 
)��; (a)

Æ�
�
� Æ�� = (� � �)�� + (�� �)�

�
; (b)

Æ! � Æ! = (� � �)! + (�� �)! + (�� �); (c)

ÆU ��! = (�+ 
 � 
)!; (d)

(8.140)

0 = 0; (a)

Æ� = (� + �)�; (b)

Æ�� Æ� = �� � 2�� + �� + �� �	2 ; (c)

Æ� = �(� + �)�; (d)

�� = ��
 � 
�� �2; (e)

Æ
 ��� = ��+ (�� 
 + 
)�; (f)
Æ� = 2��; (g)

��� Æ� = (
 + 
 � �)�� 2�� � 	2 ; (h)

��� Æ
 = (
 � 
 � �)�; (i)

3) U-ïðîèçâîäíûå óðàâíåíèÿ
(8.141)

0 = 0; (a)

Æ	2 = 3�	2; (b)

�	2 = �3�	2 ; (c)

0 = 0: (d)

Ïîñêîëüêó â âûáðàííîé íàìè ñèñòåìå êîîðäèíàò ïðîèçâîäíûå â ñòðóê-
òóðíûõ óðàâíåíèÿõ èìåþò âèä

D =
@

@r
; Æ = !

@

@r
+ ��

@

@x�
;

� =
@

@u
+ U

@

@r
+X� @

@x�
; Æ = !

@

@r
+ �

� @

@x�
;

� = 2;3;

à êîììóòàöèîííûå ñîîòíîøåíèÿ

r[arb] = �

::c
abrc (8.142)

çàïèøóòñÿ êàê
(8.143)

�D � D� = (
 + 
)D � (� + �)Æ � (� + �)Æ; (à)

ÆD � DÆ = (�+ � � �)D � �Æ; (á)

Æ���Æ = (� � �� �)�+ (�� 
 + 
)Æ; (â)

ÆÆ � ÆÆ = (�+ �)D + (� � �)�� (� � �)Æ � (�� �)Æ ; (ã)
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ìîæíî ïðèñòóïèòü ê èíòåãðèðîâàíèþ óðàâíåíèé. Èíòåãðèðîâàíèå íà÷èíà-
åòñÿ ñ ðàäèàëüíûõ óðàâíåíèé, ñîäåðæàùèõ ïðîèçâîäíóþ D. Íàïðèìåð, ðå-
øåíèå óðàâíåíèÿ (8.137à) ïðè óñëîâèè � = � èìååò âèä

� = �r�1 : (8.144)

Äèôôåðåíöèðóÿ (8.137à) ïî Æ, íàõîäèì

ÆD� = 2�Æ�: (8.145)

Ïðèìåíÿÿ êîìïëåêñíî ñîïðÿæåííûé îïåðàòîð (8.143á) ê �, ïîëó÷èì (� =

0)
(ÆD � DÆ)� = (�+ �)D� � �Æ�; (8.146)

îòêóäà ñ ó÷åòîì (8.145)

DÆ� � 3�Æ� = ��2(�+ �): (8.147)

Èñïîëüçóÿ óðàâíåíèÿ (8.137à,ã,ä), íàõîäèì îáùåå ðåøåíèå (8.147)

Æ� = �(�+ �)� 2�0�3; (8.148)

ãäå �0 � ïîñòîÿííàÿ èíòåãðèðîâàíèÿ. Âû÷èñëåíèå (�D�D�)	, (Æ���Æ)	
è (ÆÆ� ÆÆ)	 (çäåñü è äàëåå áóäåì îáîçíà÷àòü 	2 = 	; 	0

2 = 	0) ñ ïîìîùüþ
ñîîòíîøåíèé (8.138á,â), (8.141á,â) è (8.143) ïðèâîäèò ê òðåì íîâûì ðàâåí-
ñòâàì

�� +D� = �(
 + 
) � ��; (8.149)

Æ� = �(�+ �); (8.150)

Æ�+ �� = ��(� + �) + �(
 � 
): (8.151)

Ïîäñòàâëÿÿ ñîîòíîøåíèå (8.148) â ðàâåíñòâî (8.150) è ïðîèçâîäÿ èíòå-
ãðèðîâàíèå, ïîëó÷èì �0�2 = 0, îòêóäà �0 = �0 = 0.

Èíòåãðèðóÿ îñòàëüíûå ðàäèàëüíûå óðàâíåíèÿ, èìååì, ñîãëàñíî [35]

� = ��0 ;

� = ��0 + �2�;

� = ��0;


 = 
0 + ��0�0 + ��0�0 + �21=2	0;

	 = �3	0; (8.152)

U = U0 � r(
0 + 
0) + �
�
�0!0 � 1=2	0

	
+ �

n
�0!0 � 1=2	

0
o
;

! = �!0 + �0 + �0;

�� = ���0 ;

X� = X0�+ ��0�0� + ��0�
0�
; � = 0;2;3:
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Ïðèìåíÿÿ îïåðàòîð (8.143à) ê � è èñïîëüçóÿ óðàâíåíèå (8.137à), ïîëó÷èì

2��� � D�� = �2(
 + 
)� �Æ� � �Æ�: (8.153)

Ðåøàÿ ýòî óðàâíåíèå ñ ïîìîùüþ ñîîòíîøåíèé (8.140á), (8.148), (8.152)
è ó÷èòûâàÿ, ÷òî �0 = 0, íàõîäèì

�� = �M0�2 + �0(�0 + �
0
)�2 + (
0 + 
0)� +

+
�
�0(�0 + �0)� �0�0

�
�2 � 1=2�3(	0 + 	0): (8.154)

Ïîäñòàâëÿÿ ýòî ñîîòíîøåíèå â ðàâåíñòâî (8.149) è èíòåãðèðóÿ, ïîëó÷èì

� = �0 + �M0 + 1=2�2(	0 + 	
0
): (8.155)

Ñëåäóþùèé ýòàï èíòåãðèðîâàíèÿ ñîñòîèò â ïîäñòàíîâêå ïîëó÷åííûõ ðå-
øåíèé ðàäèàëüíûõ óðàâíåíèé (8.144), (8.152) è (8.153) â îñòàâøèåñÿ íåèñ-
ïîëüçîâàííûìè óðàâíåíèÿ. Ïîñëå äèôôåðåíöèðîâàíèÿ ïî r, ìû áóäåì ïðè-
ðàâíèâàòü ê íóëþ êîýôôèöèåíòû ïðè îäèíàêîâûõ ñòåïåíÿõ 1=r. Â ðåçóëü-
òàòå âîçíèêàåò ñèñòåìà óðàâíåíèé äëÿ âåëè÷èí, íå çàâèñÿùèõ îò r.

Ïðèìåíÿÿ îïåðàòîðû Æ; Æ è � ê � = �1=r, èìååì

Æ� = !�2 ; Æ� = !�2; �� = U�2: (8.156)

Ñðàâíèâàÿ ýòè ðàâåíñòâà ñ (8.140á), (8.148) è (8.154), ïîëó÷àåì

M0 = M
0
; (8.157)

!0 = 0; (8.158)

U0 = �0(�0 + �
0
) + �0(�0 + �0)� �0�0 �M0: (8.159)

Èç óðàâíåíèÿ (8.140â) èìååì

�0 = 0; (8.160)

�
0�
�0;� = ��0(�0 + 3�

0
� �0) + 1=2(	0 � 	

0
); (8.161)

�
0�
�0;� = 2�

0
�0: (8.162)

Ñîîòâåòñòâåííî èç óðàâíåíèé (8.140â,ã,æ) ïîëó÷èì

�0��0;� = ��0(3�0 + �0);

�0��0;� = ��0(2�0 � �0); (8.163)

�0��0
;� � �

0�
�0;� = 2�0(�

0
� �0) +M0 ;

�
0�
M0

;� = �2M0(�0 + �
0
);

�0 = 0:

(8.164)

Ïîäñòàíîâêà ïîñëåäíåãî èç ýòèõ ñîîòíîøåíèé â ðàâåíñòâî (8.159) äàåò

U0 = �M0 : (8.165)
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Èç óðàâíåíèé (8.140ä,å,ç,è) è (8.151) ïîëó÷àåì

X0��0;� = ��0(
0 + 3
0);

�0�M0
;� = �2M0(�0 + �0);

X0��0
;� � �

0�

0;� = �
0(�0 � �

0
);

X0��0;� � �
0�
0;� = 
0(�0 + �0)� 2
0�0;

X0�M0
;� = �2M0(�0 + 
0):

Óðàâíåíèÿ (8.139) ïîçâîëÿþò çàïèñàòü

�0�X0�
;� �X

0��0�;� = 2
0�0� � (�0 + �0)X0�;

�
0�
�0�;� � �

0��
0�

;� = �2�
0
�0� + 2�0�

0�
;

�; � = 0;2;3:

Ïîäñòàâëÿÿ 	 = �3	0 â óðàâíåíèÿ (8.138â) è (8.141á,â), èìååì

�0�	0
;� = �3	0(�0 + �0 � �0); (8.166)

�
0�
	0
;� = �3	0(�0 + �

0
); (8.167)

X0�	0
;� = �3	0(
0 + 
0 + �0): (8.168)

Ðàññìîòðèì ñëó÷àé

	0 = 	
0
; 	0 = const; (8.169)

òîãäà èç óðàâíåíèé (8.164) è (8.165) (ñ ó÷åòîì (8.158) è (8.162)) ñëåäóåò


0 + 
0 = 0; �0 + �
0
= 0: (8.170)

Îãðàíè÷èâàÿñü ñëó÷àåì �0 = 0; è ó÷èòûâàÿ �0 = 0, ïîëó÷èì � = 0; ïðè
ýòîì óðàâíåíèÿ (8.139) çàïèøóòñÿ â âèäå

(8.171)

X0�M0
;� = 0; (à)

�0�M0
;� = 0; (á)

X0��0
;� � �

0�
0;� = �2
0�0; (â)

�0��0
;� � �

0�
�0;� = 4�0�0 +M0 ; (ã)

�0�X0�
;� �X

0��0�;� = 2
0�0� ; (ä)

�
0�
�0�;� � �

0��
0�

;� = �2�
0
�0� + 2�0�

0�
: (å)
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Âûïîëíèâ ïðåîáðàçîâàíèÿ

x� = x�
0

(x�);

äîáüåìñÿ òîãî, ÷òîáûX0� = Æ�0. Ïîñëå ýòîãî îñòàâøèéñÿ ïðîèçâîë â âûáîðå
êîîðäèíàò ñîñòîèò òåïåðü â ïðåîáðàçîâàíèÿõ

(8.172)

x0
0

= x0 + f(x2; x3); (à)

x2
0

= g(x2; x3); (á)

x3
0

= h(x2; x3): (â)

Èíòåãðèðîâàíèå óðàâíåíèé (8.171) äàåò

M0 = const:

Âîñïîëüçîâàâøèñü ïðåîáðàçîâàíèÿìè

li
0

= li; ni
0

= ni; mi0 = mi exp[i�0(x�)]; (8.173)

ìîæíî äîáèòüñÿ

0 = 0: (8.174)

Ñ ó÷åòîì ýòîãî îáñòîÿòåëüñòâà èç óðàâíåíèé (8.171ä) ñëåäóåò, ÷òî �0� íå
çàâèñèò îò x0.

Ââåäåì îáîçíà÷åíèÿ

�02 = P (x2; x3); �03 = iP (x2; x3) (8.175)

è ñ ïîìîùüþ (8.173) ñäåëàåì P äåéñòâèòåëüíîé ôóíêöèåé. Ïîñëå ýòîãî îñòà-
åòñÿ ïðîèçâîë, çàäàííûé ïðåîáðàçîâàíèåì êîîðäèíàò è êîìïîíåíò ñâåòîâîé
òåòðàäû âèäà

li
0

= [A0(x�)]�1li; ni
0

= A0(x�)ni; mi0 = mi;

r0 = A0(x�)r
(8.176)

ñ ïîñòîÿííîé A0 â (8.172à), à òàêæå

� = g(�);

ãäå
� = x2 + ix3: (8.177)

Èñïîëüçóÿ îáîçíà÷åíèå (8.110), çàïèøåì óðàâíåíèÿ (8.171ã,å) â âèäå

�0 = 1=2rP; r
h
�
00

P

i
= r

h
�
00

P

i
;

"0 = M0 = 2P 2rr ln(
p
2P )1

2
:

(8.178)
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Èñïîëüçîâàíèå îñòàâøåéñÿ ñâîáîäû â âûáîðå êîîðäèíàò è êîìïîíåíò ñâå-
òîâîé òåòðàäû ïîçâîëÿåò çàïèñàòü ðåøåíèÿ ýòèõ óðàâíåíèé:

p
2P = 1+ 1=2"0��; �00 = 0; �0 = 1=2"0�;

"0 = �1=2;0:
(8.179)

Â ðåçóëüòàòå äëÿ êîìïîíåíò ñèìâîëîâ Íüþìåíà�Ïåíðîóçà èìååì

�i
0 _0

= (0;1;0;0); �i
1 _1

= (1;U;0;0); �i
0 _1

= �(0;0; P;iP );

�0
_0

i = (1;0;0;0); �1
_1

i = (�U;1;0;0); �0
_1

i = � 1
2�P (0;0;1; i):

(8.180)

Ñ ïîìîùüþ ñîîòíîøåíèÿ

gij = "AC " _B _D
�A

_B
i �

C _D
j

ìîæíî òåïåðü îïðåäåëèòü ìåòðè÷åñêèé òåíçîð gik

gik =

0
BB@
�2U 1 0 0

1 0 0 0

0 0 �(2�2P 2)�1 0

0 0 0 (2�2P 2)�1

1
CCA ; (8.181)

ãäå
U = �"0 + 	0=r: (8.182)

Ïóñòü e0 = 1=2, òîãäà óäîáíî ïåðåéòè ê êîîðäèíàòàì:

ct = x0 �
Z
dr=2U; r = x1 ;

sin � =
(��)1=2

(1 + 1=4��)
; tg' =

x3

x2
: (8.183)

Â ðåçóëüòàòå ïîëó÷àåòñÿ ìåòðèêà Ðèìàíà

ds2 =

�
1�

2	0

r

�
c2dt2 �

�
1 �

2	0

r

��1

dr2 � (8.184)

�r2(d�2 + sin2 �d'2);

ñîâïàäàþùàÿ ñ ìåòðèêîé ïðîñòðàíñòâà Øâàðöøèëüäà ïðè

	0 = MG=c2: (8.185)

Îáðàòèì âíèìàíèå ÷èòàòåëÿ íà òî, ÷òî ìåòðèêà (8.184) â îòëè÷èå îò
ìåòðèêè Øâàðöøèëüäà òåîðèè Ýéíøòåéíà çàäàíà íà ãðóïïå òðàíñëÿöèé
T4 ãåîìåòðèè àáñîëþòíîãî ïàðàëëåëèçìà.

Ïðè �0 = 0 è �0 = �1=2 ïîëó÷àþòñÿ åùå äâà ðåøåíèÿ, îïèñûâàþùèå
ñôåðè÷åñêè-ñèììåòðè÷íûå îáúåêòû ñ ìàññîé M (íå îáÿçàòåëüíî ïîêîÿ),
äâèæóùèåñÿ ñî ñâåòîâîé è ñâåðõñâåòîâîé ñêîðîñòÿìè:

ds2 =

�
�
2	0

r

�
c2dt2 �

�
�
2	0

r

��1

dr2� (8.186)
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�r2(d�2 + �2d'2);

ds2 =

�
�1 �

2	0

r

�
c2dt2 �

�
�1 �

2	0

r

��1

dr2� (8.187)

�r2(d�2 + sh2�d'2):

Îáîáùèâ âñå ðåçóëüòàòû, çàïèøåì îñíîâíûå õàðàêòåðèñòèêè ãåîìåòðèè

A4 ñ ðèìàíîâîé ìåòðèêîé òèïà ìåòðèêè Øâàðöøèëüäà.

(8.188)

1. Êîîðäèíàòû: u, r, x2 è x3 îïðåäåëÿþòñÿ ñîãëàñíî (8.19).
2. Êîìïîíåíòû ñèìâîëîâ Íüþìåíà�Ïåíðîóçà:

�i
0 _0

= (0;1;0;0); �i
1 _1

= (1;U;0;0); �i
0 _1

= �(0;0; P; iP );

�0
_0

i = (1;0;0;0); �1
_1

i = (�U;1;0;0); �0
_1

i = �
1

2�P
(0;0;1; i);

U = �1=2 + 	0=r; P = (2)�1=2(1 + ��=4); � = x2 + ix3;

	0 = const:

3. Ñïèíîðíûå êîìïîíåíòû êîýôôèöèåíòîâ âðàùåíèÿ Ðè÷÷è:

� = �1=r; � = �� = ��0=r; 
 = 	0=2r;

� = �"0=r + 2	0=r2; � = �=4:

4. Ñïèíîðíûå êîìïîíåíòû òåíçîðà Ðèìàíà:

	 = �	0=r3:

Ïîäñòàâëÿÿ êîìïîíåíòû êîýôôèöèåíòîâ âðàùåíèÿ Ðè÷÷è ðåøåíèÿ (8.190)
âî âðàùàòåëüíóþ ìåòðèêó Êèëëèíãà�Êàðòàíà, íàõîäèì

d�2 = �
(	0)2

2r4
dx20 �

2(	0 � r)
r

d�2 �

�
2(	0 � r) sin2 �

r
d'2 : (8.189)

8.7 Íåêîòîðûå ôèçè÷åñêè çíà÷èìûå ðåøåíèÿ

ñòðóêòóðíûõ óðàâíåíèé Êàðòàíà

ãåîìåòðèè A4

Îïóñêàÿ ïîäðîáíûå âû÷èñëåíèÿ, ïðèâåäåì ðÿä òî÷íûõ ðåøåíèé ñòðóê-
òóðíûõ óðàâíåíèé Êàðòàíà ãåîìåòðèè A4, êîòîðûå ïîëó÷àþò ôèçè÷åñêóþ
èíòåðïðåòàöèþ â òåîðèè ôèçè÷åñêîãî âàêóóìà [67-73].
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8.7.1 Ðåøåíèå ñ ïåðåìåííîé ôóíêöèåé èñòî÷íèêà

(8.190)

1. Êîîðäèíàòû: x0 = u; x1 = r; x2 = �; x3 = '.
2. Êîìïîíåíòû ñèìâîëîâ Íüþìåíà�Ïåíðîóçà:

�i
0 _0

= (0;1;0;0); �i
1 _1

= (1;U;0;0); �i
0 _1

= �(0;0; P; iP);

�0
_0

i = (1;0;0;0); �1
_1

i = (�U;1;0;0); �0
_1

i = �
1

2�P
(0;0;1; i);

U(u) = �1=2 + 	0(u)=r; P = (2)�1=2(1 + ��=4); � = x2 + ix3;

	0 = 	0(u):

3. Ñïèíîðíûå êîìïîíåíòû êîýôôèöèåòîâ âðàùåíèÿ Ðè÷÷è:

� = �1=r; � = �� = ��0=r; 
 = 	0(u)=2r2;

� = �1=2r + 	0(u)=r2; �0 = �=4:

4. Ñïèíîðíûå êîìïîíåíòû òåíçîðà Ðèìàíà:

	2 = 	 = �	0(u)=r3; �22 = � = � _	0(u)=r2 = �
@	0

@u

1

r2
:

Ìåòðèêà Ðèìàíà ðåøåíèÿ (8.190) â êîîðäèíàòàõ (8.183) èìååò âèä

ds2 =

�
1�

2	0(t)

r

�
c2dt2 �

�
1 �

2	0(t)

r

��1

dr2 �

�r2(d�2 + sin2 �d'2): (8.191)

8.7.2 Ðåøåíèå ñ êâàðêîâûì âçàèìîäåéñòâèåì

(8.192)

1. Êîîðäèíàòû: x0 = u; x1 = r; x2 = �; x3 = '.
2. Êîìïîíåíòû ñèìâîëîâ Íüþìåíà�Ïåíðîóçà:

�i
0 _0

= (0;1;0;0); �i
1 _1

= (1;U;0;0); �i
0 _1

= �(0;0; P; iP);

�0
_0

i = (1;0;0;0); �1
_1

i = (�U;1;0;0); �0
_1

i = �
1

2�P
(0;0;1; i);

U = �1=2 + ~�r2; P = (2)�1=2(1 + ��=4); � = x2 + ix3;

~� = const:
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3. Ñïèíîðíûå êîìïîíåíòû êîýôôèöèåíòîâ âðàùåíèÿ Ðè÷÷è:

� = �1=r; � = �� = ��0=r; 
 = ~�r;

� = �1=2r � ~��r2; �0 = �=4:

4. Ñïèíîðíûå êîìïîíåíòû òåíçîðà Ðèìàíà:

� = ~�=6 = R=24 = const:

Ìåòðèêà Ðèìàíà ðåøåíèÿ (8.192) â êîîðäèíàòàõ (8.183) èìååò âèä

ds2 =
�
1� �r2=3

�
c2dt2 �

�
1 ��r2=3

��1
dr2 �

�r2(d�2 + sin2 �d'2): (8.193)

8.7.3 Ðåøåíèå ñ êîðîòêîäåéñòâóþùèì (ÿäåðíûì)

âçàèìîäåéñòâèåì

(8.194)

1. Êîîðäèíàòû: x0 = u; x1 = r; x2 = �; x3 = '.
2. Êîìïîíåíòû ñèìâîëîâ Íüþìåíà�Ïåíðîóçà:

�i
0 _0

= (0;1;0;0); �i
1 _1

= (1;U;0;0);

�i
0 _1

= �(�irN�=
p
2;0; P;iP ); �i

1 _0
= �i

0 _1

�0
_0

i = (1;0� rNx3=
p
2 P; rNx

2=
p
2P );

�1
_1

i = (�U;1;UrNx3=
p
2 P;�UrNx2=

p
2P );

�0
_1

i = �
1

2�P
(0;0;1; i); �1

_0
i = �0

_1
i ;

U = �
1

2
+ ��r2N ; P = (2)�1=2(1 + ��=4); � = x2 + ix3;

rN = const:

3. Ñïèíîðíûå êîìïîíåíòû êîýôôèöèåíòîâ âðàùåíèÿ Ðè÷÷è:

� = �(r + irN)
�1; � = ��0; � = ��; �0 = �=4;


 = �2	0=2; � = �=2 + �2	0=2 + ��	
0
=2; 	0 = irN :

4. Ñïèíîðíûå êîìïîíåíòû òåíçîðà Ðèìàíà:

	2 = 	 = 	0�3:

125



Ìåòðèêà Ðèìàíà ðåøåíèÿ (8.194) â êîîðäèíàòàõ (8.183) èìååò âèä

ds2 = �[cdt+ 4rN sin2(�=2)d']2+ dr2=� �
�(r2 + r2N )(d�2 + sin2 �d'); (8.195)

ãäå

� = 1�
2r2N

r2 + r2N
: (8.196)

8.7.4 Ðåøåíèå ñ ýëåêòðîÿäåðíûì âçàèìîäåéñòâèåì

(8.197)

1. Êîîðäèíàòû: x0 = u; x1 = r; x2 = �; x3 = '.
2. Êîìïîíåíòû ñèìâîëîâ Íüþìåíà�Ïåíðîóçà:

�i
0 _0

= (0;1;0;0); �i
1 _1

= (1;U;0;0);

�i
0 _1

= �(�irN �=
p
2;0; P; iP ); �i

1 _0
= �i

0 _1
;

�0
_0

i = (1;0� rNx3=
p
2 P; rNx

2=
p
2P );

�1
_1

i = (�U;1;UrNx3=
p
2 P;�UrNx2=

p
2P );

�0
_1

i = �
1

2�P
(0;0;1; i); �1

_0
i = �0

_1
i ;

U = �
1

2
+ ��(rre=2 + r2N); P = (2)�1=2(1 + ��=4);

� = x2 + ix3; rN = const; re = const:

3. Ñïèíîðíûå êîìïîíåíòû êîýôôèöèåíòîâ âðàùåíèÿ Ðè÷÷è:

� = �(r + irN)
�1 ; � = ��0; � = ��; �0 = �=4;


 = �2	0=2; � = �=2 + �2	0=2 + ��	
0
=2; 	0 = re=2 + irN :

4. Ñïèíîðíûå êîìïîíåíòû òåíçîðà Ðèìàíà:

	2 = 	 = 	0�3 :

Ìåòðèêà Ðèìàíà ðåøåíèÿ (8.197) â êîîðäèíàòàõ (8.183) èìååò âèä

ds2 = �[cdt+ 4rN sin2(�=2)d']2+ dr2=� �
�(r2 + r2N )(d�2 + sin2 �d'); (8.198)

ãäå

� = 1�
rre + 2r2N
r2 + r2N

:` (8.199)
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8.7.5 Ðåøåíèå ñ ýëåêòðîÿäåðíî-êâàðêîâûì

âçàèìîäåéñòâèåì

(8.200)

1. Êîîðäèíàòû: x0 = u; x1 = r; x2 = �; x3 = '.
2. Êîìïîíåíòû ñèìâîëîâ Íüþìåíà�Ïåíðîóçà:

�i
0 _0

= (0;1;0;0); �i
1 _1

= (1;U;0;0);

�i
0 _1

= �(�irN�=
p
2;0; P;iP ); �i

1 _0
= �i

0 _1
;

�0
_0

i = (1;0� rNx3=
p
2 P; rNx

2=
p
2P );

�1
_1

i = (�U;1;UrNx3=
p
2 P;�UrNx2=

p
2P );

�0
_1

i = �
1

2�P
(0;0;1; i); �1

_0
i = �0

_1
i ;

U = �
1

2
+ ��(rer=2 + r2N � 8~�r4N) +

~�(r2 + 5r2N);

� = x2 + ix3; P = (2)�1=2(1 + ��=4);

rN = const; re = const; ~� = const:

3. Ñïèíîðíûå êîìïîíåíòû êîýôôèöèåíòîâ âðàùåíèÿ Ðè÷÷è:

� = �(r + irN)
�1; � = ��0; � = ��; �0 = �=4;


 = 
0 + �2	0=2� ~�r; � = �=2 + �2	0=2 + ��	
0
=2 � ~�r2�;

	0 = re=2 + irN = const; 
0 = �i~�rN :

4. Ñïèíîðíûå êîìïîíåíòû òåíçîðà Ðèìàíà:

	2 = 	 = 	0�3; � = ~�=6 = R=24 = const:

Ìåòðèêà Ðèìàíà ðåøåíèÿ (8.200) â êîîðäèíàòàõ (8.183) èìååò âèä

ds2 = �[cdt+ 4rN sin2(�=2)d']2 + dr2=��
�(r2 + r2N)(d�

2 + sin2 �d'); (8.201)

ãäå

� = 1 �
rre + 2r2N � 16~�r4N

r2+ r2N
� 2~�(r2 + 5r2N): (8.202)

8.7.6 Ðåøåíèå ñ êóëîí-íüþòîíîâñêèì âçàèìîäåéñòâèåì

è òðåõìåðíûì âðàùåíèåì èñòî÷íèêà

(8.203)
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1. Êîîðäèíàòû: x0 = u; x1 = r; x2 = �; x3 = '.
2. Êîìïîíåíòû ñèìâîëîâ Íüþìåíà�Ïåíðîóçà:

�i
0 _0

= (0;1;0;0); �i
1 _1

= ��(
;�Y;0; a);

�i
0 _1

= �
�
p
2
(ia sin�;0;1; i cosec �); �i

1 _0
= �i

0 _1
;

�0
_0

i = (1;0;0;�a sin2 �);

�1
_1

i = ��
�
Y; (��)�1;0;�a sin2 �Y

�
;

�0
_1

i = �
�
p
2

�
ia sin�;0;�(��)�1;�i
sin �

�
; �1

_0
i = �0 _1i ;


 = r2 + a2; Y = (r2+ a2 � 2	0r)=2;

a = const; 	0 = re=2 = const:

3. Ñïèíîðíûå êîìïîíåíòû êîýôôèöèåíòîâ âðàùåíèÿ Ðè÷÷è:

� = �(r � ia cos�)�1; � = �ctg ��=(2)3=2;

� = ia sin��2=(2)1=2; � = � � �; � = Y �2�;


 = �+ (r + 	0)��=2; � = ia sin ���=(2)1=2:

4. Ñïèíîðíûå êîìïîíåíòû òåíçîðà Ðèìàíà:

	2 = 	 = 	0�3 :

Ìåòðèêà Ðèìàíà ðåøåíèÿ (8.203) â êîîðäèíàòàõ (8.183) èìååò âèä

ds2 =

�
1 �

2	0r

r2 + a2 cos2 �

�
c2dt2 +

4	0ra

r2 + a2 cos2 �
sin2 �d'cdt �

�
r2 + a2 cos2 �

r2 � 2	0r + a2
dr2 � (r2 + a2 cos2 �)d�2 �

�
�
r2 + a2 +

2	0ra2

r2 + a2 cos2 �
sin2 �

�
sin2 �d'2: (8.204)

8.7.7 ×èñòî òîðñèîííîå ðåøåíèå

(8.205)

1. Êîîðäèíàòû: x0 = u; x1 = r; x2 = �; x3 = '.
2. Êîìïîíåíòû ñèìâîëîâ Íüþìåíà�Ïåíðîóçà:

�i
0 _0

= (0;1;0;0); �i
1 _1

= ��(
;�Y;0; a);

�i
0 _1

= �
�p
2
(ia sin�;0;1; i cosec �); �i

1 _0
= �i

0 _1
;
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�0
_0

i = (1;0;0;�a sin2 �);

�1
_1

i = ��
�
Y; (��)�1;0;�a sin2 �Y

�
;

�0
_1

i = �
�p
2

�
ia sin �;0;�(��)�1;�i
sin �

�
; �1

_0
i = �0

_1
i ;


 = r2 + a2; Y = (r2 + a2)=2;

a = const:

3. Ñïèíîðíûå êîìïîíåíòû êîýôôèöèåíòîâ âðàùåíèÿ Ðè÷÷è:

� = �(r � ia cos �)�1; � = �ctg ��=(2)3=2;

� = ia sin ��2=(2)1=2; � = � � �; � = Y �2�;


 = �+ r��=2; � = ia sin ���=(2)1=2:

Ìåòðèêà Ðèìàíà ðåøåíèÿ (8.205) â êîîðäèíàòàõ (8.183) èìååò âèä

ds2 = c2dt2 �
r2 + a2 cos2 �

r2 + a2
dr � (r2 + a2 cos2 �)d�2 �

�(r2 + a2) sin2 �d'2: (8.206)

8.7.8 Ðåøåíèå ñ ïåðåìåííûì êóëîí-íüþòîíîâñêèì

âçàèìîäåéñòâèåì è òðåõìåðíûì âðàùåíèåì

èñòî÷íèêà

(8.207)

1. Êîîðäèíàòû: x0 = u; x1 = r; x2 = �; x3 = '.
2. Êîìïîíåíòû ñèìâîëîâ Íüþìåíà�Ïåíðîóçà:

�i
0 _0

= (0;1;0;0); �i
1 _1

= ��(
;�Y;0; a);

�i
0 _1

= �
�
p
2
(ia sin�;0;1; i cosec �); �i

1 _0
= �i

0 _1
;

�0
_0

i = (1;0;0;�a sin2 �);

�1
_1

i = ��
�
Y; (��)�1;0;�a sin2 �Y

�
;

�0
_1

i = �
�
p
2

�
ia sin �;0;�(��)�1;�i
sin �

�
; �1

_0
i = �0

_1
i ;


 = r2 + a2; Y = (r2 + a2� 2	0r)=2;

a = const; 	0 = 	0(u):

3. Ñïèíîðíûå êîìïîíåíòû êîýôôèöèåíòîâ âðàùåíèÿ Ðè÷÷è:
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� = �(r � ia cos �)�1; � = �ctg ��=(2)3=2;

� = ia sin��2=(2)1=2; � = � � �; � = Y �2�;


 = �+ (r + 	0(u))��=2; � = ia sin ���=(2)1=2;

� =
�i _	0(u)ra sin ��2�

21=2
:

4. Ñïèíîðíûå êîìïîíåíòû òåíçîðà Ðèìàíà:

	2 = 	 = 	0(u)�3 ;

	2 = �i _	0(u)a sin��2�=(2)3=2� 2i _	0(u)ra sin ��3�=(2)1=2;

	4 = �	0(u)ra2 sin2 ��3�=2 + _	0(u)ra2 sin2 ��4�;

	12 = �i _	0(u)a sin ��2�=(2)3=2;

	22 = ��	0(u)ra2 sin2 ��2�2=2 � _	0(u)r2�2�2:

Ìåòðèêà Ðèìàíà ðåøåíèÿ (8.207) â êîîðäèíàòàõ (8.183) èìååò âèä

ds2 =

�
1 �

2	0(t)r

r2 + a2 cos2 �

�
c2dt2 +

4	0(t)ra

r2 + a2 cos2 �
sin2 �d'cdt �

�
r2 + a2 cos2 �

r2 � 2	0(t)r + a2
dr2 � (r2 + a2 cos2 �)d�2 �

�
�
r2 + a2 +

2	0(t)ra2

r2 + a2 cos2 �
sin2 �

�
sin2 �d'2: (8.208)

8.7.9 Ðåøåíèå ñ ýëåêòðîÿäåðíûì âçàèìîäåéñòâèåì è òðåõ-

ìåðíûì âðàùåíèåì èñòî÷íèêà

(8.209)

1. Êîîðäèíàòû: x0 = u; x1 = r; x2 = �; x3 = '.
2. Êîìïîíåíòû ñèìâîëîâ Íüþìåíà�Ïåíðîóçà:

�i
0 _0

= (0;1;0;0); �i
1 _1

= ��(�;��;0; a);

�i
0 _1

= �
�
p
2
(ia sin� + 2irN ctg �;0;1; i cosec �); �i

1 _0
= �i

0 _1
;

� = r2 + r2N + a2; � = (r2 � r2N + a2� rer)=2;
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rN = const; a = const; re = const:

3. Ñïèíîðíûå êîìïîíåíòû êîýôôèöèåíòîâ âðàùåíèÿ Ðè÷÷è:

� = �(r + irN � ia cos�)�1; � = ��0 ; � = �2�0;

� = ��0 + �2�0; � = ���0;

� = �=2 + �	0=2 + ��	
0
=2 + �2��0�;


 = �2	0 + ��(�0�0 + �0�0) + �2��0�0;

	0 = re=2 + irN ;

�0 = ��0 ; �0 = �
1

4
(2)1=2ctg �; �0 = �

1

2
ia(2)1=2 sin �:

4. Ñïèíîðíûå êîìïîíåíòû òåíçîðà Ðèìàíà:

	2 = 	 = 	0�3:

Îòëè÷íûå îò íóëÿ êîìïîíåíòû ìåòðè÷åñêîãî òåíçîðà gij èìåþò âèä

guu = ��(r2r � r2N + a2 cos2 �);

gur = 1;

gu' = �2��rN cos ��+ 2��a sin2 �(rer=2 + r2N); (8.210)

gr' = �a sin2 � � 2rN cos �;

g�� = �r2 � (rN � a cos �)2;
g'' = ���(a sin2 � + 2rN cos �)2 � �� sin2 ��2:
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